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Theory of the optical conductivity in the cuprate superconductors
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We present a study of the normal-state optical conductivity in the cuprate superconductors using the nearly
antiferromagnetic Fermi-liquiéNAFL) description of the magnetic interaction between their planar quasipar-
ticles. We find that the highly anisotropic scattering rate in different regions of the Brillouin zone, both as a
function of frequency and temperature, a benchmark of NAFL theory, leads to an average relaxation rate of the
marginal Fermi-liquid form for overdoped and optimally doped systems, as well as for underdoped systems at
high temperatures. We carry out numerical calculations of the optical conductivity for several compounds for
which the input spin-fluctuation parameters are known. Our results, which are in agreement with experiment on
both overdoped and optimally doped systems, show that NAFL theory explains the anomalous optical behavior
found in these cuprate superconduct¢80163-182@07)03537-§

[. INTRODUCTION tional to the dynamic spin susceptibiliiy(g,w) measured in
NMR and inelastic neutron scatteringNS) experiments.
Optical conductivity measurements show that high-Becauseyx(q,w) is strongly peaked in the vicinity of the
temperature superconductofldTS’s) exhibit a number of antiferromagnetic wave vect®= (,7), quasiparticles on
anomalies when compared to the usual Drude-like Fermithe FS located in the vicinity of the hot spdtpprtions of the
liguid (FL) behavior found in conventional metals. Quite FS which can be connected by wave vecter®, interact
generally, experiment shows that the effective transport scastrongly, while those located elsewhéne cold regiong in-
tering rate 1#(w) exhibits linear-inew behavior over a wide teract comparatively weakly.
frequency range, while the measurements of Pucleta ! NAFL theory, with spin-fluctuation parameters and a qua-
demonstrate that significant deviations from this standard besiparticle spectrum taken from experiment, yields results
havior occur, especially in underdoped materials at low temeonsistent with low-frequency NMR and INS experiments,
peratures, in the so-called pseudogap regime, whet@)/ as well as ARPES measurements of the Fermi surface
is strongly suppressed. These anomalies are often attributgoperties.® We have recently shown that it also provides a
to a possible non-Fermi-liquid ground state in theseconsistent qualitative, and in many cases quantitative, expla-
materials’ nation of the measured changes with doping and temperature
The linear frequency dependence of &t relatively high  of both the longitudinal and Hall conductivities of the cu-

w can be regarded as the optical analog of the anomaloywates, and shown how one can extract the quite distinct
resistivity, p= T, found in the superconducting cuprates, andlifetimes of “hot” and “cold” quasiparticles as a function
its presence has been considered as major support for tieé temperature directly from these measuremérits. this
marginal-Fermi-liquid (MFL) approach. In the MFL ap- paper we consider NAFL theory at infrared frequencies and

proach, the self-energy is given by show that it explains as well the measured anomalous optical
behavior.
X @ Our paper is organized as follows. Following a review of
2(K,w)=\ w'”ﬂ)—c—'EXng) : (1) the physical properties of NAFL’s, we discuss in Sec. IlI

both analytic and numerical calculations of the highly aniso-
wherex=max(w|,T), o, is a cutoff frequency, andl a cou- tropic quasiparticle lifetime and the quasiparticle relaxation
pling constant, an expression which explained many of théate at finite frequency and temperaturg. In Sec. IV we
early experiment$.However, Eq.(1) is inconsistent with ~calculate the optical conductivity and discuss its limiting be-
recent angular-resolved photoemission spectroscoppavior. In Sec. V we use realistic band and spin-fluctuation
(ARPES experimentson the underdoped materials, which parameters to compare our results with experiment. Our con-
show that both the quasiparticle spectral weight and lifetimeelusions are presented in Sec. VI.
are highly anisotropic as one goes around the Fermi surface
EE(?),_rréasther than being momentum independent as (Ej. Il. PHYSICAL PROPERTIES OF NAFEL'S

uires.

Highly anisotropic quasiparticle behavior finds a natural In the NAFL description of the normal-state properties of
explanation in the nearly antiferromagnetic Fermi-liquidthe superconducting cuprates, it is the magnetic interaction
(NAFL) model of cuprate8,in which the effective interac- between planar quasiparticles which is responsible for the
tion between planar quasiparticles is assumed to be propoanomalous spin and charge behavior. The magnetic proper-
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ties of the system are specified by the dynamical spin-spin

_LII\I\III\I[]\I\\ll\\\\lll_l_
response function of fermionic origity,(q, w), which near a - .’
peak at a wave vectdD; in the vicinity of Q is assumed to -
take the mean-field fort .
XQ :
x(q,w)= : - ) o
1+(9-Q)*&—iwl wg —

Hencexo= a&?> y, is the magnitude of the static spin sus- g

ceptibility at Q;, ¢ is the antiferromagnetic correlation
length, wg specifies the low-frequency relaxational mode,
brought about by the near approach to antiferromagnetism,
and « is a temperature-independent scale factor. We use a
system of units in which the lattice spaciag-1. Although
experiment suggests that the susceptib{&yquite generally
possesses four peaks at the incommensurate wave vectors
Q;~Q, since the introduction of the incommensuration does
not introduce qualitatively new physics, we shall assume for

the most part that the spin-fluctuation spectrum possesses FIG. 1. A model FS in cuprates. For a quasiparticle interaction

only a smgle_ pea_k . . . eaked a0, the intersection of the magnetic Brilloiun zotshown

. The quasiparticle spectrum is assumed to take a tlghR?/ith the dashed linewith the FS specifies the singular points at
binding form, which the interaction is maximally effective in low-energy scatter-
ing processes.
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€= — 2t(CoK+ coky) — 4t' cok,cok,
o Thus, above the temperatufig, at which the temperature-
2t"[cod 2ky) +cod 2ky) ], ®) dependent uniform susceptibilityo(T) possesses a maxi-
Wheret’ t’, andt” are the appropriate hopp|ng integra|s7 mum, the SyStem e-Xh|b|tS nonuniversal meanzf(W) be-
while the effective magnetic interaction between the planap@vior with dynamical exponert=2, wg~1/¢%, and the

quasiparticles is specified by product, yqwsr~ wgé? is independent of temperature. From
a detailed analysis of the NMR experiments, Barzykin and
Ver(0, @) = g%x(q, ). (4)  Pines conclude that the crossover temperalies deter-

mined by the strength of the AF correlations, Wii{T )~ 2.

For a given system the parameteys,, ¢, and wgs which  Below T, down to a second crossover temperatite,
determiney(q,w) are taken from fits to NMR and INS ex- underdoped systems exhibit nonunivergat,1, pseudoscal-
periments, while the effective coupling constagt,is as-  ing (PS behavior. Thus, folf, <T<T,,, itis wy which is
sumed to be momentum independent for wave vectors ne#tdependent of temperature. NMR experiments show that
Q:. As discussed by Chubukeet al,'! the effective inter- aboveT, in the MF regimewg and 1£% scale linearly with
action, Eq.(4), can be, in principle, derived microscopically T, i.e.,wg=A+BT, while in the PS regime, betwedn, and
starting with, e.g., a one-band Hubbard model. Ter, itis wgand&™ ! which scale linearly withT, albeit with

The effective interactionV;, Eq. (4), has the obvious a possibly somewhat different slope and intercepbgfthan
property that for sufficiently large correlation lengths it is that found abovel,. This behavior has now been verified
highly peaked for momentum transfers in the vicinity of the experimentally for the YBaCus0;_,, La,_,Sr,CuO, (x
antiferromagnetic wave vect®. The consequences of this is the hole doping levgl and YBaCu,Og systems? as
peaking are hard to overestimate: if the FS of the system ofvell as the Hg and 2212 BSCCO compounti8elow T, ,
fermions, defined by the quasiparticle dispersidp is such in the pseudogapPG) regime, & becomes independent of
that it intersects the magnetic Brillouin zofBZ) (see Fig. temperature whilevg, after exhibiting a minimum nedr,, ,
1), then quasiparticles in the vicinity of these intersectionrapidly increase¢roughly as 1T) asT decreases towarT.. .
points on the FS, the hot spdtsare much more strongly These changes in the magnetic fluctuation spectrum are ac-
scattered by the spin fluctuations than those which are onompanied byindeed result fromnchanges in the quasipar-
other parts(cold regions of the FS. This leads to strongly ticle spectrunt! Thus, the PS regime is characterized by a
anisotropic quasiparticle behavior, since the resulting temstrong temperature variation of the quasiparticle spectrum,
perature and frequency variation of the quasiparticle scatteresulting in a FS evolutidft which has nontrivial conse-
ing rates at and far away from hot spots is in general verguences for the transport properties of underdoped systems.
different. We shall return to this point in the following sec- The crossovers seen in the low-frequency magnetic behavior
tion. thus possess, to a considerable extent, their charge counter-

Barzykin and PinesBP) have used Eq(2) to analyze parts in transport experiments.
NMR results in the cupraté€.They find that for underdoped From a magnetic perspective, the so-called optimally
systems the low-frequency magnetic behavior possessemped systemge.g., YBa,Cuz;Og g3 and La gsSrg 1:CuQ,)
three distinct normal-state phases, and that the characteristite a special case of the underdoped systems, in viljids
frequencies and lengths which enter E2).are connected by comparatively close td.. Overdoped cuprates are defined
a dynamic scaling relationshipgec £ % in two of the phases. as those for whichl,<T.. For these systems, then, the
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antiferromagnetic correlations are comparatively weak, withabove T, , the dominant contribution to 4/ comes from
£<2, andy(T) is at most weakly temperature dependent,large momentum transfer scattering processes and hence the
while weec £ 2 follows the linear-inT behavior found in the  use of Yk for forward-scattering corrections plays only a
underdoped systems aboVg. Examples of overdoped sys- minor role. Therefore we assume=0, and return later to
tems are thd .~40 K Tl 2212 system and La ,Sr,CuO, the role of the vertex corrections at low temperatures in un-
for x=0.24. derdoped systems.

As Monthoux and Pinééand Chubukoet al'! have em- We make the usual change of variables in the integral in
phasized, the physical origin of the highly anomalous behavEg. (6):
ior displayed by the nearly antiferromagnetic Fermi liquids
resides in the nonlinear feedback of changes inhibiequa- 2 [ dK’
siparticle spectrum on the strong quasiparticle interaction, J dk _’f de fm ™
~x(q,w), which determines thdiot quasiparticle behavior.
For systems abov&,,, or in overdoped systems, that feed- wherek’ is the component of momentuki parallel to the
back is negative; strong-coupling effects cayg€T) to in-  equipotential lines £’ =const), and carry out the integration
crease weakly as the temperature decreases, while a rand@ver €’ for k near the FS and<t, wheret is the hopping
phase approximatiofRPA) or mean-field description de- matrix element. On making the substitutios (e’ — w)/T in
scription suffices to determine the relationship betwegn Eq. (6), it becomes
and ¢. At a critical value of the strength of the AF correla-
tions, that feedback becomes positive; a weak pseudogap de- 1 , o dK )
velops in the hot quasiparticle spectrum, bringing about a (@) =200 w4 Ls4_772|(k'k €), (8)
linear decrease ifo(T) asT decreases below,,, while the
quasiparticle damping of spin excitations becorfiegepen- \yhere
dent in such a way thab displaysz=1 pseudoscaling be-
havior, with i{he strength of the AF correlation, growing 1 X
as @+bT) L. The second crossover temperatilige marks |(k,k',8)=f dx — + PR
the transition to “strong” pseudogap behavior: The AF cor- exp) —1 - expix+e)+ 1] x 9)
relations become frozemj increases rapidly aE decreases
belowT, , while xo(T) falls off rapidly betweerT, andT.. and
It is the interplay between these changes in the quasiparticle
spectrum(seen directly in ARPES measureménismd the e=0lT Q=o0l+&(k—k'-Q)?)/T=wy /T.
spin fluctuation spectrum, and effective quasiparticle interac- (10
tion, seen directly in NMR and INS experiments, which is

responsible for the anomalous quasiparticle lifetimes we nowNote that the definitior(10) effectively removes the tem-
consider. perature from the calculation.

Obviously, the integral is hard to solve analytically.
However, we can obtain its value in appropriate limits, and
then map its behavior with a universal function which pos-

We begin by estimating the effective scattering rate, forsesses the correct limiting values.
quasiparticles near the FS, as a function of frequency and Low frequency limite<1: In this limit one can expand
temperature using simple perturbation theory. The quasipait/[expi&+e)+1]in Eq.(9). The first nonvanishing correction
ticle lifetime is determined by the imaginary part of the to I(e=0) is |,&2, where
single-particle self-energy, which, for the effective interac-
tion (4), in the second-order Born approximation, reads | 1f°° X 9 ( 1

272

2 _ocdxx2+Q2 9x2\ exp(x) + 1

Ill. QUASIPARTICLE LIFETIME AT FINITE FREQUENCY

. (11

Im3(k,w)= 2Imy(k=k',0— €' .
2 (k,w) %g X( w=¢') WhenQ <1 one findsl,=7{(3)/27%— 7Q/8 to lowest or-

der in Q, while in the limit O>1 one findsl,~1/Q? to
X[no(€’ —w)+fo(€")], 4 lowest order in 10.
wheree’ =€, andny(e) andfy(e) are the Bose and Fermi Low—ter_nperature limjte>1, O>1: In this limit, to lead-
distribution functions, respectively. The transport relaxation"d order in 1£ and 10} Eq. (9) becomes
rate is usually given by

| _lI 1 g2\ @ 02—¢? L w? 17
1 A2k’ (@)= 1+ 52) 75 (azv .92t 3027 (12
:f _2g2my(k—k' €'~ w)[Nol €' ~ )
(@) (2m) The first term in EQ.(12) is the zero-temperature result
+o(e)](1= i), 6) which correctly incorporates the above smalbehavior.

The remaining two terms are of ord&f, as in usual FL’s. If
where v, is a temperature-independent vertex functionthe temperature is increased while>1 is maintained, then
which removes forward-scattering processes from the calcuhe result depends ofd in a nontrivial way: A quick check
lated transport relaxation rate. As we shall see below, foreveals that in the<<1 limit 1==/(), as in the zero-
overdoped, optimally doped, and even underdoped systenfgzquency case.
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If one seeks a universal function forit is not difficult to e 2 > 22, 2 2 2
see that an appropriate form, for all relevant valueQ adnd Fie= \/E\/\/ws'{lJr AR+ o™ og 11 £5(AK)7]
€15 — 2V 1+ £4(AK)2]. (19)
1 g2 w2 The behavior ofF}, which determines the low-frequency,
I(e)= §|n 1+ 92+ 2000 +m) (13 -independent limit of 14,(w), has been discussed in some

detail in Ref. 9; we turn therefore to the behaviorkf in

This function displays the correct limiting behavior for both various limiting cases.
low and high frequencies and temperatures. As a function of Finite (but low) frequenciesn<wg: As indicated by the
Q it has a crossover from @ to 1/0? behavior, reflecting ¢—0 behavior of integrall(k,k’,e) above, the low-
the fact that as a function of temperaturdisplays a cross- frequency correction to théemperature-inducedscattering
over from (7T)?/w;,, at low temperatures tarT/wy at  rate is always proportional te®xw?, as in ordinary FL's.
high temperaturefsee Eq(10)]. However, unlike Landau Fermi liquids, from Eq4.9) one

The result(13) leads to the correct behavior of the scat-finds that the coefficient of proportionality , is strongly
tering rate in the case of typical metallic conductors, formomentum dependent:
which the relevant energy scale,, is of order Fermi en-
ergy E;, wyy is weakly momentum dependent, and Un(T,0)=Un(T,0=0)
QO ~E;/T>1 for all k andk’. On using Eqgs(12) and(13), 2
one trfivially recovers the FL result | *9 ‘/w_ng 2 2

T 270y 40¥ 1+ 2(AK2R

2+ 2
Eoc wE(—;TT) (14) (20
7 f For hot quasiparticles withké<1, the characteristic energy

It is important to realize that the form of the integtain iczle V\\I’\mﬁz Eo(artgcr)r:c]ilniz;?lsé\rlt:itl-ggevxtl)iﬁrs\égaIsitsig];ltcbhemg
Eqg. (13) is such that one can treat the dependence on frqérggr’ ~ w2 (AK)? ?—Iencz in the, cold region,s Als pro-
1 S . L]

guency and on temperature almost independently. When portional to w? up to rather high frequencies of order
nd() are of comparable size, th nd term in i X .
and(} are of comparable size, the second te &g is _wsf§2~100 meV. This result has important consequences:

small compared to the third, and finds a result, which, al ) ;
though differing somewhat from E13), Although the' range of frequen_czles where thg FL-like scatter-
ing rate persists is very small in the hot regions, one can use

1 2 2 FL theory to calculate the effective mass
l(e)=zIn| 1+ |+ , (15 m*=m(1-4%'/dw), which may be large, but is always fi-
2 Q 3Q0(Q+ 73 nite. For cold quasiparticles one finds a comparatively mod-
est effective mass enhancement at all temperatures of inter-

turns out to be correct for a wide variety of experimentally
relevant parameters. For E@L5) the crossover fromr/()
behavior at) <1 to 7%/Q2? behavior at)>1 occurs at con-
siderably lower values df) than is the case with E¢13).

For the case at hand, for whiah),, <kT, we follow Refs. 1 1 ag?
9 and 15 and carry out the integration owérin Eq. (8) by — —+
making the approximation T Tdw=0)  2mv;

est.
Intermediate frequencies < w<wgé?: It follows from
Eq. (19) that the hot quasiparticles possess a lifetime

V2w w2, (21)

while for cold quasiparticles, as long as< wg&?(Ak)?, Eq.

oo = o 1+ EX(AK" )2+ E2(AK)?], (16)  (20) still holds.
, _ , Intermediate frequencieso~ w&?(Ak)?, Ak<1: From
where Ak’ and Ak measure the displacementsloindk’ g4 (19) it is also relatively easy to obtain a simple expres-

from the corresponding adjoint hot spots along the FS. Theryjop, for the cold quasiparticle lifetime at intermediate values

for doping levels such that one has a large FS, to a highy frequency and\k, such thatw~ w&2(AK)?:
degree of numerical accuracy, the integral olds’ can be ' s

extended to infinity, and for a general point near the FS the 1 1 ag® pw

scattering rate is given by o T(@=0) " 2mv; AK’ (22
1 ag?&og where 7 is a numerical coefficient of order 0.7. On combin-
g sf, e T . ” -
@) 2m (F+Fy) (170 ing Egs.(20) and(22) and making use of our previous results
K f for 1/7(w=0), we see that, to a good degree of accuracy,
where we can write
2 2 2
;7T 1 1 ! ~ 9 (D) +— , (23
Fr=— - (@, T)  4vAk\ 7T+ aTo(k)  @+Eq(K)
2 [ Vo 1+ E(AK)?]  VaT+ o 1+E(Ak)?]

(18 where
and 7 To(K)~Eq(K)~2w&?(AK)?. (24)
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The quantitiesmT, and E, are not identical, but are never-
theless of comparable magnitude. Hence we see, as might
expected for any interacting FL, that the same energy scale
Eo(k) (up to a multiplicative constant of ordet) deter-
mines the crossover from FL behavior at lewandT to a
non-Fermi-liquid linear-inw and T regimes. The crossover
frequency increases somewhat with increasing temperature
if, as is the case in overdoped materiadg; no longer plays

a negligible role in determining 4J(w). In this caseky is

large and 1# is only weakly frequency dependent.

As in the case of the dc resistivity, one expects the domi-
nant scattering rates for the optical conductivity to be those
of the relatively well-defined quasiparticles in the cold re-
gions of the BZ; the corresponding valuesAdt lie within a
rangeAk~1-2 for an overdoped materialFor an under-
doped materialAk is much smallerAk<<0.5, since the FS is 0
not only close to the magnetic BZ boundary, but there may
be strong incommensuration effects. In addition, while in the
overdoped materials¢&?=const as required by the=2 FIG. 2. The frequency dependence of the quasiparticle scatter-
scaling, in underdoped materials one encounterszthé ing rate atT=0 in (a) the case of a large FS arfb) the case of a
scaling relationship between the characteristic energy ansmall FS, for whichAk,=0.3. In both panels the curves corre-
momenta, wherevi£= const andé~ 1/T. spond to(from top to bottom Ak=0, 0.1, 0.25, 0.5, 1. The insets

A key feature of the NAFL model is that the relevant show the corresponding results at zero frequency as a function of
scale for the frequency and temperature variation of the relemperature.
laxation ratesE0=wa§2(Ak)§1a>j7r, is considerably smaller
than the fermionic bandwidth. Hence at practically any fre-mostly in the hot regions while cold quasiparticle lifetimes
quency of interestsay, »>10 me\) and in the temperature are comparatively insensitive to the size of the FS.

1/t (Arb. units)

1/t (Arb. units)

2 3
® (Arb. units)

regime where the resistivity is linear hone finds from Eq. We consider next the influence of changes in the spin
(17) that themomentum averagecattering rate as a function fluctuations spectrum on the quasiparticle scattering rate. We
of frequency and temperature takes the MFL form begin with systems and temperatures which dispay?2
scaling, wherewy£? does not depend on temperature. As
1 ag? explained in Sec. I, this scaling law is observed in NMR
<_> ~ (w+7T). (25) measurements on overdoped systems or underdoped systems
T/ AT at temperatures abovE,. In Fig. 3a) we show the fre-

quency dependence of the hot quasiparticle scattering rate for

Thus, the NAFL approach leads to the major result of MFLseveral different temperatures. In order to make the connec-
theory’ without resorting to a model in whicfsee Eq(1)]  tion with experiment, in this, and many subsequent figures
one encounters an infinite effective mass of the quasipartiwe plot the inverse mean free path in the units of lattice
cles; indeed, as noted above, in the NAFL model the effecspacing, by assuming a constant Fermi velocity= 0.25
tive mass of the cold quasiparticles is always of the order o&V. As in previous work, we have assumed realistic spin-
unity. fluctuation parametets appropriate for YBaCuzO-,

Equation (23) implies a parallel between th€ and w wg=[6+0.06T (K)] meV andw£2=60 meV. We see that
dependence of the scattering rates: Since the same charactdre shape of the curve is somewhat less anomalous than that
istic frequencies appear in both caSése behavior of #as  shown in Fig. 2. Since the onset of the non-FL frequency
a function ofw or T is approximately the same. We verify dependence is at~ w¢ for a hot spot, the observed behav-
this in Fig. 2 where we plot the zero-temperature scatteringor is a natural consequence of using a finite valuegfand
rate as a function ab at fixed largef andwy— 0 for several a correspondingly modest value gf Since wg increases
values ofAk near the FS. The top panel shows quasiparticlavith temperature the scattering rate becomes even more FL-
scattering rates when the FS is lardggg. (21)], while the  like at higher temperatures. Quite generally, outside of the
bottom panel displays our result for a small effective FS withpseudogap regime, the behavior of hot quasiparticles be-
a maximum distance from a singular point along the FS oftcomes less anomalous dsincreases, since the system is
AKkma= 0.3. In the latter case the integral ov€rin Eq. (8)  further away from the AF instability, as measured directly by
was done numerically. The corresponding scattering rates ake size of 1# and/or w. Nevertheless, a close inspection
a function of temperature at zero frequency are given in theahows that the behavior of 4(w) is sublinear, i.e., &
insets of the panels. The parallel between the zero-frequencyw? wherea<1.
temperature and zero-temperature frequency dependences ofFigure 3b) shows the comparable result for cold quasi-
the scattering rate is quite obvious. Clearly, the rate is highlyparticles: we display the average scattering rate averaged
anisotropic as a function of momentum and decreases draver values ofAk, such that 0.3/<Ak<2/¢, for the same
matically as one departs from the singular poitk=0, temperatures as in Fig(8. This average scattering rate is a
where it is the largest and most anomalous,1{/w. Onthe  good measure of the effective relaxation rate.d(w), seen
other hand, we notice that the influence of the FS size is felin optical measurements, since the behavior of quasiparticles
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FIG. 4. The quasiparticle inverse mean free path as a function of
/ w at (from bottom to top, on the left-hand sid&= 100, 200, and
300 K in an underdoped material. The spin-fluctuation parameters
0 10 20 30 40 50 60 70 (wg=[3.4+0.043T (K)] meV, and £&=50 meV kg ~0.07
@ (meV) +0.00086T (K)) are appropriate for the pseudoscaling regime in a
YBa,Cu,0¢ sample. Panel&) and(b) correspond to the hot and

FIG. 3. The frequency dependence of the quasiparticle inversghomentum-averaged cold regions. Note the unusual temperature

mean free pathin units of inverse lattice spacingcalculated for  dependence of &4 at high frequency for the hot quasiparticles.
hv;=0.25 eV, at(from bottom to top T=100, 200, and 300 K.

The spin-fluctuation parametergwy=[6+0.06T (K)] meV, . o ) )

w£2=60 me\) are appropriate for YBZCu;0,. Panel(a) shows Scaling case. This is shown in Fig(a# where we plot our
the case withAk=0 (hot region; panel(b) shows the momentum- result using spin-fluctuation parameters appropriate for the
averaged inverse mean free path for cold quasiparticlesinderdoped YBaCu,Og material*? The temperature depen-
(0.5/<Ak<2); in panel(c) we compare the frequency depen- dence of 1 is now completely suppressed at higher frequen-
dences of this averaged cold quasiparticle mean free(pattom  cies and eventually even inverted from the conventional FL
with that of hot quasiparticleiop) at T=150 K. Note the separa- pehavior, especially at largeF. By contrast, for the cold
bility of the T and w contributions to the scattering rate in panels quasiparticles, as shown in Figlb}, we obtain results which

(@ and (b). are very similar to those shown in Fig(. In Sec. IV we

will show that these results lead to the observed optical prop-

2;'2;8':&6?22&?:3?5%3:’fr'(')i']’ éﬁg:gz;?é;i dv(\?mtlz-h iSerties in HTS's! In particular we show that %/ is linear in
considerably reduced from that found at the hot sfioke o regardless of the scaling law and hence, provided that the

Fig. 30)], we see that the behavior is FL-like up to a fre- vertex corrections are not large, transport in underdoped ma-

quency of order 15 meV, becoming linear with increasing terials_ aboveT, is very similar to that in optimally doped
There is no sign of sublinear behavior inr1/ materials.
In Fig. 3(c), we have plotted the relaxation times for both

hot and cold quasiparticles in YB&u;O, at T=150 K, in
order to demonstrate the considerable variation in quasipar- IV. OPTICAL CONDUCTIVITY
ticle behavior as one moves around the Fermi syrfa_ce: The We now turn to the optical conductivity. We begin with
Iirricéieg(r:g izzinfoenbceesbg{;heuh;"tt:t?\?efmgnqduas'pﬂ;itlcfvmiethe Kubo formula and the well-known expression for the

. L d y quantita eyoptical conductivity in the absence of the vertex
different. Hot quasiparticles possess a mean free path of or- iong’
der of a few lattice spacings and are comparatively ill deﬁneocorrectlon '
at higherw, while in the cold regions of the FS we find very
well defined quasiparticles, with mean free paths of up to ten o2
Iattlge spacings. Note that the mean free path is propolrtlonal T (@)= 2_2 vﬁvﬁf do’dw"Al o)Al o")
to vt and hence is rather sensitive to the choice of this pa- 27N %
rameter. Our choice af;=0.25 eV is somewhat conserva- , ,
tive, and the exact value of the mean free path is probably « flo")—f(o") (26)
somewhat larger than that displayed in the figure. o—o' +0"—i0,

We note that, due to the FL-like behavior at low fre-

guency, the behavior of #{w) for cold quasiparticles at
different temperatures becomes increasingly more distinct ashereN, is the number of points in the BZ ang=Ve,,
T increases. This is in sharp contrast with the behavior obwhich in the case of a fourfold-symmetric system, where
served in the singulathot) region, especially wheg ac- andy directions are equivalent, yields for the real part of
guires the temperature dependence appropriate tate o, (w),

i
0000000
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e2
2 ’ ' '
47TNka ka do'Alo Ao+ o)

Reoy(w)=

flo")—f(o'+ )
X .
®

(27)

One can, of course, obtain tmusing the Kramers-Kronig
relations. In Egs(26) and (27) Ay (w) is the single-particle
spectral function,

[Im3 (o)
[0— e~ RE (@) P+[IMZ (@) ]

and,,(w) is the single-particle self-energy.

In general, Eq.27) is hard to solve analytically. How-
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frequencies, one can obtain an expression of this form, in
which 1/ represents an average scattering rate as a func-
tion both of momentum and frequency.

We proceed in the following way: We first recall that in
the NAFL model the imaginary part of the self-energy de-
pends only weakly on the component of the wave vektor
perpendicular to the FS; the dominant momentum depen-
dence comes from the component which lies in a direction
parallel to the Fgsee Eq.(19) and the discussion which
follows]. This is clearly an approximation, but not an unrea-
sonable one, since only quasiparticles in a narrow refpbn
orderT) around the FS are involved in the scattelfinge Eq.
(27)]. In this case one can perform the change of variables
(7) and integrate ovee’ explicitly. If the integral can be
extended to infinity, the result can be expressed in the quite

ever, depending on the properties of the self-energy, variousompact form
approximations can be used. For example, if the self energy

is only weakly momentum and frequency dependent, one can

use the relaxation time approximatidn

e, 1 af
o= 5 gl @

R B e? dk o) =o'+ o)
Ox( @)= g7 cJoq) 9 -

2
Ut

xIm o—3 ot )+ (o)

) . (32

which is the result one obtains using the Boltzmann transpory, the limit w7>1 we can expand this expression and com-

theory. It has been argued that qualitatively the optical proppare our result to the Drude formula in the same limit. We
erties of cuprates can be captured within this formalism, alfj,q

though assuming a weak dependenc& (i, w) onk andw
clearly represents a considerable oversimplification.

An interesting result can be obtained from Eg9). On
performing the appropriate integrals, at |Gwwe find that

CT K 2
Re= € —7In| 1+ g?rx‘”) } (303
and
Imor,, = e? KﬂX+CTtan—1 —cT1Z), (30b)
Txx ® K max® 2/

where C=4v;/ag?. We see that, in contrast to ordinary

dependence of,(w) at high frequency is a generic feature orm
of any system with a low-energy soft mode, be it a NAFL, as
above, or a system near a charge density wave instabilit)?
Note that Eq.(30) reduces to the appropriate FL results in

the w—0 limit.

A generalization of the relaxation time approximation, the

memory function formalism® is appropriate for a self-

energy which, in the vicinity of the FS, does not depend o
momentum, as is the case when the dominant scatterin
mechanism is due to phonons, as in ordinary metallic supe
conductors; at sufficiently high frequency, it leads to a

Drude-like conductivity

ne

Ure(w) — i\ (w)’

(31

Ty @)=

n.
gfferent crossover scalg,, the momentum-averaged scat-

Te(@) w

1 f dkf flo)—f(w'+w)
— | dw’
Fs2
1

1
x(m(wm')*fk(w'))' 33
In the limit »>T this yields
1 1
13 34
Teil( @) \Tk/

where the angular brackets indicate the appropriate average.
We have already obtained the momentum-averaged scatter-

(over momentumof 1/, is a simple power law as a function

f frequency, being quadratic and linear at low and high
respectively. As a result, averaging over frequency will not
qualitatively change the frequency dependence of the
momentum-averaged scattering rafér,),, since an aver-
age of a power-law function is that same function. Therefore,
aside from numerical factor®f order 2 and a somewhat

ring rate (1/7), is a reasonable approximation for
Urei(w) in the limit wTer>1.

Several important conclusions can be drawn from this re-
sult. First, only at high frequencies should the Drude formal-
ism be used to analyze experiments. But, since at sufficiently
high frequencies, in general, the quasiparticle picture breaks
down, the results we obtain are likely only qualitative. One

with a frequency-dependent effective scattering rate and aan show that Drude-like behavior is maintained as one goes

frequency-dependent mass, , m,=mJ1+A(w)]. This

to lower frequencies, but the corresponding scattering rate is

expression is not directly applicable for the case of highlyno longer simply related to the quasiparticle self-energy, and
anisotropic scattering rates such as those studied here. Howll not be frequency independent. Moreover, quite impor-
ever, we show below that in NAFL's, at sufficiently high tantly, in the limit Llv7<<1 any feature seen in experiments,
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such as the weak temperature dependence f(1$) at 1600 :
higherT and w, or even the pseudogap seen in underdoped 1400| i
materials, must stem from the quasiparticle lifetimes ana- 1200 |
lyzed in the previous section, since it is their average which 2 1000
is probed. 5 200
£ 600
V. COMPARISON WITH EXPERIMENT 400
We now compare our results with experiment, in order to 200F . ] ‘ ‘ i
test the applicability of NAFL theory when one uses realistic 0o 200 400 600 800 1000
parameters for both the effective interaction and band param- @ (cm™)

eters and carries out the relevant integrals numerically. Since
the optical conductivity as a function of frequency frequentlytio
appears featureless, it is customary to use the memory funcs

tion f?rmallsrﬁ to extract tﬁe eﬁﬁCtL\:e ttr)ansp((j)rt Scar:te”nQIZOO, and 300 K, respectively. The theoretical curves were obtained
rates from experiments. Where this has been done, t eanaMéing spin-fluctuation parameters appropriate for this material,

sis of the previous section allows us to compare directly OUL,_—[12+0.003T (K)] meV andwg£?=50 meV. The FS size was

FIG. 5. A comparison of the calculated scattering rate as a func-
n of w in TI 2201 with the experimental results of Puchketval.
ef. 1). The curves corresporn(@om bottom to topto T=120 K,

(averagegl scattering times with experiment. estimated from the ARPES results on the closely related BSCCO
For _systems for which the scattering rates have no_t beegompounds, for whichk .~ 1.4. The coupling constam? was
determined we compare our calculated valuesg{ w) di-  adjusted to yield the correct spread of the curvessat0 and a

rectly to experiment. In so doing, we make use of our nu-constant term was added, to take into account the likely presence of
merical results for the optical conductivity obtained by sub-imperfections in the samples.
stituting the self-energy5) into Eq. (27), with and without
including the inclusion of the vertew, ,»=cosd for 1/7,  predicted by Eq(23) for the case of the=2 scaling present
whered is the angle betweekandk’. Strictly speaking, this in all (sufficiently) overdoped materials. We further note that
form of the vertex correction is only applicable if the effec- only two fitting parameters appear in our calculation: the
tive interaction is weakly frequency dependent, since onlycoupling constang and the zero-frequency offspihich is
then is the current vertex proportional to the current, andrery small, 1#(w=0)~30 cm™ ! and is likely generated by
hence additive to the self-energy. In NAFL's this is a some-impurities]. If the resistivity were measured for this material,
what questionable approximation, but as longops<1, both fitting parameters would be fixed by experiment.
while V¢ is highly peaked nea® and the FS is large, the In Fig. 6 we compare our calculated optical conductivity
magnitude of the vertex correction turns out to be comparafor optimally doped YBaCu;0- with the experimental re-
tively small, leading to corrections of order 10% for systemssults of Ref. 20. We have assumed, as in previous work, that
near optimal doping. However, since it is straightforward towg=[6+0.06T (K)] meV, wyé?=60 meV. Strictly speak-
include it numerically, we retain the functiop,,, in the ing, this scaling law, applicable only for temperatures above
subsequent numerical results. T.~140 K, is only approximately correct at lower tempera-
We begin with overdoped materials. While it is extremely tures. At high temperature our calculated results agree quite
important to compare the calculated optical conductivity
with experiment only for the samples which are used to de-
termine the spin-fluctuation parameters, NMR and optical
experimental results on the same sample are often not avail-
able. Thus for the first sample we consider, single layer Tl
2201, the samples used by Puchkenal,! for optical ex-
periments had &.=15 K, while the best available NMR
experiments on a comparable sample are those of Itoh
etal,’® on a Tl 2201 sample which had =23 K. For
overdoped systems, the various parametets @, &)
which determine the spin-fluctuation spectrum do not vary
appreciately with the doping level; hence our use of param- 0 0100 200 300 400 500 600 700 800
eters chosen to fit the NMR experiments of l&thal. should
not produce an appreciable error. In choosing band structure
parameters for our calculation, we assumed the band struc-
ture for the Tl system is close to that found in BSCCO fam-
ily. Our calculated results, are compared with experiment i
Fig. 5. We present.c.)ur results only f¢'> 100 K since for bottom curve and the squares correspon@ 0300 K. The param-
T<10_0 K the stability of our nurr_1er|cal solution becomes iors  are those used carliefRef. 9, w £?=60 meV,
questionable. Clearly the fit is quite good; both theory and, _(6+0.06T (k)] meV, witht=250 meV andt’ = —0.4t. Just
experiment show that the system crosses over from the qugs was the case for the resistivity, agreement with experiment is
dratic to linear in frequency behavior at a frequene¥o,  much better at higher temperatures. The value of the coupling con-
which is of orderwg&?(Ak)2,,/2=40 meV. Note that the stantg used hereg=0.6 eV, is somewhat larger than=0.53 eV
crossover behavior changes very little with temperature, assed in Ref. 9 to fit the resistivity),.

® (cm™)

FIG. 6. A comparison of the calculated optical conductivity of
YBa,Cuz;0, with the experimental results of Tannet al. (Ref.
r50). The top curve and the circles correspondte 100 K and the
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rates; this leads to a much stronger frequency dependence of
Reo,p(w), of the kind observed in many underdoped
samples.

We consider next the underdoped materials. Abdye
we expect the behavior of 44; to take the MFL form, Eq.
(25). Indeed, Eq.(25), obtained for a moderately large FS,
does not depend on the spin-fluctuation parametgrandé
and hence independent of the scaling law relatiggand &;
1/7¢x is linear in bothT andw both above and below,,, as
long asT>T, . On the other hand, it is now widely believed
that in heavily underdoped materials, beldy, the hot qua-
siparticles, which are close to the magnetic BZ boundary
become effectively gappe@the pseudogap with much of
the quasiparticle weight transferred from low to high fre-
quencies; the quasiparticle band dispersion thus acquires a
éorm similar to that encountered with a preformed spin-
density-wave(SDW) state® Hence, at low frequencies, hot
quasiparticles barely contribute to transport, a conclusion
which is consistent with the superfluid density measurements
well with the experiment, both qualitatively and quantita- at low temperatures, which suggest that only a fraction of the
tively. At low T qualitative agreement is found; the calcu- doped holes become part of the superconducting
lated o, (w) at T=100 K crosses the calculatet,(w) at condensaté®? Although quasiparticles are not well defined
T=2300 K at roughly the same frequency as that seen experin the hot region of the BZ, since their quasiparticle residua
mentally, although at higv the calculated values @f,, are  are rather small, they still contribute to transport up to fre-
considerably lower than those seen experimentally. We aquencies of ordeT,, . Above this scale their scattering is so
tribute this discrepancy, in part, to the possible presence ditrong that In, is essentially temperature and frequency in-
disorder in the experimental samples: For example, we foundependentsee the result foAk=0 in Fig. 2. On the other
it necessary to use a higher value of the coupling congtant hand, the cold quasiparticles are still well defined, albeit in a
(g~=0.6 eV) than that used in Ref. 9g&0.5 eV) to fit the ~ somewhat narrower region, centered arokwe(w/2,7/2),
resistivity. A small amount of, e.g., impurity scattering canand symmetry-related points in the Brillouin zone. However,
bring about significant changes in transport and optical besince so much of the FS is gapped, the phase space available
havior at relatively low temperatures, while producing a negfor the scattering of cold quasiparticles is considerably re-
ligible effect at highefT. duced. Thus, for small frequencyp<T,, one expects

An interesting feature of the YB&,0, family is thea- 1/7e5> w?, just as one finds T~ T? at zero frequency and
b plane anisotropy, which is seen in untwinned single crysiemperatures well below, in underdoped materials. In
tals near optimal dopingWe have earlier provided a quali- other words, there is a significant temperature variation of
tative explanation for the anisotropy in the resistivity of thesel/7q¢ up to this frequency. As the hot quasiparticles cease to
material€ and it is instructive to consider its optical counter- contribute to transport above this energy scale, which is valid
part) In Fig. 7 we show the optical conductivity for a model as long as the correlation length is lar@eat is, foré=2 and
system which displays strorayb planar anisotropy, compa- T<T,), the slope of 174 is reduced and it acquires its usual
rable to that observed in YB&u,Og. We follow Ref. 9 and linear inw dependence. In terms of the NAFL model, a close
assume that the main influence of the CuO chains is tstudy shows that the effective raterd{(w) increases up to
modify the electronic properties of the-b plane and so frequencies of ordell, ~ w&?(AK)2 /2, Where AKmay is
model the observed anisotropy by introducing anisotropianuch smaller 0.1-0.5 than is found in optimally doped
hopping matrix elements along the two different crystallo-materials. This phenomenon is the optical analog of the re-
graphic directions, witti,=0.5%,. This value oft, is some- sistivity which is a considerably stronger function of tem-
what low, but is not unreasonable for a qualitative analysigperature belowT, than above it. It is noteworthy that at
for pedagogical purposes. The input parametersufficiently high temperature, abovWie,, much of the quasi-
(0g=[2+0.02T (K)] meV and w£?=60 me\) are the particle weight is again transferred to the low frequencies
same as in our earlier workAs can be seen from the figure, and the hot quasiparticle again start to contribute to trans-
the strong anisotropy we found for the dc resistivity has itsport, but the slope of X does not change, since it does not
analog in the case af,(w), as might have been expected; depend on the scaling law between the spin fluctuation pa-
the strongly conducting direction displays a distinctly dif- rameters.
ferentw dependence at higher frequencies. This behavior can We note that the fact that the contribution of the hot re-
be understood by recalling that when the current runs alongions is strongly reflected in experiment in the underdoped
the a direction, the distribution of hot spots is such as tomaterials suggests that large parts of the FS are in fact hot.
yield scattering rates which are mostly FL-like, and henceMoreover, at higher frequency and low temperatures the
one should expect to see a large conductivity even at large slope of 1f; is the same as that found at highin systems
On the other hand, for current running along thdirection  where there is no pseudogap present. If large parts of the FS
the dominant contribution to the conductivity comes fromexhibit highly anomalous behavior, then one should expect
quasiparticles which possess strongly anomalous scatterirtbat at relatively low frequencies 44 would begin to satu-

o__(Arb. units)

XX

FIG. 7. Schematic behavior of a system with strazf plane
anisotropy, such as YB&u,Og material. The lowefuppe) curve
corresponds tar,, (o), With the solid(dashed line referring to
T=100 K (T=300 K). The input parametelgg=[2+0.02T (K)]
meV, wg£?=60 meV,t,=0.5%,) are the same as in Fig. 22 of Ref.
9. Clearly, both the magnitudes and the qualitative behavior of th
two conductivities are differento,;, is far more FL-like than is
Oaa-
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0.7 Within the magnetic scenario, these scattering processes are
0.6 closely related to the experimentally measured energy scales
‘ for q~Q. Moreover, since the scale afy? is weakly dop-

0.5 ing dependent and always of the order ofrlfimes the

L 04 Fermi energy the crossover energy should be almost material
0.3 independent, in agreement with NMR experiments which
0.2 show that for most materialy(T.)~2.
01675 §0 100 VI. CONCLUSION

0 60
o (meV)
In summary, we have applied both analytical and numeri-
FIG. 8. 1lfres, Obtained for a small FRykp,=0.4, by numeri-  cal techniques to the study of the transport properties of
cally solving Eqs(17) and(26), for the same input parameters as in HTS’s at optical frequencies within the NAFL model. We
Fig. 4, but adding a FL scattering contributionVe,  find that the peaking of the effective magnetic interaction
=Xo/(1—17wlT), with I'=400 meV, to the magnetic interaction, |eads to strong anisotropy of the quasiparticle properties in
Eq. (4). The curves corresporitiottom to top to T=100, 150, 200,  gjfferent regions of the BZ, and brings about a complex mor-

250 K. At high frequency the averaged quasiparticle lifetime isphology for the optical conductivity and the effective scat-

nearly T andw independent, in accordance with experiment on thetering rate Ltos(w), which can be extracted from it. We
€ 1 .

underdoped materials. The stronger temperature dependence at _I%’und that for a wide region of temperature and frequencies

frequency stems from the strongly temperature-dependent Sp"{'he NAFL model leads directly to the MFL form for
fluctuation spectrum found in all underdoped materials. : . . eff 1

Eq. (25), a scattering rate which agrees with experimental
results found in nearly all optical measurements to date.
Overall, in the appropriate limits, our results agree qualita-
tively and many cases quantitatively, with the experimental
findings.

havior of 1/ aboveT, reflects scattering processes involv- In this paper we have focused on the optimally doped and
eff * 9p overdoped materials. In the underdoped case, to obtain re-

Ing momentum transfers far fro@, which supplement the .sults of comparable quality, one must parametrize in some

magnetic scattering we have considered. If one is to mamtmaeta” changes in the quasiparticle behavior brought about by
the quasiparticle pseudogap, which we have not yet done.

) ; ; X "Yowever, to the extent that the FS undergoes a substantial
cesses involving small to those involving larger characteris;

. . . : transition as one varies doping from optimal to underdoped
tic freq_uenqes. For exam_ple, n R?f' 9 we mtroduced FLwe have shown that the magnetic scenario provides results in
scattering in qrder to avoid resistivity saturation at h_lgher ualitative agreement with experiment, even within this
temperatures in 214 systems and obtained thereby quite re imple theory

sonable agreement with experiment near optimal doping '

level. In this respect. optimally doped materials are merel Our use of the Born approximation, would seem to work
Vel. i pect, opt y doped Im : Ysomewhat better than one would expect it to in a system with
those which have the smoothest transition from low-energ

to high-energy scales, in excellent agreement with the eétrong correlations. Ideally, one should obtaifk, ») self-
erin?ental fi%in S of ,Taka it 222 9 consistently, before substituting it into E@7). However, it

P o 9 AKagt al. . . _.may prove easier to calculate the current-current correlation

The additional scattering processes introduced to ma'nta'ﬂjnction directly?® The results of calculations which include

linear in frequency M 4 above the pseudogap scale do not - :
qualitatively change the behavior of the effective relaxationbOth th? pseudoga.p and strong cgztéplmg effects will be pre-

. SR sented in forthcoming publicatiori$:
rate at low frequencies which is still governed by the strong
magnetic scattering. We present in Fig. 8 the result of a
numerical calculation of ¥, where we have used
AKmax= 0.4, takenwg and ¢ to be the same as in Fig(a}, We are indebted to G. Blumberg, G. Boebinger, A. Chu-
and have incorporated in our numerical work, based on Eqsukov, D. Ginsberg, P. Monthoux, T. M. Rice, J. Schmalian,
(260 and (27), a FL-like scattering potential Q. Si, C. Slichter, R. Stern, and T. Timusk for stimulating
Vel=xo/(1—imw/T), where I'=400 meV. Notice that conversations on these and related topics. We should like to
1/7 loses its temperature dependence at high frequencyhank Tom Timusk for his helpful remarks following a criti-
i.e., all curves shown in the figure converge at a frequencyal reading of an earlier version of this manuscript. We thank
~ wg€3(AKma?/2. Below this frequency Il; displays the National Center for Supercomputing Applications for a
considerable temperature dependence, even though we hageant of computer time. This research has been supported in
not included the increase @y at low temperatures and a part by NSF through Grant No. NSF-DMR 89-205@8RL
possible temperature variation in the effective size of the FSat UIUC) and NSF-DMR 91-2000QSTCS.

rate. Indeed, we have found that the MFL form of /, EqQ.
(25), is obtained only for a large FS, while for a smaller FS
one would expect Xy to display sublinear behavior as a
function of frequency. This suggests that the lineawitre-
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