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Dynamical evidence of critical fields in Josephson junctions
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Universität Tübingen, Lehrstuhl Experimentalphysik II, D-72076 Tu¨bingen, Germany

F. Santucci
Dipartimento di Energia Elettrica, Universita` di L’Aquila, I-67040 L’Aquila, Italy

N. Gro”nbech-Jensen
Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545

and Department of Physics, University of California, Los Angeles, California 90024
~Received 26 March 1997; revised manuscript received 26 June 1997!

We study the dynamical stability of phase configurations generated by an external magnetic field in long
Josephson junctions. Depending on the value of the field, the penetration of the vortex lines through the
boundary of the junctions gives rise to different dynamical regimes whose nature is characterized by measure-
ments of Fiske singularities in the current-voltage characteristics of the junctions. The magnetic-field depen-
dence of the height of these singularities is compared with numerical simulations of the sine-Gordon equation
and low-temperature scanning electron microscopy of the junctions is performed in order to validate the
dynamical patterns. For all the junctions that we have investigated, given their maximum pair current density
j c and the Josephson penetration depthl j , we find that the external magnetic field that equals the critical value
H052l j j c , responsible for the trapping of a single static flux-quantum in the junction, plays a dominant role
in establishing dynamical phase configurations. Both simulations and low-temperature scanning electron mi-
croscopy show complete analogy between the dynamical patterns of long and small-area junctions whenH0 is
exceeded.@S0163-1829~97!02542-3#
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I. INTRODUCTION

Long Josephson junctions have been investigated in
sively due to the importance of magnetic-flux quanta~physi-
cal manifestation of solitons! for solid-state physics and ap
plied mathematics.1 Based on perturbation techniques f
fluxon dynamics, numerous experimental features of lo
junctions have been successfully characterized—even
very intriguing cases in which the junction is driven by tim
dependent perturbations.2 Also, coupling of several junctions
through their boundaries3 or mutual coupling in adjacen
junction structures4 has been investigated.

The studies can be divided into two categories. In the fi
category we find sine-Gordon solitons traveling through
medium determined by the value of the bias current~which
may also be time dependent! and a small magnetic field con
fined to the boundaries of the junction. In this case one
extract detailed information about the physics of the probl
from the McLaughlin and Scott theory5 as the aim of that
theory was to investigate the steady-state motion of flux
~and other solutions of the sine-Gordon equation! under
small perturbations. In the second category we find array
vortices distributed along one6 ~or two7,8! dimensions of the
junctions driven by dc~Ref. 6! and ~or! rf ~Ref. 9! currents.
The physics of this category cannot be treated by
McLaughlin-Scott perturbation theory for solitons as the p
turbations~bias current and magnetic field! are no longer
560163-1829/97/56~18!/11889~8!/$10.00
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small compared to the sine-Gordon terms. Thus, numer
simulations are usually employed to fit experimental da
but models and conjectures characteristics of small-area
sephson junctions often describe basic experimental featu

The internal dynamics of ‘‘flux-flow’’ oscillators6,7 ~suc-
cessfully employed in integrated receivers for radio
tronomy! falls in the second category mentioned above sin
the one-dimensional array of vortices can only be genera
by a ‘‘strong’’ magnetic field.

The aim of the present paper is to establish quantitativ
and in terms of externally applied magnetic fields, the lim
ing regimes for which long Josephson-junction dynamics
be classified in one of the two above categories. Understa
ing the dynamical regimes of a long Josephson junction
be strictly related to their thermal~and thermodynamic!
properties.10 In the present work an attempt is made to e
tablish a link between magnetic field penetration, phase
terns of the junction, and thermodynamic properties of lo
Josephson junctions.

The paper is structured as follows: in the next section
review the phenomenology of current singularities in t
current-voltage characteristics of long Josephson juncti
and present the experimental results that we have obta
on several junctions of different geometries fabricated
Nb-lead alloy technology.11 In Sec. III we show results of
low-temperature scanning electron microscope~LTSEM! in-
vestigation of junction dynamics when the biasing conditio
11 889 © 1997 The American Physical Society
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11 890 56M. CIRILLO et al.
are as described in Sec. II. In Sec. IV we present the res
of numerical simulations of a long Josephson-junction mo
and compare the numerical predictions with the experime
findings. In Sec. V we conclude the paper. In the Appen
we shortly review the notations and normalizations of criti
magnetic fields in long Josephson junctions.

II. FISKE MODES PHENOMENOLOGY

Before discussing the behavior of the Fiske steps w
applying an external magnetic field, we review the inter
dynamics of long one-dimensional Josephson junctions
terms of singularities observed in their current-voltage ch
acteristics. The internal dynamics of large-area Joseph
junctions is very complicated and we therefore restrict
attention to one-dimensional junctions, where the relev
length is measured relative to the Josephson penetra
depth l j5AF0/2pm0d jc, F052.07310215 Wb being the
magnetic-flux quantum,d5l11l21t5250 nm~Ref. 11! is
the magnetic thickness of the junction, andj c is the maxi-
mum Josephson current density in the junctions.

In the absence of external magnetic fields, long o
dimensional junctions of overlap and inline geometries14 ex-
hibit singularities in the current-voltage characteristic cal
zero-field steps1 that appear near asymptotic voltagesVN
5Nc̄F0 /L, whereN51,2... is the number of flux quant
participating in the oscillations,L is the physical length of a
junction andc̄ is the characteristic velocity~the linear elec-
tromagnetic wave propagation velocity in the oxide barrie!.
The difference between the two geometries is that the o
lap geometry directs the bias current perpendicular to
direction of propagation of the fluxons while, the two dire
tions are parallel for the in-line geometry. Although a co
plete theory for these singularities does not exist~the current
height of the steps, for example, has not been unders
yet!, numerical simulations, perturbation theory approach
and analytical solutions give sufficient information about t
internal dynamics of the junctions. Applying a magnetic fie
to the junctions perpendicular to the direction of propagat
of the fluxons, the zero-field steps exist only for a limit
magnetic field interval which depends on the length of
specific junction under investigation.12,13 Further increase o
the magnetic field leads to the appearance of current sin
larities ~Fiske steps! at asymptotic voltagesVk5kc̄F0/2L
wherek51,2... is the step order number. We note that
everyVk corresponding to an even integerk, there is a zero-
field stepVN (N5k/2). However, this can be viewed as
coincidence since, as we shall see, the physical phenom
generating the two families of singularities are different. T
aim of the present work is to quantify the critical field abo
which the Fiske steps appear and to understand the dyna
in the junction.

In Fig. 1 we show a typical magnetic-field modulatio
pattern of the Josephson current and of the first three F
singularities of a junction having a normalized leng
l 5L/l j57.5. This is a junction of overlap geometry in th
sense that the extended dimension is perpendicular to
direction of the bias current, but, as the junction is obtain
through a window in the SiO insulating layer, small asy
metries in the biasing conditions at the boundary can be
pected. For this reason the Josephson current does ther
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not have its maximum for precisely zero applied exter
field. The most relevant difference between zero-field st
and Fiske steps is that the zero-field steps have a cur
amplitude which decreases monotonically with the step or
number, while the current height of the Fiske steps mo
lates with the order number for any value of the exter
magnetic field.

We see that the value of the field for which the stab
modulations of the Fiske modes begins is 110 A/m, a lit
above the value where the Josephson current attains its
zero~around 80 A/m!. We note that, below this value of th
field, it is sometimes possible to observe current steps at
voltage values corresponding to the Fiske step voltages,
these solutions are very unstable and characterizing th
states is very difficult.

In Fig. 2 we show the equivalent of Fig. 1 for an in-lin
junction having a normalized lengthl 57. This junction was
fabricated over a superconducting ground plane and the
served asymmetry of the central lobe of the modulation p
tern is therefore expected.14 We can see that the behavior o
the modulations is similar to the overlap junction: the sta
modulations of the field begin when the critical fie
He580 A/m is exceeded~just above the value for which th
Josephson current has its first minimum!. The role of this
field value for the in-line junctions was well pointed b
Owen and Scalapino15 for the static properties. This field
corresponds to the maximum value for which the Meiss
solution is possible. One static flux quantum is trapped in
junction ~in the limit l @1! for this applied magnetic-field
value.

The data of Figs. 1 and 2 show that the modulations of
current singularities that begin right above the critical fie
have the same characteristics as the modulations of the F
steps in small junctions. Also, there is another typical feat

FIG. 1. Modulation patterns of a one-dimensional overlap ju
tion of length 7.5l j . ~a! Josephson current;~b!, ~c!, and ~d! are
first, second, and third Fiske steps, respectively.
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56 11 891DYNAMICAL EVIDENCE OF CRITICAL FIELDS IN . . .
of Kulik’s model19 which is represented in our data. We fin
that the modulations of the first two modes of Fig. 1 pres
somewhat irregular points, while the third is more stable.
contrast to this we find in Fig. 2 that all three modulations
once started—present very regular points. The reason for
difference might be the fact that, when the voltage of
steps is below the plasma voltage of the junctions, the ca
mode excitations interact with the plasmons and the theo
ical model is no longer valid. The plasma voltage~the volt-
age corresponding to the plasma frequency on the bas
the Josephson ac equation! of the junctions of Figs. 1 and 2
is 300mV and the trend of the data is therefore more regu
above this value. In longer junctions with the same curr
density and plasma voltage we have seen that the mod
tions with the applied magnetic field are less regular e
when the critical field (;80 A/m) is exceeded. In the nex
section we find that the dynamical patterns of the phase
side long junctions are of the same type as in small junctio

III. OSCILLATIONS ANALYSIS—LTSEM IMAGING

We have performed a LTSEM investigation of two in-lin
junctions located on the same chip and having phys
lengths of 60 and 50mm, respectively. On the 50-mm-long
junction we concentrated our attention on the analysis of
oscillations when current biased on the first Fiske step, w
on the 60-mm-long junction we investigated several steps

In Fig. 3 we see the LTSEM voltage images17,18 for the
second, third, and fourth Fiske steps of the 60-mm-long in-
line junction with normalized lengthl 52.5 taken for field
values of 116, 180, and 220 A/m, respectively. All the d
in this section were taken for magnetic-field values allow
for stability of the steps and generating amplitude modu
tions as described in the previous section. The field gene

FIG. 2. Modulation patterns of an inline junction of length 7l j .
~a! Josephson current;~b!, ~c!, and ~d!, respectively, are first, sec
ond, and third Fiske steps.
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ing the first zero of the Josephson current was 160 A/m
both of the cases we investigated.

Details of the LTSEM technique of imaging internal d
namics of Josephson junctions have been well described
number of publications. In particular, the imaging techniqu
and the interpretations of dynamical patterns related to F
steps have been described in Ref. 18. In order to obtain
images shown in Figs. 3 and 4, we current biased the ju
tion on the Fiske step and recorded the electron-be
induced voltage changeDV(x) as a function of the beam’s
coordinatex. As shown in Ref. 18,2DV(x) represents the
spatial distribution of the square of the magnetic field rela
to the cavity mode in the time average.

Comparing these pictures with the patterns18 obtained on
other samples for Fiske steps in Josephson junctions we
conclude that we are observing single-mode~Kulik-like16,19!
oscillations. More multimodelike excitations~not shown in
the figure! are observed on the first step at low fields. Figu
4 exemplifies that increasing the external field makes
dynamics more single mode in nature. These two pictu

FIG. 3. LTSEM voltage~in arbitrary units! response profiles for
a 60mm long in-line junction~2.5 in normalized units!. In ~a!, ~b!,
and~c! the junction was dc biased, respectively on the second, th
and fourth Fiske steps. We see that all the excitations are sin
mode oscillations. The edges of the junction are indicated
dashed lines.
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11 892 56M. CIRILLO et al.
were taken from the systematic analysis of the first Fiske s
of the 50mm-long junction for field values of 170 and 90
A/m, respectively.

Figures 3 and 4 indicate the reason for why modulatio
like the ones of the steps shown in Fig. 1 can be well fit
by the theory of Kulik.20 This theory quantitatively predict
the modulations of the maximum currents of the Fiske st
on the basis of a single-mode excitation model of the Jose
son transmission line provided the frequency of the mode
larger than the plasma frequency of a junction. The irregu
modulations of the first two steps in Fig. 1 are likely co
nected to ‘‘multimode’’ behavior of the first step of the fam
ily shown in Fig. 3. The Josephson plasma frequen
v j /2p51/2pA2p j c /F0C of the samples of Figs. 3 and 4
67 GHz and its equivalent voltage is 140mV. In the defini-
tion of v j the parameterC514 mF/cm2 is the capacitance
unit area for our junctions. Thus, the first step of the junct
is close to the plasma voltage, but tuning the voltage by
magnetic field21 we drive it above the plasma frequency r
sulting in stable single-mode oscillations.

In previous18 LTSEM investigations of the Fiske steps
was evident that the nature of the oscillations was sin
mode, but the point that we intend to stress in this pape
that no stable LTSEM scanning can be performed on lo
junctions for field values below the critical field correspon
ing to the first zero of the Josephson current. This is
important point when dealing with Fiske modes in long jun
tions, since the theory by Kulik can explain the steps o
when the length of the junctions is smaller than the Jose
son penetration depth. Our data show that magnetic-fi

FIG. 4. LTSEM voltage response profile of the first Fiske s
of a 50-mm-long in-line junction obtained for increasing values
the external magnetic field. In~a! and ~b! the field is 170 and 900
A/m, respectively. As in Fig. 3, the edges of the junction are in
cated by dashed lines.
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penetration into the junction can generate real single-m
oscillation patterns when the applied field is sufficien
strong. This feature was successfully used when analyz
phase locking of Fiske and flux-flow steps in long junction22

and coupled long junctions.23

The results presented in this section have shown evide
for the notion that the oscillations associated with sta
Fiske modes in long junctions are cavity modes. We wish
quantitatively estimate the threshold field for which the Fis
steps appear in long junctions. After the initial numeric
simulations based on a soliton model for these curr
singularities,24–26 and later qualitative conjectures,12 a sys-
tematic analysis is very helpful in order to establish t
ranges of stability/existence and, in terms of these, the res
ing nature of the oscillations. In the next section we report
the investigation, performed over a wide range of juncti
lengths, of the onset of stable Fiske modes in long junctio

IV. NUMERICAL SIMULATIONS AND DISCUSSION

We have made a systematic investigation of the syste

f tt2fxx1af t1sin f5g, ~1!

fx~ t,0!5fx~ t,l !5h, ~2!

whereg5I /I c is the bias current normalized to the critic
Josephson current,a51/Abc is a damping parameter relate
to the McCumber hysteresis parameterbc ,14 and
h5He /l j j c is the normalized magnetic field. Equations~1!
and ~2! imply that we restrict our interest to junctions wit
overlap geometry. Time in these equations is normalized
the inverse ofv j and distance is normalized tol j . The
system~1!–~2! was discretized and integrated by a secon
order central difference algorithm.16 A damping parameter o
a50.1 was used for all our simulations. The magnetic-fie
dependence of the Fiske steps was taken by recording
current-voltage characteristic of the junction for each va
of the normalized field and recording the switching point
the top of the steps. In the current-voltage characteristic
ery voltage point was obtained after integration of the vo
age of the junction for a time corresponding to thousands
periods of mode oscillation.

Figures 5~a! and 5~b! show the Josephson current diffra
tion pattern and the magnetic-field dependence of the he
of the first Fiske step calculated for a junction with a no
malized lengthl 53. We see that the stable modulations
the steps begin near the valueh52, which is also the value
where the first lobe of the Josephson current extrapolate
zero. In Figs. 5~c! and 5~d! we see the same patterns for
junction of lengthl 58: also in this case we see that th
modulations of the current singularity begin for the sam
field value as above (h52). The steps were not stable belo
the critical value although coherent oscillations generat
voltage points could be recorded very occasionally.

We have seen that the field value for which the sta
modulations of the first Fiske modes begin is alwaysh>2
independently of the junction lengthl , when this paramete
is also larger than two. An example of the dependence of
critical field on the junction length is shown in Fig. 6~a!. All
the data in Fig. 6 were obtained fora50.252 integrating the
system ~1!–~2! from flat initial data @f(0, x)50,

-
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f t(0, x)50, g50, h50# and then observing its dynamica
evolution increasing the value of the magnetic field in ste
of Dh50.05. In the figure we show the dependence of^fx&
~the spatially averaged surface current! upon the externa
magnetic field. Forl 51 there is no threshold value for th
appearance of the step and the average current depend
early on the applied field. However, forl 54 the discontinu-
ity aroundh52 is already very obvious.

It is natural to picture the physical mechanism leading
the magnetic-field threshold by the numerical experiment
scribed above. In Fig. 6~b! we can see a ‘‘magnetization’
plot obtained for a junction havingl 550 with an abrupt
change of slope taking place forh52. Belowh52 the mag-
netic field remains confined at the ends and there is no e
inside the junction. It is worth noting that this situation c
depend on the dc bias current. We see~open circles! that for
g50.8 the ‘‘magnetization’’ plot is different since the fiel
penetrates now forh>0.8. Since we have smaller values
the bias current at the bottom of the step, it follows that v
stable Fiske modes can be observed only when the sy
has stability for bias current values close to zero. Theref
the real threshold for the observation of the stable ca
mode oscillations ish52 which corresponds, in SI units, t
He52l j j c . Now we defineH052l j j c5F0 /m0pl jd.

The results of the numerical simulations of the syst
~1!–~2! reported in Ref. 26 are in good agreement with o
analysis. In fact, in Ref. 26 stable soliton mode oscillatio
were reported for a junction having a normalized lengthl 55,
a fixed value of the appliedh50.8 and a loss paramete
a50.252. Due to this high damping parameter, many of

FIG. 5. ~a! and ~b!, respectively: Josephson current diffractio
pattern and first Fiske step calculated for an overlap junction ha
a normalized lengthl 53; ~c! and~d!, respectively, Josephson cu
rent and first Fiske step for a junction havingl 58. The figure
shows the numerical evidence that stable dynamical cavity mo
like oscillations take place above the critical fieldh52 indepen-
dently of the length of the junction.
s
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inherent dynamical instabilities present in~realistic! under-
damped systems are avoided, and it is therefore possib
stabilize peculiar modes in some regions of the param
space. However, we do note that the bias current level
which singularities at the same voltages of the Fiske st
could be generated by soliton oscillations were always ab
g50.5;26 thus, these oscillations could well justify unstab
current singularities in real junctions which is indeed wh
we observe in the experiments.

A detailed study of the instabilities taking place before t
h52 threshold was reported in Ref. 25. In this region w
have seen that the penetration~respectively, the expulsion! of
the field, are favored for high~respectively, low! values of
the bias current@see Fig. 6~b!#. The presence of these tw
tendencies for different bias-current values constitute
valid background for the onset of chaotic phenomena. In
mittency effects were observed25 for h51.25, normalized
lengthl 55, and a loss parametera50.252 meaning that the
conflicting phenomena persist even for a relatively hi
value of the loss factor. In our simulations, performed
a50.1, we found it very difficult to record voltages belo
h52. Also, our results are not contradicting the origin
work by Olsen and Samuelsen24 in which the soliton-
oscillation-based model for Fiske steps was proposed. Th
authors indeed investigated only the range22,h,2.

From extensive numerical simulations of long overl

g

e-

FIG. 6. ~a! The onset of the critical field above the critical leng
of the junction: we plot the spatially averaged value offx in the
junction as a function of the external magnetic field. The em
squares show the straight line behavior obtained forl 51 while, for
l 54 ~full dots! the onset of a discontinuity forh52 is evident;~b!
same ‘‘magnetization’’ curves as in~a! for a junction with length
50l j . Above the critical valueh52 the magnetic field penetrate
in the junction, determining the linear increase of the average
rent, while below this value the field remains confined at the ed
of the junction. The empty squares are obtained for zero bias
rent, while the full dots are obtained for a bias currentg50.8
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11 894 56M. CIRILLO et al.
junctions we found that the first zero of the Josephson c
rent is always ath>2, independently upon the length as lon
asl>2. This result is not surprising considered the results
Owen and Scalapino20 for in-line junctions and the analysi
of Pagano, Ruggero, and Sarnelli27 for overlap junctions.
Stable field penetration in the long junction takes pla
above the critical fieldH0 . It is surely remarkable, howeve
to observe the dynamical features associated with this p
nomenon: aboveH0 , i.e., aboveh52, the long junction be-
haves~even temporally! as a small one and all the exper
mentally observed periodic features of Fiske and ‘‘flu
flow’’ steps can be well explained20 in terms of the early
theoretical analyses of the interaction of the ac Joseph
effect with cavity modes.14,16,28

The simulations show that, for a loss factora50.1 and
normalized lengths above four the modulations start q
precisely ath52. In real junctions where the loss parame
is lower at least by one order of magnitude it is not surp
ing that a magnetic field slightly aboveH0is needed in order
to stabilize the oscillations, especially when the frequency
the steps is below the plasma frequency.

For clarity we devote this paragraph to a conjectu
~based on dynamical arguments! presented previously12 con-
cerning the analogy between the long Josephson junction
a type-II superconductor. We have seen above that the re
for generating dynamical instability below the threshold fie
is not the Josephson background (g50) in the presence of a
field but the additional effect of the dc bias current. The
fore, there is indeed only one critical field above whi
stable penetration~and stable Fiske steps! take place. This
field is H0 ~h52 in normalized units!. WhenHe,H0 , the
field penetration is enhanced for high bias-current values
this phenomenon can give rise to dynamical instabiliti
However, it can be misleading to explain the phenome
taking place in this interval as behavior of mixed-sta
type-II superconductors sinceH0 is not analogous to the up
per critical field.32 A detailed study of the magnetization e
fects of long Josephson junctions has recently been repo
by Chen and Hernando;33 their results are consistent with ou
data in Fig. 6.

V. CONCLUSIONS

In this paper we have identified the dynamical regim
and the parameters generating stable Fiske mode oscilla
in long Josephson junctions. These oscillations are gener
in long junctions~as well as in small ones! by interaction of
the ac Josephson effect with the cavity modes. Howeve
long junctions, this is possible only when, for junctio
lengths larger than 2, a critical field is exceeded. We h
shown that the~normalized! value of the critical field is 2,
~the value which allows complete penetration of one vor
into the junction! independently upon junction geomet
~overlap or inline!. The nature of the oscillations has be
displayed by LTSEM analysis and modulation patterns of
current singularities generated by cavity oscillations. T
work relates directly to the interpretation of many expe
mental situations where Fiske modes are essential, suc
e.g., diagnostic tools for coupled junction systems,4 discrete
Josephson transmission lines,29 and high Tc Josephson
r-
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junctions.30,31 All these examples touch the more gene
area of spatially distributed oscillations extending more th
the characteristic penetration depth. A quantitative clarifi
tion of the behavior of Fiske modes in the continuum lim
for a single long junction may therefore constitute an imp
tant reference point.
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APPENDIX: CRITICAL FIELDS
NOTATIONS AND NORMALIZATIONS

We briefly review the notations and normalizations
critical fields used in long Josephson junction research. T
review can be helpful as different normalizations, notatio
and physical unit systems often cause confusion. We
refer to the modulus of fields in the following.

We begin with the Solymar book15 ~SB! ~Chap. 12!,
where SI units are used with the only exception that the u
of the magnetic inductionB is expressed in G. We also refe
to the modulus of the charge of the Cooper pair as 2e and
not asq in SB. Equation~12.21! and Fig.~12.5! of SB rep-
resent a clear reference for the normalization that we use
particular, theB field is normalized toF0/2pdl j5m0l j j c .
Using this normalization, we see in Fig. 12.5 of SB that t
point where the theoretical expression for the first lobe of
Josephson current of a (10l j )-long in-line junction extrapo-
lates to zero is 2. It follows trivially that the normalizingH
field in SI units would bel j j c . Note that the lower critical
field defined in Eq.~12.39! as Bc15(4/p)l j j c is not the
normalizing factor for all the figures of Chap. 12. This fie
is the lowest field for which the Meissner solution becom
unstable. The highest field for which the Meissner solution
possible~i.e., ourH0! is defined asBx52m0l j j c5(p/2)Bc1
on p. 197.

The same field normalizing factor used in SB was used
the work of Owen and Scalapino15 ~OS! with the only dif-
ference being that cgs units were used. Therefore, the
malizing field of OS isF0c/2pdl j5(4p/c)l j j c and the
maximum field for which the Meissner solution is possible
twice this value. Note that in the work by Goldman an
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Kreiseman34 ~their paper followed the OS work in the sam
issue of Phys. Rev.!, where the data on the magnetic-fie
dependence of the currents in long junctions were repor
the field that we have defined asH0 is calledHc1 .

Gaussian units were also used by Barone-Paterno´ ~BP!,14

but a factor of 2 is missing in the denominator of the righ
hand side of the equation definingHc0 on p. 103. However,
the definition of the lower critical fieldHc1 on p. 109 is
correct. We also note that the fieldH0 defined on p. 117 of
BP is not the lower critical field, but using the same B
notationsH052Hc05(8p/c)l jc ~we have inserted the cor
rection for Hc0 written above!. Thus, a factor of 2 must
multiply the numerator of the right-hand side of the equati
definingH0 . With this correction the plots of Figs. 5.17 an
5.10 ~in this last figureH0 must be the normalizing field! of
BP are consistent with Vaglio’s original paper,35 with the OS
work, and with our notation.

Gaussian units were also used in the paper by Kuli32

whose definition of the lower critical field is consistent wi
ours: instead the notationHs is used for ourH0 . We note,
e
d
ed,

t-

P

n

h

however, that in this paper the magnetic penetration
d52lL because two identical superconductors are cons
ered. In the recent work of Chen and Hernando33 instead the
same parameter is introduced by setting 2d52lL1t. Thus,
these factors of 2 should be taken into account when co
paring the critical fields defined in these papers with ours

A last technical comment concerns the normalizatio
used in the works of Erne´, Ferrigno, and Parmentier~EFP!.26

We can match the normalizations used in these paper
ours simply by dividing their normalized field curren
(M5I F /I 0) by the number of units occupied by the equiv
lent of the Josephson penetration depth~which is 10 for the
work of Ref. 26!. Thus, the EFP valueM58, for example, is
equivalent to ourh50.8 and a field valueM520 would be
the h52 maximum field at which the Meissner solution
possible. We recall that in the notation of EFP the quant
indicated aslJ is not a length but a number. In order t
obtain a length one should multiplylJ for the unit interval
sectioning the long junctionDx.
*Present address: Institut fu¨r Schicht—und Ionentechnik, Fors
chungszentrum Ju¨lich GmbH, D-52425 Ju¨lich, Germany.
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26S. N. Erné, A. Ferrigno, and R. D. Parmentier, Phys. Rev. B27,
5440 ~1981!; IEEE Trans. Magn.MAG-19, 1007~1983!.

27S. Pagano, B. Ruggiero, and E. Sarnelli, Phys. Rev. B43, 5364
~1991!.

28R. E. Eck, D. J. Scalapino, and B. N. Taylor, Phys. Rev. Lett.13,
15 ~1964!.

29H. S. J. Van der Zant, D. Berman, T. Orlando, and K. A. Delin,
Phys. Rev. B49, 12 945~1994!.



.

. B

11 896 56M. CIRILLO et al.
30D. Winkler, Y. M. Zhang, P. A˚ . Nilsson, E. A. Stepantsov, and T
Claeson, Phys. Rev. Lett.72, 1260~1994!.

31T. Doderer, Y. M. Zhang, D. Winkler, and R. Gross, Phys. Rev
52, 93 ~1995!.
32I. O. Kulik, Sov. Phys. JETP24, 1307~1967!.
33D. X. Chen and A. Hernando, Phys. Rev. B49, 465 ~1994!.
34A. M. Goldman and P. J. Kreisman, Phys. Rev.164, 544 ~1967!.
35R. Vaglio, J. Low Temp. Phys.25, 299 ~1976!.


