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Roles of phonon amplitude and low-energy optical phonons on superionic conduction

Kunio Wakamura
Department of Applied Science, Okayama University of Science, 1-1 Ridai-cho, Okayama 700, Japan

~Received 10 February 1997!

From a simple equation of motion for a linear chain, the phonon amplitudes for mobile and cage ions are
represented in terms of their ionic radius and atomic mass. Estimated values of the amplitude in superionic
conductors are larger for the mobile ions than the cage ions. Based on this result, many binary and ternary ionic
conductors are classified into superionic or normal-ionic conductors. The role of low-energy optical~LEO!
phonon is to enhance the phonon amplitude and assist the jump of mobile ions. This is ascertained from the
relationship between the frequency of the LEO phonon and the activation energy, which is similar to self-
diffusion in bcc metals.@S0163-1829~97!05141-2#
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I. INTRODUCTION

Only a certain number of compounds exhibits high-ion
conduction.1,2 For such compounds, Wakamura suggests
cause is a noninteger value of the effective chemical vale
Zeff ~Refs. 3 and 4! which is caused by thed electron at the
outermost orbit as suggested from several relationships a
the optical dielectric constant«` , the Szigeti effective
chargees* , the short-range force potential, etc.4 Similar val-
ues ofZeff are pointed out empirically by Lawaetz, who e
timates theZeff for AgI and Cu halides from the relationshi
between the ratios of lattice constants for thea andc axes,
c/a, and theC/Zeff(\vp)

2 value, whereC or vp represent the
homopolar gap energy or plasma frequency.5 Tomoyose,
Fukuchi, and Aniya presented theoretically noninteger val
of Zeff for AgI and Cu halides by taking into account th
effect of d electrons.6

The d electron at the outermost orbit exhibits a consid
able hybridization with thep electron at the top of the va
lence band in superionic conductors~SIC’s!.7–9 Although the
hybridization does not arise in most of the high-ionic co
ductors~HIC’s!,10,11 an exception appears, for example,
AgF since it exhibits substantial hybridization near the top
the valence band.12 Further, theZeff of isoelectronic SIC’s
and HIC’s does not take clearly different values. For e
ample, theZeff value of SIC AgI and CuX (X5Br,I) take
similar magnitudes to those of the isoelectronic compou
AgX (X5F,Cl,Br) and CuF, respectively.3–5,13,14

Based on these results, we attempt to find a character
factor of the SIC. We now notice an optical phonon at lo
energy~LEO phonon! since the low energy is determined b
interionic forces depending on the specific ionic and cova
properties of the SIC. Such a phonon does not seem to
pear in HIC’s. Further, the phonon damping of the LE
phonon takes a large value below the transition tempera
Tc ,15–18 revealing strong coupling with the mobile ions
pointed out theoretically by Bunde,19 Pardee and Mahan,20

etc.21 An example of such a phonon is theE2 mode at
17 cm21 in AgI,22 which exhibits an acousticlike property.23

Although the importance of this mode is anticipated from
acoustic phonon in the self-diffusion of bcc metals,24 the
understanding of the LEO phonon in many SIC’s is n
enough.
560163-1829/97/56~18!/11593~7!/$10.00
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To elucidate the relation between the LEO phonon a
the conductive ion, we note the phonon amplitude and c
sify ionic conductors into SIC’s or non-SIC’s. It is achieve
without requiring the knowledge of crystal structure. Th
classification is a guide for understanding the characteri
relation between the conductive property1,2 and crystal struc-
tures in SIC’s and HIC’s. Many superionic conductors a
examined to find whether the mechanism is common o
many SIC’s or not.

In the following section, we describe the process lead
to the vibration amplitudes for cations and anions based o
simple linear chain. Although such a process is simple
gives an intuitive guide for systematic treatment over ma
binary and ternary compounds. In Sec. III, the process
achieved and the SIC is classified from the HIC. In Sec.
the importance of the LEO phonon is discussed with resp
to the amplitude. Based on the correlation between the l
est frequency of the optical phonon at the zone center and
activation energyEac, the conductive ions assisted by th
optical phonon is indicated. The effective role of the optic
phonon is interpreted with respect to the phase of vibratio
ions.25 The obtained results are compared with the se
diffusion in bcc metal and the correspondence between
acoustic phonon in metal and the optical phonon in SIC’s
suggested.

II. PHONON AMPLITUDES OF CATIONS AND ANIONS

We first attempt to estimate the vibrational amplitudes
mobile and cage ions belowTc using a point ion model in
which a point ion has massm, chargeZ* e, spring forcef
averaged over the constituent ions, and a restoring force
portional to the speed of the vibrational ion. The proportion
constant, called the damping constant,26 must take different
values for the cation and anion because of their differ
polarizabilities due to the deformation of the outermost or
in HIC’s. Therefore the effect of polarization on the vibr
tional amplitude must be dependent on the kind of ions.
Ag- ~or Cu-! halide SIC, this difference will be extremel
large because the large polarization of the Ag~or Cu! ion
results from a soft electron cloud shell that depends o
strong contribution of the 4d ~or 3d! electrons of the Ag~or
11 593 © 1997 The American Physical Society
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11 594 56KUNIO WAKAMURA
Cu! ion with the 4p electrons of the halide ion at the top o
the valence band.7–9

The equation of motion for theA ion is then written as26

mAüA2gAmAu̇A1 f AuA5Z* eE, ~1!

wheremA , uA , gA , and f A represent the atomic mass, di
placement, damping constant, and spring force of theA ions,
respectively.Z* e is the ionic charge, which may take ap
proximately equal values for the cation and anion under
charge neutrality condition, andE is the electric field around
the A ion. Under the time dependenciesuA5XAexp(2ivt)
andE5EVexp(2ivt), Eq. ~1! becomes

2mAv2XA1 igAvmAXA1 f AXA5Z* eEV . ~2!

At the resonance state, we assume the value ofv to be
vTO@5( f A /mA)1/2#, then, Eq. ~2! becomes iXA
5Z* eEV/mAvTOgA and the absolute value ofXA , uA0 , is
obtained by employing the absolute value ofEV , E0 , as

uA05~Z* e/mAvTOgA!E0 . ~3!

A nonzero value ofZ* e, implying an optical phonon, give
a finite value for the vibration amplitude.

From Eq. ~3!, we can obtain a subtracted value for t
amplitudes of the mobile ionA and cage ionX as

~uA02uX0!5~Z* eE0 /vTO!@~1/gAmA!2~1/gXmX!#

5~Z* eE0 /vTO!@~gXmX2gAmA!/gAgXmAmX#

5Z* eE0RGvTO, ~4!

where RG represents the value @gXmX2gAmA)/
gAgXmAmX].

To describe the main features of the (uA02uX0) in Eq.
~4!, we consider only theRG value. Further, in order to es
timate the numerical value ofRG without requiring the
knowledge of crystal structure, we assume that the damp
constants,gA andgX , are roughly proportional to the ioni
radius with a proportional constantb as

gA5brA

and

gX5brX . ~5!

Under constant temperature, this assumption seems to be
sonable as the phonon damping constant generally tak
larger value for compounds with a heavier atomic mas
they are isoelectronic compounds.27,28 Different values for
gA and gX have been reported for the observed values i
layered superionic conductor AgCrS2.

29,30The damping con-
stant of the phonon mode shows a rapid decrease abovTc
when the mode is constructed from only cage ion vibrati
however, increases rapidly for the mode involving mob
ion vibration.30 These facts indicate that the phonon ba
showing rapid broadening is closely related to the mova
ions, while that relating to cage ions is the opposite, show
rapid narrowing. This tendency is held belowTc because the
large value of phonon damping generally appears there.

Using Eq.~5!, theRG value in Eq.~4! is represented as

RG5~r XmX2r AmA!/r Ar XmAmXb . ~6!
e

g
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From Eqs.~4! and~6!, a positive value ofRG reveals that the
mobile ion amplitude is larger than that for the cage io
while a negative value reveals the opposite.

III. ESTIMATION OF PHONON AMPLITUDES
IN SUPERIONIC CONDUCTORS

We now estimate theRG values forb51.0 in Eq.~6! for
binary and ternary SIC’s which take a noninteger value
the chemical valence.3,4 TheRG values of isoelectronic com
pounds are also listed in Table I and plotted in Fig. 1. T
values of the ionic radii are taken from the data by Paul
~collected by Chandra!,2 although Goldshmit’s data2 give al-
most the same results.

A. Binary compounds

In Ag- and Cu-ion conductors, the cationA is movable
and theRG values for (uA02uX0) are listed together with the
Tc value in Table I.1,2,31 In alkaline-earth halides, the halid
ion X is the mobile ion, and theRG values for (uX02uA0)
are listed. TheRG values for SIC’s and non-SIC’s are show
by an open circle and a triangle in Fig. 1, respectively. E
cept for a few compounds, clear regularity is found, that
SIC’s and non-SIC’s take positive and negative values,
spectively. Based on this regularity, we classify AgI, CuC
CuBr, and CaF2 as SIC’s and AgCl and CuF as non-SIC’s.
particular, we can obtain a clear classification for the isoel
tronic binary compounds, for example, CaF2 and CaCl2,
CuBr and CuF, and for Cu2S and Cu2O, in which the former
is SIC and the latter is non-SIC. These classifications ag
with the experimental results.

We propose two conditions to be satisfied for SIC. T
first is a noninteger value ofZeff , as mentioned in Sec. I.3

The second is the amplitude of the mobile ion vibration
an optical phonon, which is larger than that of the cage i
This nature is similar to that of thermal vibration report
already.25,32–35Tomoyose derives the amplitudes of therm
vibration in AgI and CuX (X5Cl,Br,I) under quantum di-
electric theory and estimates that the amplitude of the mo
ion is larger than that of the cage ion.32 The results are con
sistent with previously reported data.33–35 Dalbaet al.22 and
Buhrer, Nicklow, and Bru¨esch23 found that the amplitude o
the Ag ion is larger than that of the I ion in AgI and a mo
rapid increase with rising temperature by neutron-scatte
measurements. From this result, we may anticipate that
vibrational amplitude of the movable ion in the optical mo
is larger than that of the cage ions in the high-temperat
region.

For a few compounds in Table I, the regularity is n
established. For example, SrBr2 takes a smallRG value with
a negative sign despite being a SIC, and BaBr2 exhibits op-
posite behavior. For these irregularities, we consider the
fect of the large polarizability of the Br ion, predicted from
it’s ionic radius,36 since Eq.~5! may give the irregularity, if
the ionic radius of the Br ion is dependent on the kind
constituent cation.

Ag2S is a SIC but takes a negative value ofRG . For this
anomaly, the large quadrupole deformation of the Ag io
may be the cause since Cu2S exhibits a smaller quadrupol
deformation than that of Ag2S and belongs to the regula
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TABLE I. RG values forb51.0 in cubic and near cubic binary superionic conductors and their isoe
tronic compounds. The data forTc and ionic radii are from Samara~Ref. 31! and Chandra~Ref. 2!, respec-
tively. The phonon frequencies, taken from Buhrer and Bill~Ref. 58! for Na2S, and Bru¨esch and Wullschlegu
~Ref. 59! for Ag2S, are indicated in parentheses. The dashes and spaces in theTc column indicate non-SIC’s
and unknown, respectively.

Com. (vph) Tc ~K! RG (1/g cm) Com. (vph) Tc ~K! RG (1/g cm)

(cm21) (cm21)
CuF ~–! – 21.32310230 CaF2(266) 1423 0.84310230

CuCl~172! 673 0.06 CaCl2 – 20.60
CuBr~141! 664 0.60 CaBr2 – 21.14
CuI~128! 642 0.78 CaI2 – 21.32
AgF~170! – 21.87 SrF2(219) 1453 1.74
AgCl~106! – 20.48 SrCl2(140) 990 0.36
AgBr~79! – 0.06 SrBr2 918 20.24
AgI~17! 419 0.24 SrI2 – 20.42
AuCl 20.72 BaF2(189) 1238 1.99
AuBr 20.18 BaCl2 1193 0.36
AuI 0.00 BaBr2 – 0.06
Ag2O – 22.11 BaI2 – 20.12
Ag2S(35) 452 20.58 PbF2(106) 703 1.99
Ag2Se 406 0.06 PbCl2 763 1.50
Ag2Te 423 0.24 PbBr2 – 0.00
Cu2O – 21.56 PbI2 – 20.12
Cu2S 673 0.36 Na2S(208) 1273 1.74
Cu2Se 383 0.60 ThO2 – 2.29
Cu2Te 600 0.78 UO2(280) 2573 2.29
Au2S 20.80
Au2Se 20.16
Au2Te 0.01
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pattern. Because of this, if the value ofb in Eq. ~5! depends
on the kind of cage and mobile ions, the irregularity w
disappear. Indeed, we can expect such a value ofb because
of a more intense polarizable Ag ion and a typical covalen
ion in Ag2S.

Li halides take positive values ofRG but do not exhibit
superionic conduction. Strong coupling of Li ions with th
nearest-neighboring anions, resulting from it’s small ion
radius,37 may be related to the cause of the irregularity sin
this coupling can change the value ofb in Eq. ~5!.

B. Ternary compounds

To confirm the generality of the regularity in Fig. 1, w
apply Eq.~6! to a ternary SIC. For the atomic mass and ion
radius of the cage ion, we employ averaged values with s
plified forms (mA1mB)/2 and (r A1r B)/2, respectively. The
RG values are obtained under the same procedure as tha
binary ionic conductors. The results are listed in Table
Good regularity is shown except for Ag3SBr and Tl2ZnI4.
From this result, we consider that Eq.~4! is justified within
first approximation and it reveals that the ionic motion c
be enhanced more effectively by the amplitude of mob
ions, being larger than that of cage ions. In Tl2ZnI4, theRG
value is negative and ionic conductivity takes a low valu
though the phase transition arises at 523 K.17 In Ag3SBr, the
effect of the large polarizability of the Br ion may appe
again.
S

e

-

for
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,

IV. DISCUSSION

In this section, we discuss the important role of the vib
tional amplitude of the LEO phonons for realizing superion
conduction and show an empirical correlation between
lowest frequency of optical phonons and theEac value.

A. Role of frequency for enhancement of phonon amplitude

To consider the role of the optical phonon frequency,
suggest the mixed systems AgxCu12xBr ~Ref. 38! or
AgI12xBrx , ~Ref. 39! which exhibit superionic or nonsupe
rionic conduction atx50 or x51. Here the largest value o
ionic conductivitys appears in the intermediate compositio
but RG takes the maximum value at the end point ofx.
Under the intimate relation ofRG to the ionic conduction as
described in Sec. III, the different composition depende
of s from that of RG is not reasonable. However, if w
employ the lowest energy ofvTO , the maximum value of
RG /vTO appears at an intermediate composition, similar
that ofs. From this fact, the role ofvTO seems to be funda
mental.

The role of low frequency is further ascertained by co
paring theRG value withRG /vTO value. TheRG /vTO val-
ues in several SIC’s and HIC’s are shown in Fig. 2. For
high frequency ofvTO , the value of SICM I ( M5Ag,Cu) is
not so different from that of HIC AgX (X5Cl,Br) despite
the considerable difference of theirs values.2 However, if
we employ the lowest value of thevTO of Wurtzite ~WZ!
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11 596 56KUNIO WAKAMURA
type, theRG /vTO in M I ( M5Ag or Cu! gives a consider-
ably larger value than that in AgX (X5Cl,Br) or CuF. For
example, the value for theE2 mode at 17 cm21 in b AgI
~Refs. 40 and 41! is about five times larger than that for th
E2 mode at 106 cm21. This difference is correspondent t

FIG. 1. The difference of vibration amplitude between mob
and cage ions in many SIC and related compounds. Circles
triangles indicate SIC’s and non-SIC’s, respectively. The chain
basal line for classifying SIC’s and non-SIC’s.
that of theirs values and, from this, we know the role o
vTO to enhance the amplitude. For CuI and CuF, the feat
is also similar.

B. Phonon assisted ionic conduction

To understand the role of theRG /vTO value for the clas-
sification of SIC’s and HIC’s, we consider a model whic
combines the LEO phonon and mobile ion. A catapult, t
easily shoots the mobile ions, is an example and it helps

nd
a

FIG. 2. (RG /vTO) value in silver and copper halides. In AgF
AgI, and CuI, the values for 106, 200, and 128 cm21 are shown by
the triangles. For the latter two compounds, the values for 17
38 cm21, that are characteristic in WZ-type structure, are shown
the circles.
ates
ols are
TABLE II. RG values forb51.0 in cubic and near cubic ternary ionic conductors. An asterisk indic
the phonon mode relating to mobile ion vibration, predicted from the observed band width. Other symb
the same as those in Table I.

Com. (vph) Tc ~K! RG (1/g cm) Ref. for phonon freq.

(cm21)
Ag3SCl – – 20.5431030

Ag3SBr(76)(28)* 118 20.06 Wakamura and Hirokawa~Ref. 53!
Ag3SI(70)* 159 0.06 Wakamuraet al. ~Ref. 18!
PbCsCl3(80) 310 0.72 Owenset al. ~Ref. 60!
KCu4I5 530 0.60
KAg4I5(23) 139 0.06 Burnset al. ~Ref. 49!
KAg4Br4 – 20.12
RbAg4I5~22!* 118 0.12 Delaney and Ushioda~Ref. 51!
Ag2CdI4(14)* 353 0.12 Sudharsananet al. ~Ref. 61!
Cu2CdI4(15)* 586 0.66 Sudharsananet al. ~Ref. 61!
Ag2HgI4(24)* 324 0.18 McOmberet al. ~Ref. 47!
Cu2HgI4(37)* 340 0.72 McOmberet al. ~Ref. 47!
Tl2ZnI4(22) 523 20.21 Nitzanet al. ~Ref. 17!
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jump of mobile ions with a large phonon amplitude. In pa
ticular, the LEO phonon incorporating the mobile ion co
tributes dominantly to such a jumping, as mentioned in S
IV A. This result is evident from the coexistence of the LE
phonon and the low-Tc value in the mobile ion type SIC in
Tables I and II. This feature seems to be particularly noti
able in ternary compounds since those possess the LEO
non at low temperature. Such a phonon can shoot the mo
ions even at low temperature.

The second evidence is the correlation between theEac
value and the energy of the LEO phononvLEO. Both the
values are plotted in Fig. 3. Clear regularity appears an
presents the activation energy depending on the phonon
plitude. For the expression of regularity, a simple form
employed. Since the nature of the LEO phonon
acousticlike,23,25,41the correlation for the acoustic phonon
the self-diffusion of bcc metal,24 in which the crystal energy
is expressed in terms of square of the frequency of the
gitudinal acoustic phonon at the 2^111&/3 point of the Bril-
louin zone,24 is refered to as

Eac5CvLEO
2. ~7!

To obtain a good regularity for the plotted points, w
employ 1/20 000 for theC value. The curve is drawn by th
solid line in Fig. 3. The agreement is excellent and it m
reveal that the LEO phonon contributes dominantly to
mobile ions with a manner similar to that of the acous
phonon in bcc metals.24 This similarity of the manner is fur-
ther supported from a linear relationship between the mel
temperatureTm and the phonon frequencyvph established in
bcc metal and SIC’s, in which thevph in bcc metal is the
acoustic phonon at thê111& direction of the Brillouin zone
and thevph in the SIC is thevLO value.4 Further, from the
dominant effect of thed-electron charge density on the ion
conduction, that appears in both bcc metals24 and SIC’s,3–6

we can support the similarity.
The importance of the vibration phase, though it prese

the cooperative relation for the mobile ion and the opti
phonon as treated in molecular dynamics42 is pointed out by
Wakamura.25 Because the zone center phonon contribu

FIG. 3. Activation energyEac versus the lowest energy of opt
cal phononvLEO . A solid line is drawn with a relation asEac

5vLEO
2/20 000. The data forEac andvLEO are taken from Refs. 1

2, 58, 59, and from Refs. 3 and 5, respectively.
-
-
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more dominantly to the ionic motion in SIC’s, he sugge
qualitatively the directions of vibrational ions, in which a
optical mode vibrates the mobile ions in the nearest-neigh
unit cell for the same direction but the zone boundary aco
tic phonon vibrates the ions for the opposite direction.25 The
energy and the vibrational phase of the LEO phonon
characterized by the zone boundary acoustic phonon and
zone center optical phonon, respectively.

To shoot defects effectively, the LEO phonon must inc
porate the mobile ions. We can show this for SIC’s. In t
binary compounds, the incorporation of the mobile and ca
ions is obvious since the dipole moment for the vibration
composed of both the anion and cation. A typical example
seen in the remarkable broadening of theE2 mode at
17 cm21 nearTc in AgI.40,41 In CuI, the fundamental phonon
mode is at 128 cm21, however, another band appears
38 cm21, which arises from WZ-type symmetry due to th
deformation of the Cu ion,43 and, therefore, a large phono
amplitude similar to that of the 17 cm21 mode in AgI is also
anticipated. In CuCl, a LEO phonon has not been clea
reported, however, the existence of it may be expected
cause of the similar crystal structure, in which the Cu io
occupy the off center positions as suggested by Hochhei
et al.,16 Vardeny and Brafman,44 Boyce, Hayes, and
Mikkelsen, Jr.,44 and Kanellis, Kress, and Bilz.45 In b CuBr,
we anticipate the LEO phonon from the crystal structures
the g and b phases, which take, respectively, zinc blen
~ZB!- and WZ-type structures similar to AgI. Further, Turn
et al.46 observed a rapid decrease of theTO phonon fre-
quency with increasing temperature below room tempe
ture, and predicted a near zero value atTc by extrapolation.
This phonon mode can play the same role as that of the L
phonon because it is a zone center phonon having low
ergy.

For the ternary SIC, the incorporation is also ascertain
by noting the broadening of the peaks that appears for
vibrational mode involving movable Ag ions, as indicate
clearly in AgCrS2.

29,30 In M2HgI4(M5Ag,Cu), when theE
mode is at 25 cm21 there is an extremely large broadening
the Raman band at and aboveTc .47,48 This is evidence for
the incorporation. Leduc and Coleman suggest a tight c
pling of the mode with mobile ions.48 In the Raman spectra
of RbAg4I5, the broadening of the peaks near 20 a
30 cm21 appears suddenly atTc .49–51 This is also evidence
for the incorporation.

In b- andg-Ag3SX(X5I,Br), three infrared active mode
are predicted from the symmetry of antiperovskite-ty
crystal.52 However, only two modes have been observed.18,53

According to the calculation of lattice dynamics,52 another
mode incorporating the Ag ion of bending type should
observed at lower energy. This phonon may correspond
the band at low energy observed by Hoshinoet al.54

C. Predicted behaviors

Using Eq.~6! and theRG /vTO value, we can understan
some of the phenomena characteristic in SIC’s, which s
port the proposal in this paper. First, the pressure depend
of ionic conductivity in general shows bowing wit
pressure.55,56 The cause of it can be understood within fir
approximation using theRG value. If we assume a linea
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11 598 56KUNIO WAKAMURA
proportionality for the ionic radius of the mobile ion, de
creasing with pressure asr X5r x02ap and r A5r A02bp,
then the RG value in Eq. ~6! can be expressed a
RG5@(mXr X02r A0mA)2p(amX2bmA)/mAmXb$r X0r A0
2p(ar A01br X0)%. For positive values of (amA2bmX),
theRG value shows bowing in the upper direction with pre
sure, so it must increase the probability of the mobile
jump. That is in accordance with the bowing for the press
dependence ofs as observed in Refs. 55 and 56.

The second characteristic is the absence of superi
conduction of Au chalcogenides. For these chalcogeni
Eq. ~6! takes a negative value because the atomic mass o
mobile Au ion is heavier than that of the chalcogenide ion
listed in Table I. Therefore, the absence of superionic c
duction is likely. This prediction is consistent with the sm
ionic transfer number of gold measured in Au2S.57

V. CONCLUSION

The elemental factor realizing superionic conduction w
semiquantitatively established using an equation of motio
. B

nz

C

s.

W

-
n
e

ic
s,
he
s
-

l

s
in

terms of atomic mass, ionic radius, and phonon frequen
This was based on a hypothesis that the force field aro
mobile and cage ions was different. The criterion, which d
tinguishes the SIC, is the vibrational amplitude of mob
ions being larger than that of the cage ion, and the noninte
value of chemical valence. The classification of SIC’s bas
on the vibrational amplitude was achieved for many bina
and ternary compounds. Together with the correlations
betweenEac andvph, we ascertained empirically the lowe
ing of activation energy, assisted by enhanced phonon
plitudes. Based on these results, we understood qualitati
some of the characteristic phenomena of SIC’s.
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