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We examine the effect of a nonmagnetic impurity in a two-dimensional spin liquid in the spin-gap phase,
employing a drone-fermion representation of spin-1/2 operators. The properties of the local moment induced in
the vicinity of the impurity are investigated and an expression for the nuclear-magnetic-resonance Knight shift
is derived, which we compare with experimental results. Introducing a second impurity into the spin liquid an
antiferromagnetic interaction between the moments is found when the two impurities are located on different
sublattices. The presence of many impurities leads to a screening of this interaction as is shown by means of
a coherent-potential approximation. Further, the Kondo screening of an impurity-induced local spin by charge
carriers is discussed.@S0163-1829~97!01542-7#
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I. INTRODUCTION

Substitution of Cu ions in the conduction planes of hig
Tc cuprates by different nonmagnetic ions presents an im
tant experimental tool for the study of the metallic state
these strongly correlated systems. Unusual effects have
revealed especially when these materials were doped
Zn, Al, or Ga. Among these interesting features is the
pearance of a magnetic moment derived from the obse
tion of a Curie-Weiss behavior of the magne
susceptibility.1 Further studies have been performed by el
tron paramagnetic resonance2 ~EPR! and
nuclear-magnetic-resonance3–6 ~NMR! experiments. Mea-
surements of the NMR Knight shift indicate that th
impurity-induced local moments reside predominantly on
sites neighboring the dopant.5,6 It has been argued that th
appearance of these local moments can account for a sig
cant reduction ofTc .2

On the theoretical side, impurity-induced moments ha
been studied for a variety of quantum disordered spin s
tems, including, for instance, spin ladders and spin-Pei
systems,7,8 as well as underdoped cuprates.9,10 A common
feature of these systems is the existence of a~pseudo-! gap in
the spin-excitation spectrum. This spin gap is related to
singlet-pairing correlations in the ground state, which can
described in terms of resonance valence bonds11 ~RVB! or a
valence-bond solid~VBS! state.12 Within this picture the ap-
pearance of a Curie-type susceptibility can be understoo
an unpaired spin that is generated by the substitution o
spin site by a vacancy.

In the present paper we investigate the effect of nonm
netic impurities on the local magnetic properties of wea
560163-1829/97/56~18!/11882~7!/$10.00
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doped cuprates. In order to describe the spin degrees of
dom of these systems we start with the Heisenberg ant
romagnet on a square lattice, employing a drone-ferm
representation of spin-1/2 operators.13 A mean-field decou-
pling of the Hamiltonian leads to solutions corresponding
a RVB state in the flux phase14,15 that exhibits a pseudoga
in the spin-excitation spectrum. A single spin vacancy int
duced into the spin liquid produces a local moment which
predominantly located on the sites close to the vacancy.
derive an expression for the impurity-induced NMR Knig
shift and fit it to experimental data. Introducing a seco
vacancy into the spin liquid leads to an antiferromagne
interaction between the two moments. In the presence
many impurities this interaction is screened as is shown
using a coherent-potential approximation~CPA!. We further
analyze the effect of nonmagnetic impurities on the rel
ation of the nuclear magnetic moment in terms of local s
fluctuations induced by the vacancies. Finally, we disc
qualitatively the low-temperature Kondo screening of t
impurity-induced spins by charge carriers.

II. THE MODEL

We start from the Hamiltonian of a two-dimension
square lattice spin-1/2 Heisenberg antiferromagnet

H5J(̂
i j &

Si•Sj , ~1!

where ^ & indicates summation over pairs of neare
neighbor sites. The spin operators in the Hamiltonian~1! are
commonly expressed in terms of pseudo-fermions which
quires us to impose the restriction that each site is occup
11 882 © 1997 The American Physical Society
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56 11 883IMPURITY-INDUCED MOMENTS IN UNDERDOPED CUPRATES
by exactly one pseudoparticle. Since it is rather difficult
account for these local constraints one usually treats th
only on the average. Here we will follow a differen
approach16 by employing a drone-fermion description fo
spin-1/2 operators given by13

Si
15 f i

†x i , Si
25x i f i , Si

z5 f i
†f i2

1
2 , ~2!

whereSi
65(Si

x6 iSi
y)/A2. The operatorf i

† creates a spinles
fermion at sitei ; the presence~absence! of an f -fermion
corresponds to an up~down! spin state. The real drone
fermion operator x i5x i

† with commutation rules
@x i ,x j #15d i j is needed to provide the proper commutati
rules for spin operators on different sites. Expressing
Hamiltonian ~1! in terms of the representation~2! one ob-
tains

H5J(̂
i j &

$~ f i
†x ix j f j1 H.c.!1~ f i

†f i2
1
2 !~ f j

†f j2
1
2 !%. ~3!

Mean-field solutions to the Hamiltonian~3! corresponding
to the RVB states of conventional fermion mean-field the
are found by employing a Hartree-Fock factorization w
bond parametersiD i j 5^x jx i& and i D̃i j 5^ f j

†f i& defined for
nearest-neighbor pairs, yielding the following mean-fie
Hamiltonian:16

HMF5J(̂
i j &

$~2 i ~D̃i j 1D i j ! f i
†f j2 i D̃i j x ix j1 H.c.!

12D̃i j D i j 1D̃i j
2 %. ~4!

For spin rotational symmetry of the ground stateD̃i j 5D i j
holds. In the following we assume the order parameter
depend only on relative site indices:D i j 5Dd with d

P$x̂,2 x̂,ŷ,2 ŷ%, wherex̂ and ŷ are the lattice unit vectors.
Dividing the square lattice into two sublatticesA andB,

we definei PA and j PB. The mean-field Hamiltonian~4!
can then be diagonalized by expressing thef andx operators
in momentum representation and employing the canon
transformation

f k
A5~ak1bk!/A2,

f k
B5~ak2bk!exp~ iwk!/A2, ~5!

xk
A5~ck1dk!/A2,

xk
B5~ck2dk!exp~ iwk!/A2, ~6!

where exp(iwk)5Dk* /uDku with the definition
Dk5 i (d Dd exp(2ikd). Thus, the Hamiltonian~4! becomes

HMF5 (
kPMBZ

jk~2ak
†ak1bk

†bk!

1 (
kPMBZ/2

jk~2ck
†ck1dk

†dk! ~7!

with jk52JuDku. Thek summations extend over the full an
half magnetic Brillouin zone, respectively, and the const
terms in Eq.~4! have been omitted.
m
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The fermionic spectrumE(k)56jk is determined by the
symmetry exhibited by the bond parameterDd . In a phase of
mixed symmetry defined by

D:5D x̂52D2 x̂5D ŷ5D2 ŷ ~8!

one finds

jk5
D

A2
Asin2kx1cos2ky, ~9!

whereD54A2JD is the half-width of the band and the la
tice constant has been set equal to unity. At low energies
density of states is determined by the neighborhood of
two isolated roots of Eq.~9! and exhibits a V-shaped
pseudogapr0(v)52uvu/(pD2) corresponding to the one
found in the flux phase of conventional fermion mean-fie
theories.14,15

The bandwidth parameterD in Eq. ~9! is obtained from
the self-consistency relation

D5
2A2J

N (
k

hk tanhS Dhk

2A2T
D , ~10!

wherehk5(sin2 kx1cos2 ky)
1/2, N is the number of sites, and

kB51. In the limit of T→0 Eq. ~10! reduces to

D05
2A2J

N (
k

hk , ~11!

yielding a numerical value ofD0'1.355J. The correction
dD(T) to D0 for small but finite temperatures is given by

dD~T!52
32J

p S T

D0
D 3

. ~12!

In the following we study the effect of a spin vacanc
located at site 0~sublatticeA) on the local magnetic proper
ties of the system described by Hamiltonian~7!. We simulate
this spin defect by decoupling site 0 from the rest of t
system. This is done in two steps: First, the drone-ferm
bond parameter connecting the impurity site with its near
neighbors is set to zero,iD0,d5^xdx0&50. This decouples
the drone fermions of site 0 from the rest of the syste
Then, a local chemical potentiall0→` acting on site 0 is
added to Hamiltonian~7!,

H imp5HMF1l0f 0
†f 0 . ~13!

It induces an empty site atR50 with respect to the spinonf
operators and suppresses the low-energyf -fermion degrees
of freedom at this site. We will show below that the presen
of the local potential also leads to a vanishing spinon bo
parameter connecting the impurity site with its nearest nei
bors, i D̃0,d5^ f d

†f 0&50, and therefore completely decouple
the impurity. Further, one infersD̃R,R1d5DR,R1d for all R
PA which manifests the equivalent treatment off and drone
fermions as required by spin rotational symmetry.

III. LOCAL MOMENT

In this section we study the uniform properties and t
spatial distribution of a local moment induced by a spin v
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11 884 56G. KHALIULLIN, R. KILIAN, S. KRIVENKO, AND P. FULDE
cancy. We first calculate the impurity contributions to t
spinon density of states and the uniform spin susceptib
by means of the uniform Green’s functionG( ivn)
521/N( r^Tt f r(t) f r

†(0)&vn
given by

G~ ivn!5NG0~ ivn!1dG~ ivn! ~14!

with fermionic frequenciesvn5(2n11)pT. The Green’s
function in the absence of the impurityG0( ivn) and the
correctiondG( ivn) due to the impurity are given by

G0~ ivn!5
1

N(
k,n

gn
0~ ivn ;k!,

dG~ ivn!5
1

N(
k,n

gn
0~ ivn ;k!T~ ivn!gn

0~ ivn ;k! ~15!

with gn
0( ivn ;k)51/(ivn2(21)njk), nP$1,2%. The T ma-

trix in Eq. ~15! describes successive scattering at the vaca
and is obtained from usual scattering theory; in the lim
l0→` it is T( ivn)521/G0( ivn), yielding

dG~ ivn!5
]

] ivn
ln G0~ ivn!. ~16!

Evaluating Eq.~16! one obtains

dG~ ivn!5
1

ivn
S 12 ln21

D

uvnu D . ~17!

From Eq.~17! we calculate the impurity correction to th
density of statesdr(v)521/p ImdG(v1 i01):

dr~v!5d~v!2
1

2uvu
1

~p/2!21 ln2~D/uvu!
. ~18!

The first and second terms on the right-hand side of Eq.~18!
describe, respectively, the formation of a spinon bound s
at the Fermi surface and the destruction of a spinon single
the spin background. Integrating Eq.~18! over all occupied
states one finds a reduction in the number of particles by
This is in agreement with the fact that the local chemi
potentiall0 induces an empty site atR50 with respect to
the f fermions, while in the absence ofl0 the averagef -
fermion occupation number is 1/2.

With the help of Eq.~17! we evaluate the impurity con
tribution dx(T) to the uniform spin susceptibility by em
ploying the relation

dx~T!5T(
ivn

]

] ivn
dG~ ivn!. ~19!

For T!J one obtains

dx~T!5
1

4TS 12 ln21
D

T D . ~20!

The formation of a spinon bound state is thus found to le
to a Curie-like spin susceptibility of a free spin 1/2 wi
logarithmic correction. We note that conventional fermi
mean-field theory10 only reproduces one-half of the abov
result. This shortcoming has its origin in the mean-field tre
y
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ment of the local constraints on the pseudoparticle occu
tion number which is characteristic for those theories.

We analyze the spatial distribution of the impurit
induced moment by means of the local Green’s funct
G( ivn ;R,R)52^Tt f R(t) f R

†(0)&vn
which is given by

G~ ivn ;R,R!5G0~ ivn!1dG~ ivn ;R,R!. ~21!

Depending upon whetherR lies on theA or B sublattice the
impurity contributiondG( ivn ;R,R) is

dG~ ivn ,R,R!5uA~ ivn ;R!u2/G0~ ivn!, RPA,

dG~ ivn ,R,R!52uB~ ivn ;R!u2/G0~ ivn!, RPB ~22!

with

A~ ivn ;RPA!5
1

N(
k,n

gn
0~ ivn ;k!exp~ ikR!,

B~ ivn ;RPB!5
1

N(
k,n

gn
0~ ivn ;k!~21!n11

3exp~2 iwk1 ikR!. ~23!

Evaluating Eqs.~22! one finds

dG~ ivn ;R,R!5
4FA~R!

pD2
K0

2SA2Ruvnu
D D ivnln21

D

uvnu

for RPA,

dG~ ivn ;R,R!52
4FB~R!

pD2
K1

2SA2Ruvnu
D D ivnln21

D

uvnu

for RPB, ~24!

where theKi are MacDonald’s functions17 and the angular
dependence is determined by

FA~RPA!5~11cospRx!/2,

FB~RPB!5@12~2Rx
2/R221!cospRx#/2 . ~25!

From Eqs.~24! we determine the impurity contribution t
the local density of states,dr(v;R)521/p ImdG(v
1i01;R,R). It is found that the local moment resides pr
dominantly on theB sublattice; forRuvu!J one obtains

dr~v;RPB!5
2FB~R!

pR2 S d~v!

ln~D/uvu!
1

1

2uvu

3
1

~p/2!21 ln2~D/uvu!
D , ~26!

while dr(v;RPA) is negligible.
Our particular interest is the local spin polarization in t

vicinity of the impurity as this quantity is needed below
derive an expression for the NMR Knight shift which w
will compare to experimental data. In the presence of a u
form magnetic field the spin polarization on siteR can be
obtained from the local spin susceptibility
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56 11 885IMPURITY-INDUCED MOMENTS IN UNDERDOPED CUPRATES
dx~T;R!5T(
ivn

]

] ivn
dG~ ivn ;R,R!. ~27!

Evaluating Eq.~27! for Ruvu!J with RPB one obtains

dx~T;RPB!5
1

2pT

FB~R!

R2
f ~T,R!ln21

D

T
~28!

with a correction factor

f ~T,R!5„xK1~x!…2, x5
4A2TR

pD
, ~29!

which approaches unity forTR!J. Due to theR22 decay
of dx(T;R) the spin polarizability is found to be stronge
on the nearest-neighbor sites of the vacancy. Contr
tions from sublatticeA are again negligible. The logarithmi
correction in Eq.~28! is due to the marginal character o
the bound state: its spectral weight at a given lattice
vanishes logarithmically asv→0. Integrating Eq.~28! over
R once again obtains the contribution to the uniform susc
tibility dx(T)51/(4T) as required.

We now turn to the spinon bond paramet
i D̃R,R1d5^ f R1d

† f R& defined forRPA, which we express in
terms of the Green’s function G( ivn ;R,R1d)
52^Tt f R(t) f R1d

† (0)&vn
:

D̃R,R1d52 iT(
ivn

G~ ivn ;R,R1d!. ~30!

Splitting the Green’s function into an unperturbed and
impurity-correction term one obtains

D̃R,R1d5D̃d1dD̃R,R1d ~31!

with

D̃d52 iT(
ivn

G0~ ivn ;0,d!,

dD̃R,R1d52 iT(
ivn

dG~ ivn ;R,R1d!, ~32!

where

G0~ ivn ;0,d!5B~ ivn ;d!,

dG~ ivn ;R,R1d!5A* ~ ivn ;R!B~ ivn ;R1d!/G0~ ivn!.

~33!
For R50 one findsG0( ivn ;0,d)52dG( ivn ;0,d) which
reconfirms the vanishing spinon bond parameter connec
the impurity site with its nearest neighbors, i.e.,D̃0,d50.

IV. KNIGHT SHIFT

Experimentally, the spatial distribution of an impurity
induced moment can be investigated by means of the N
Knight shift K(T) on either the impurity, Cu, or in the cas
of YBa2Cu3O7 on the Y nuclei. Further information is ob
tained from the width of the NMR lines and the relaxati
rates of the nuclear magnetic moment.

The Hamiltonian describing a nuclear spinI in an external
u-

e

-

n

g

R

magnetic fieldH0 coupled to the surrounding electron spi
Si is

HN5gNH0•I1Ahf(
i

Si•I , ~34!

wheregN denotes the nuclear gyromagnetic ratio andAhf is
the coupling constant of the isotropic~supertransferred! hy-
perfine interaction. In the presence of a nonmagnetic im
rity the local spin susceptibility that determines the on-s
spin polarization is altered according to Eq.~28!, yielding for
the impurity contribution to the Knight shift at distanceR
from the vacancy

dK~T;R!5
gAhf

gN
(

i
dx~T;R1r i !, ~35!

where the sum is over nearest-neighbor lattice sites of
nucleus being probed andg5gmB with the g factor of the
Cu21 spin and the Bohr magnetonmB . Taking into account
only coupling to the most dominant moments that reside
the nearest-neighbor sites surrounding the vacancy, Eq.~35!
becomes

dK~T!5
gAhf

gN

n

2pT
f ~T!ln21

D

T
. ~36!

The correction factor

f ~T!5„yK1~y!…2, y5
4A2T

pD
~37!

reduces to unity in the limitT!J. The variablen in Eq. ~36!
denotes the number of sites that are nearest neighbors t
vacancy as well as to the nucleus being probed.

The Knight shift on the impurity nucleus is influence
predominantly by the local moments residing on the fo
nearest-neighbor sites of the impurity as described by
~36! with n54. Figure 1 contains the calculatedT depen-
dence of 1/dK(T). We setJ51500 K andg52; by varying
the supertransferred hyperfine coupling constantAhf the
curve is fitted to experimental data obtained by Ishidaet al.
for the Knight shift of 27Al performed on 3%27Al-doped
La1.85Sr0.15CuO4. From the fit we find for the supertrans

FIG. 1. Temperature dependence of the inverse of the impu
induced Knight shift 1/dK(T) on the impurity nucleus. The solid
line is a fit employing Eq.~36! to experimental data by Ishidaet al.
for 3% 27Al-doped La1.85Sr0.15CuO4 indicated by circles.
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ferred hyperfine coupling constant a numerical value
27Ahf /gN518.2 k Gs. This compares well with27Ahf /gN
516 k Gs found by Ishidaet al.

Upon doping the system with impurities, the NMR sign
of Cu and Y is observed to split into a main line accomp
nied by satellite line~s! as is discussed in the following
Within the approximation employed in Eq.~36! we assume
the impurity-induced moments to reside predominantly
the nearest-neighbor sites of the vacancy. Resonance si
originating from nuclei that do not lie in the vicinity of th
impurity are affected only little by these moments and co
tribute to the NMR main line. Resonance signals from
nuclei on nearest-neighbor sites of the impurity are shif
with respect to the main line as described by Eq.~36! with
n51 and constitute a single Cu satellite line. Resonance
nals from Y nuclei located on nearest-neighbor and ne
nearest neighbor sites of the impurity are seen as two sate
lines corresponding ton52 andn51, respectively. These Y
satellite lines have been observed experimentally by M
hajanet al.5 in 1% Zn-doped YBa2Cu3O6.64.

We now discuss briefly the NMR line-broadening whi
results from the inhomogeneous distribution of local Knig
shifts in the presence of many vacancies. According to
~28! moments induced by a vacancy located on theA sublat-
tice are found on all sites of sublatticeB with magnitude
}R22, R being the distance from the vacancy. As a result
nuclear resonance signals contributing to the main and s
lite lines vary with distance from the impurities which can
observed as a broadening of the line. At a finite concen
tion c of vacancies the linewidthDH can be estimated from
Eq. ~35!, assuming an average distance between vacancie
Rav5A1/c:

DH

H0
'

gAhf

gN

c

2pT
ln21

D

T
. ~38!

V. IMPURITY INTERACTION

In this section we study the interaction between two
cancies, first by considering two isolated impurities. T
case of a finite concentration of impurities is treated sub
quently.

The spinon Green’s function in the presence of two i
purities located at sites 0 andR is

GR~ ivn!5NG0~ ivn!1dGR~ ivn!. ~39!

Employing scattering theory the two-impurity correctio
dGR( ivn) can be expressed as

dGR~ ivn!5
1

N(
r

S G0~ ivn ;r,0!

G0~ ivn ;r,R!
DTR~ ivn!S G0~ ivn ;0,r!

G0~ ivn ;R,r!
D

~40!

with the unperturbed Green’s functionG0( ivn ;R,R8)
52^Tt f R(t) f R8

† (0)&vn

0 and the scattering matrix

TR~ ivn!5S T11 T12

T21 T22
D ~41!

with
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T115T22521/G~ ivn ,R,R!,

T125G0~ ivn ;0,R!/@G~ ivn ;R,R!G0~ ivn!#,

T215G0~ ivn ;R,0!/@G~ ivn ;R,R!G0~ ivn!#. ~42!

The diagonal and off-diagonal elements ofTR( ivn) describe
successive scattering by one impurity and by the two im
rities, respectively. From Eqs.~40!–~42! one obtains

dGR~ ivn!5
]

] ivn
ln„G0~ ivn!G~ ivn ;R,R!…, ~43!

whereG( ivn ;R,R) is given by Eq.~21!.
By means of Eq.~43! we evaluate the two-impurity con

tribution to the density of states drR(v)521/
p ImdGR(v101). For RPB one finds a splitting of the
resonance energy level

drRPB~v!5d„v2J~R!…1d„v1J~R!…, ~44!

where the parameterJ(R) controlling the level splitting is
given by

J~R!5
DA2FB~R!

2R
ln21

pR

A2FB~R!
. ~45!

The level splitting results in an attraction between the t
impurities due to the formation of a singlet of the induc
moments. For the shortest distance between vacancies,R51,
Eq. ~45! gives J(R)'J as expected:J is the only energy
scale of the model under consideration. In the present me
field theory no attraction is found between impurities lyin
on different sublattices, i.e.,RPA. These findings are also
consistent with exact diagonalization data of Bulutet al.18

who found a binding energy of20.56J for nearest-neighbor
static vacancies on a 434 lattice, while the interaction be
tween vacancies separated byR is negligible ifRx1Ry is an
even number. We interpretJ(R) given by Eq.~45! as being
the antiferromagnetic exchange coupling of impurity m
ments. Indeed, the impurity contribution to the spin susc
tibility calculated from Eq.~43! is

dx„T@J~R!…5
1

2T
,

dx„T!J~R!…5
2

T
expS 2

J~R!

T D , ~46!

which is precisely that of two 1/2 spins coupled by an int
actionH int5J(R)S1•S2.

From Eq.~45! the interaction potential between two mo
ments is found to fall off slowly asR21 with distance be-
tween the vacancies. In a real system with finite impur
concentrationc, however, one expects this interaction to
screened at large distance by the presence of other imp
ties. To account for this effect we introduce a finite se
energyS(v) determined by means of a coherent-poten
approximation~CPA!:

S~v!G0
„v2S~v!…1c50. ~47!
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Neglecting the frequency dependence ofS(v) we approxi-
mate the self-energy byS(v)'S(v→0)52 i uS09u, where
S09 fulfills

2
4

pD2
S09

2ln
D

uS09u
1c50. ~48!

Reevaluating the exchange coupling parameterJ(R) one
finds an exponential cutoff in the two-impurity interactio
potential

J~R!}exp~2R/Rav!, ~49!

whereRav5A1/c is the average distance between impuriti
For small distancesR!J one recovers again Eq.~45!. The
present CPA treatment gives a qualitative description of
screening of the interaction potential of two distant impu
ties, but it neglects important effects such as the formatio
spin singlets among closely spaced moments; a comp
analysis of the many-impurity problem should take this
fect into account.

Having the interaction scale between moments we
give an estimation of the relaxation rate 1/T1 of nuclear mag-
netization resulting from fluctuations of the impurity-induc
moments in the vicinity of the vacancy. To be specific let
consider the nuclear-spin relaxation rate 1/T1 at the impurity
site ~obtained, for instance, from the27Al-NMR signal in an
experiment by Ishidaet al.6!. With the supertransferred hy
perfine interaction of Eq.~34! the nuclear relaxation rate is

1

T1
'

2

3
tAhf

2 (
dd8

^Sd•Sd8&, ~50!

where t is the correlation time of the local moment an
\51. The amplitude of spin fluctuations on nearest-neigh
sites of the impurity is given by the equal-time spi
correlation function

(
dd8

^Sd•Sd8&523T2 (
ivn ,inm

(
dd8

dG~ ivn1 inm ;d,d8!

3dG~ ivn ;d8,d!

53S z

p D 2

ln22
D

T
, ~51!

where dG( ivn ;d,d8)52B* ( ivn ;d)B( ivn ;d8)/G0( ivn),
nm52mpT are bosonic frequencies, andz54 is the number
of nearest neighbors. We assume the correlation timet in
Eq. ~50! to be dominated by the exchange interaction amo
moments. In principle,t has a certain distribution due to th
random spreading of impurities. We do not go into this de
cate issue and roughly approximatet'1/@zJ(A2Rav)#,
whereJ(A2Rav) is given by Eq.~45! andA2Rav5A2/c is the
average distance between impurities located on different
lattices. One then obtains

t'
A2

zDAc
ln

2p2

c
. ~52!

Assuming an impurity concentrationc53%, a temperature
T5100 K, and using the value of the supertransferred hyp
.
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n
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-

b-

r-

fine coupling constantAhf found in the previous section, Eqs
~50!–~52! give 1/T1'0.29 m s21. We compare this value to
1/T150.43 m s21 observed by Ishidaet al.6 for 3%
27Al-doped La1.85Sr0.15CuO4 and find it to be of the same
order of magnitude.

VI. KONDO SCREENING OF LOCAL MOMENTS

The two-dimensional Heisenberg model has a Ne´el-
ordered ground state and it was implicitly assumed ab
that the spin-gap disordered state is stabilized by mo
holes. Naturally, the question then arises how a local m
ment induced by a static vacancy will be affected by the
charge carriers. Once the metallic state with finite Fermi s
face is formed one usually expects Kondo screening of
local moment at low temperature. As an exception, a spi
bound state on a vacancy can coexist with metallic cond
tivity if spin-charge separation occurs with a gap in the sp
excitation spectrum. Underdoped cuprates, however, see
have ungapped pieces of their original~large! Fermi surfaces
even in a ‘‘spin-gap’’ phase.19 Therefore the bound spino
on the vacancy is screened by gapless Fermi-surface ex
tions, although the Kondo temperature is expected to be
due to the reduced density of states. The character
Kondo-energy scale can be roughly estimated in the follo
ing way.

We introduce fermionic field operatorsc is5ssw(Ri)
which annihilate a spinonss in a bound state with wave
function w(Ri), Ri being the distance from the spinless v
cancy. Due to the hopping term in thet-J model there is a
finite amplitudetw(Ri) of mixing of the bound spinon with
extended states:

H5t (
i ,d,s

~ci 1d,s
† hi

†c i ,s1 H.c.!. ~53!

The bosonic operatorshi
† and ci 1d,s

† in Eq. ~53! create a
‘‘holon’’ and a conduction electron, respectively. In a slav
boson formulation, the latter is a product of the lattice spin
and holon operators.

At finite doping,x5^uhi u2&Þ0, the Hamiltonian~53! al-
lows for a localized spinon to escape the impurity whi
leads to a broadening of the bound state. The width of
resonance controls the low-temperature behavior of the lo
spin and is given by thess fermion self-energy

Ss~v!5t2T(
n

(
i j ,dd8

w* ~Ri !w~Rj !Gn
h~Ri j !

3Gv2n
c ~Ri 1d2Rj 1d8!. ~54!

At low temperatures the holons are almost condensed,
the holon Green’s function can be approximated
Gn

h'(x/T)dn,0 . Furthermore, we keep only the nonoscill
tory on-site terms that present the leading contributions
Eq. ~54! and employ the normalization condition( i uw i u251.
Then the width of the Kondo resonance is

Im Ss~0!'pzxt2Nc~0!, ~55!

whereNc(0)51/p(kIm Gk
c(v50) is the on-site density o

electronic states on the Fermi level.
In the overdopedt-J model with a large gapless Ferm

surface the density of states is controlled by the inverse
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the full bandwidth, Nc(0)'1/(2zt). In the underdoped
pseudogap regime,xt!J, the density of statesNc(0) is
strongly reduced which is due to the fact that the ungap
areas of the Fermi surface contributing toNc(0) are only
small. We simply assumeNc(0)'x/(2zt) and estimate the
Kondo temperature using Eq.~55! as

TK~x!'
p

2
x2t. ~56!

For a typical value ofx'0.1 andt'0.4 eV this gives
TK'70 K. TK(x) quickly increases withx, causing the
vacancy-induced moment to disappear in the optimal
overdoped regime. This magnetic-nonmagnetic Kondo cro
over upon hole doping was recently employed by Naga
and Lee20 to explain the unusual doping dependence of
residual resistivity of cuprate superconductors.

One may wonder why the exchange parameterJ does not
enter in Eq.~56!. In fact, the main role of the Heisenber
term in this quite unusual Kondo-like behavior of a spinle
vacancy is to produce a spin pseudogap hence creati
local moment. It is the hopping term that is then respons
for converting the spinon bound state into a resonance
finite width.
.
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VII. CONCLUSION

In summary, we have studied the localized magne
states induced by static spin vacancies in underdoped h
Tc cuprates. Starting from the two-dimensional Heisenb
antiferromagnet we employ a drone-fermion mean-fi
theory describing a spin liquid in the spin-gap phase. T
impurity induces a spinon bound state residing predo
nantly on the nearest-neighbor sites of the impurity. We h
calculated the impurity-induced Knight shift and found it
good agreement with experimental data of Ishidaet al.6 for
Al-doped cuprates. The calculations also account for the
pearance of satellite peaks in NMR measurements on Y
served by Mahajanet al.5 in Zn-doped cuprates. Two impu
rities are found to attract each other due to the formation o
singlet of the induced moments. In the presence of a fin
concentration of impurities the interaction between mome
is screened at distances larger than the average separ
between impurities. We estimate the contribution of loc
moments to the NMR relaxation rate which is found to be
reasonable agreement with experiment. Finally, an esti
tion of the Kondo temperature of screening of the vacan
induced moments by charge carriers is given, below whic
nonmagnetic impurity behaves as a sharp resonance a
Fermi level.
pin
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