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Lattice dynamics of xenotime: The phonon dispersion relations and density of states of LuPO4
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LuPO4 is the nonmagnetic end member of a series of rare-earth phosphates with a common zircon-type
crystal structure. The phonon-dispersion curves of LuPO4 along the@x,0,0#, @x,x,0#, and @0,0,x# symmetry
directions were measured by neutron triple-axis spectroscopy using single-crystal samples. The phonon density
of states was determined by time-of-flight neutron scattering using polycrystalline samples. Phonons involving
mainly motions of rare-earth ions were found to be well separated in energy from those of the P and O
vibrations. A large gap in the phonon-frequency-distribution function, which divides the O-P-O bending-type
motions from the P-O stretches, was observed. All of the experimental results were satisfactorily accounted for
by lattice-dynamic shell-model calculations. LuPO4 is a host material for the incorporation of rare-earth ions to
produce activated luminescence. Information regarding the phonon and thermodynamic properties of LuPO4 is
pertinent to extended investigations of additional rare-earth spin-lattice interactions in other zircon-structure
rare-earth orthophosphates.@S0163-1829~97!06741-6#
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I. INTRODUCTION

LuPO4 crystallizes in the zircon structure, which is com
mon to a variety of optical materials, including the natu
minerals zircon (ZrSiO4) and xenotime~RPO4, R5Y, Tb to
Lu, and Sc!, as well as rare-earth vanadates and arsena
Zircon variants with impurities of actinide or transition-met
ions occupying the Zr sites are also found in plutonic ign
ous rocks. The high melting temperatures, structural,
chemical stability, radiation-damage resistance, and lo
term corrosion resistance of zircon and the rare-earth or
phosphates has led to investigations of their use as a nuc
waste storage medium. Information regarding the pho
properties is relevant to achieving an understanding of
thermodynamic behavior of these materials under nat
radiation-damage and temperature-pressure condit
prevalent in the earth.

Zircon-type crystalline hosts, in general, exhibit good o
tical quality ~refractive index of 1.8–2.0, birefringence o
0.04–0.10!, and phonons play a vital role in the lumine
cence properties of transition-metal-doped crystals.1 For ex-
ample, the charge-transfer-type luminescence of Yb31 and
Sb31 ions in RPO4 ~R5Sc, Lu, and Y! indicates vibronic
coupling involving phonons of energies of about 2
630 cm21 (34.163.7 meV).2 The cooperative Jahn-Telle
phase transitions in several stoichiometric rare-earth ph
phates and vanadates, which involve coupling of the ra
earth crystal-field-split states with acoustic or low-lying op
phonons, have been investigated by Raman scattering
infrared absorption.3,4 More recently, a neutron-scatterin
560163-1829/97/56~18!/11584~9!/$10.00
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study showed evidence of interactions of 4f electrons and
acoustic phonons in TmVO4 at finite wave vectors.5

The high-energy (.100 meV) optic phonons that mainl
involve vibrations of the P and O atoms are important
their own right. The frequencies and widths of these phon
bands reflect the nature of the connectivity and bonding
PO4 tetrahedra in the lattice. In rare-earth orthophospha
the PO4 units are not directly connected, and the P-O stre
frequencies lie within a narrow range of 120–135 meV.
condensed pyro-, meta-, and ultraphosphates, on the o
hand, corner-sharing PO4 tetrahedra form dimers, chainlike
and network structures, respectively, and the P-O stretch
quencies progressively increase to;160 meV with wider
band widths.6 Without modifying metal cations, the branch
ing configuration, where three O atoms of a PO4 unit are
shared with three neighboring PO4 in phosphorus pentoxide
is inherently unstable due to the unbalanced distribution
oxygendp phosphorouspp bonding character over the P-O
bonds. This forms the basis for the antibranching rule p
posed by Van Wazer.7 Thus far, the P-O stretch vibrationa
density of states of various phosphate crystals or glas
have not been determined. Only the zone-centered mode
RPO4 and ZrSiO4 compounds were measured by optic
spectroscopy.8–15

In this paper, we report on the determination of t
phonon-dispersion curves and phonon density of sta
~DOS! of LuPO4 obtained by neutron scattering using sing
crystal and polycrystalline samples. This compound w
chosen for the initial investigations because Lu31 ions have a
completely filled 4f shell carrying no net magnetic momen
11 584 © 1997 The American Physical Society



a

he
ic
ne

co
in
fo

h
in

-
l
y

-
wo
d
h
.
lte

d
m

or
i-
to

.
on
e

ng

of
he

ree

g

ure

as
ction
irs
t of
of

t

e-
es.

O
re,

a

lin
an

56 11 585LATTICE DYNAMICS OF XENOTIME: THE PHONON . . .
The phonon spectrum of LuPO4 may, therefore, be used as
gauge for nonmagneticRPO4 hosts of orthophosphates.

II. GROUP-THEORETICAL ANALYSIS

Only Raman and infrared data exist for a few of t
zircon-structure compounds. Previous group-theoret
analysis of the vibrational modes was restricted to zo
centered modes for the interpretation of the optical data.14,16

Here we present a group-theoretical analysis for the zir
structure along major symmetry directions in the Brillou
zone. The body-centered-tetragonal unit consists of four
mula units of LuPO4. A primitive cell can be chosen with
only two formula units, resulting in 36 phonon branches. T
tetragonal unit cell and the primitive cell are displayed
Fig. 1, schematically showing the individual PO4 tetrahedra
in the lattice. The crystallographic space group~No. 141! is
D4h

19(I41 /amd). The crystal structure exhibits a point sym
metry of D2d(4̄m2) at the Lu and P sites with a uniaxia
direction along thec axis, while the oxygen atoms occup
sites ofC1h(.m.) symmetry.17 In this structure, eight O at
oms are coordinated to the central Lu atom forming t
interpenetrating tetrahedra, each of which is characterize
a unique P-O distance. A distorted triangulated dodeca
dron is formed by connecting the oxygen vertices, see Fig
The principal structure can be considered as a chain of a
nating edge-sharing PO4 tetrahedra andRO8 triangular
dodecahedra extending parallel to thec axis, with the chain
joined laterally by edge-sharingRO8 dodecahedra. The bon
lengths, bond angles, and atomic positions within the pri
tive cell are given in Table I.

The Brillouin zone of the body-tetragonal structure f
LuPO4 (a.c) are shown in Fig. 3. The three symmetry d
rections,D, S, andL correspond in Cartesian coordinates
the @x,x,0#, @x,0,0#, and @0,0,x# directions, respectively
The symmetry decomposition of the phonon modes al
various symmetry points and directions in the Brillouin zon
derived from standard group theory,18 are given in Table II.
The compatibility relations between theG point and theD, S,
andL lines are given in Table III.

It has been observed that condensed phosphates havi

FIG. 1. The zircon structure of LuPO4. The individual PO4 units
are shown schematically by tetrahedra. The two sets of dashed
and heavy lines outline the body-centered-tetragonal unit cell
the primitive cell, respectively.
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ionic complex such as PO4
23 often exhibit localized modes

that are due essentially to internal vibrations of the atoms
the PO4 species. Therefore, it is instructive to explore t
symmetry relations between Lu•~PO4! where the PO4 unit is
treated as rigid molecules and an isolated PO4 molecule. The
reducible representation of the vibrational modes of a f
PO4 unit of Td symmetry decomposes according toTd→A1
1E1F113F2 . The internal modes labeled usin
Herzberg’s notations19 are: n1 ~A1 , symmetric stretching!,
n2 ~E, bond bending!, n3 ~F2 , antisymmetric stretching!,
andn4 ~F2 , bond bending!. The otherF2 and theF1 modes
are external modes corresponding to pure rotation and p
translation of the PO4 unit, respectively. In LuPO4, the point
symmetry of the PO4

23 units isD2d , which is lower thanTd ,
and the modes split according to:A1→A1 , E→A11B1 ,
F1→A21E, 3F2→3B213E. Since there are two PO4

23

complexes within the primitive unit cell, there are twice
many modes of each species. In the absence of an intera
between the two molecules in the primitive cell, these pa
of modes would be degenerate. In the crystal, the exten
splitting of these modes gives an indication of the strength
coupling to the environment.

The symmetry of the vibrational modes of Lu•~PO4!,
where the Lu atoms and rigid PO4 molecules are under poin
symmetry D2d , reduces to 4A112B112A218B1110E.
They can be further related to theD4h symmetry of the crys-
tal if we consider that the motion of the Lu31 ions underD2d
symmetry will transform according toB2 andE for transla-
tions along thec axis and in thea-b plane, respectively. The
decomposition follows as: 4A1→2A1g12B2u , 2B1→B1g
1A1u , 2A2→A2g1B1u , 6B212B2→4B2g14A2u , 8E
12E→5Eg15Eu . The correlation between mode symm
tries is easily seen if we consider the nature of the mod
For example, theA1g and B2u modes underD4h symmetry
are related by the inversion operator, theA1g corresponding
to 180° out-of-phase motions of the two molecules of LuP4
and theB2u corresponding to in-phase motions. Therefo
the correspondence between the fourA1 modes ofD2d and
the 2A1g and 2B2u modes is a natural consequence. In

es
d

FIG. 2. The arrangement of PO4 tetrahedra andRO8 triangular
dodecahedra in LuPO4.
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11 586 56J. C. NIPKOet al.
similar way, we can derive the correlations between the
maining modes. In Table IV we summarize the results of
symmetry analysis.

The selection rules for infrared and Raman measurem
of the zone-center modes are: Raman: 2A1g(axx1ayy ,
azz)14B1g(axx2ayy)1B2g(axy)15Eg(ayz ,azx); IR:
3A2u(Eic axis)14Eu(E'c axis). In the analysis of the
neutron data near the zone center, it is important to s
internal consistency with the optical data. The experimen
infrared results of Armbruster8 and the Raman measuremen
of Becker9 are summarized in Table V.

III. EXPERIMENTAL DETAILS

A detailed investigation of the dynamics of LuPO4 by
neutron scattering requires an approach that combines m
surements from a triple-axis spectrometer at a reactor so
and a time-of-flight instrument from a spallation source. T
highly dispersive and densely spaced phonon branches b
80 meV can be effectively studied by triple-axis measu
ments using single crystals. Combining the knowledge of

TABLE I. The structural parameters for LuPO4 at 10 K. The
space group for this structure isI 41 /amd. a56.7915(2) Å and
c55.9544(2) Å. Lu atoms occupy thea sites, P atoms occupy th
b sites, O atoms occupy theh sites. The oxygen fractional positio
parameters arex50.4270(2) andz50.2151(2).

Atom
type

Cartesian components

X Y Z

Lu1 0 0 0
Lu2 0 1/2 1/4
P1 0 0 1/2
P2 0 1/2 21/4
O1 0 x21/2 z11/8
O2 0 2x11/2 z11/8
O3 0 x11/4 2z11/8
O4 0 2x13/4 2z11/8
O5 x21/4 0 2z17/8
O6 2x11/4 0 2z17/8
O7 x21/4 1/2 z25/8
O8 2x11/4 1/2 z25/8

Bond Distance
type ~Å!

P1-O1 1.534
Lu1-O1 2.258
Lu1-O4 2.354
O1-O2 2.404
O1-O5 2.553
O1-O4 2.745
O1-O8 2.910

Bond angle
O1-P1-O2 112.62°
O1-P1-O5 103.33°
O1-Lu2-O2 152.49°
O1-Lu1-O2 61.47°
-
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phonon-symmetry relations with the flexibility of constant-Q
and constant-E operations provided by a triple-axis spe
trometer allows quantitative measurements of the frequ
cies and neutron-group intensities of individual phon
branches up to about 80 meV. This information is crucial

FIG. 3. The Brillouin zone for a body-centered-tetragonal s
tem with a.c. The high-symmetry points and lines are indicat
with conventional group-theoretical notation. The Cartesian coo
nates for the zone-boundary pointsD, S, andL are @p/a,p/a,0#,
@2p/a,0,0#, and@0,0,p/c„11(c/a)2

…#, respectively.

TABLE II. Symmetry decomposition for the high-symmetr
points and lines.

Symmetry points:

G~D4h!→2A1g1A1u1A2g14A2u15Eg15Eu14B1g1B1u

1B2g12B2u

M~D4h!→2A1g1A1u1A2g14A2u15Eg15Eu14B1g1B1u

1B2g12B2u

X~D2h!→3Ag15B1g15B2g15B3g13Au15B1u15B2u

15B3u

P~D2d!→3A113A215B115B2110E

N~C2h!→11Ag17Au17Bg111Bu

Symmetry lines:

L~C4v!→6A112A2110E16B112B2

V~C4v!→6A112A2110E16B112B2

S~C2v!→11A117A2111B117B2

D~C2v!→8A118A2110B1110B2

W~C2v!→8A118A2110B1110B2

Y~C2v!→8A118A2110B1110B2

Q~C2!→18A118B
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56 11 587LATTICE DYNAMICS OF XENOTIME: THE PHONON . . .
model fitting. On the other hand, the weakly dispersive hi
energy modes associated mainly with P-O motions can
determined effectively using epithermal neutrons from po
crystalline samples and time-of-flight methods.

Measurements on a single crystal of LuPO4 ~about
0.75 cm3 in size! were performed using the 2T1 triple-ax
spectrometer at the Laboratoire Leon Brillouin in Sacla
France. The crystal was synthesized by a flux-growth te
nique described previously.20 Below 40 meV, the scattering
from the ~002! planes of pyrolytic graphite~PG! were used
for monochromator and analyzer. Above 40 meV, cop
~111! and PG~002! were used as monochromator and an
lyzer, respectively. Both the monochromator and analy
consist of horizontally and vertically focusing crystal arra
for maximizing intensity while maintaining an adequa
resolution. The scans were conducted with a fixed final n
tron energy of 14.7 or 30.5 meV in conjunction with the u
of a PG filter in the scattered beam to suppress higher-o
contaminations. The crystal was cooled by a close-cycle
lium refrigerator and kept at 15 K throughout the measu
ments. A majority of the phonon branches along the@x,0,0#,
@x,x,0#, and @0,0,x# symmetry directions were measure
with the sample oriented so that the scattering wave vec
are in either the (h0k) or (hk0) planes. Assignments of th
observed excitation frequencies to phonon branches w
guided by self-consistency checks of the neutron-group
tensities against the structure factors from model calc
tions.

The time-of-flight experiments were performed using t
High-Resolution Medium-Energy Chopper Spectrome
~HRMECS! at the Intense Pulsed Neutron Source~IPNS! of
Argonne National Laboratory. A polycrystalline sample
LuPO4 (;60 g) was prepared by the coprecipitation of lu
tium oxide and ammonium hydrogen phosphate in mol
urea followed by a calcination at 800 °C to remove t
urea.21 The powder sample was then pressed into pellets
annealed at 1200 °C in air for 24 h, since such heat tr
ments are known to promote grain growth and improve
crystalline quality. The annealed sample was then charac
ized by neutron powder diffraction at IPNS and found to
the single-phase zircon structure—in good agreement w
the reported structure in the literature17 ~with a typical
weightedR factor of 5% in a Rietveld analysis!.

The HRMECS spectrometer is equipped with wide-an

TABLE III. Compatibility relations between theG point and the
high-symmetry lines.

G point
S line
~100!

L line
~001!

D line
~110!

A1g A1 A1 A1

A1u A2 A2 A2

A2g B2 A2 B1

A2u B1 A1 B2

Eg A21B1 E A21B2

Eu A11B2 E A11B1

B1g A1 B1 B1

B1u A2 B2 B2

B2g B2 B2 A1

B2u B1 B1 A2
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multidetector banks which, using an incident neutron ene
(E0) of 200 meV, allow measurements of inelastic scatter
over a wide range of momentum and energy transfer. T
energy resolutionDE in full width at half maximum of the
HRMECS spectrometer varies from approximately 4% ofE0
in the elastic region to;2% near the end of the neutron
energy-loss spectrum. The powder was contained in an
minum planar cell mounted at a 45° angle to the incid
neutron beam. Such a geometry decreases the neu
traverse length in the sample to,5 mm for all detector
angles—thereby reducing multiple-scattering effects. M
tiple scattering was estimated to be less than 5% of the t
measured intensity and was corrected by removing a sm
flat background from the data. To reduce multiple-phon
excitations, the samples were cooled to 15 K for the exp
ments. Normal background scattering was subtracted f
the data by using empty-container runs. Measurement
elastic incoherent scattering from a vanadium standard
vided detector calibration and intensity normalization.

IV. EXPERIMENTAL RESULTS AND ANALYSIS

A. Phonon-dispersion curves

The measured phonon-dispersion curves of LuPO4 at 10
K along the@x,0,0#, @x,x,0#, and @0,0,x# symmetry direc-
tions are shown in Fig. 4. They are labeled according to
irreducible representations~see Table II!. The zone-center
Raman frequencies reported by P. C. Becker,9 as well as, IR
frequencies reported by Armbruster8 are also plotted in Fig.
4. It can be seen that the acoustic branches are confine
rather low energies,;20 meV for longitudinal and
;10 meV for transverse modes, due to strong interacti
with the next optic branches. There is a large phonon ga
the 85–115 meV region.

B. Lattice-dynamics calculations

There are a number of key elements pertaining to
structure and bonding in LuPO4 that need to be considered i
developing a model for this system. First, the neare
neighbor~NN! P-O bonds are part of a tightly bound PO4
tetrahedron resulting fromsp3 hybridization of the P outer
orbitals forming directionals bonds with the O atoms. This
hybridization favors the PO4 tetrahedra. The remaining elec
tron of P is presumably transferred to ionic bonding of t
PO4

32 with the Lu31 ions. The importance of this structure
illustrated by the gap in the phonon frequency spectrum
tween;85– 150 meV. Above 115 meV, the modes cons
principally of P-O bond-stretching within the tightly boun
PO4 units. Second, the effects of ionicity can be seen in
neutron and IR data as large splittings of the polar op
modes. For example, the observed frequency of each of
three A2u modes, depending on the propagation directi
shift by as much as 16 meV.8 Our neutron-scattering result
indicate a splitting of 13 meV for the lowest energyA2u
optic mode near 33.0 meV. Evidence for the LO-TO splitti
of the Eu modes was also seen in both the neutron and
data. Therefore, the macroscopic electric field character
of Coulomb interactions has to be taken into account by
model. Moreover, according to IR absorption data,8 the di-
electric constantse0 ande` are 8.860.2 and 3.0260.01 for
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TABLE IV. Correlation for symmetry species of theTd group of the PO4
23 free ion, theD2d group of the Lu31 and PO4

23 sites in the
LuPO4 crystal, and theD4h group of the whole crystal.
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the A2u modes~Eic axis! and 7.560.2 and 2.8260.01 for
Eu modes~E'c axis!. The large values ofe` are due to the
substantial electronic polarizability of the Op orbital. It is
clear that a rigid-ion model, which ignores the contributi
from the electronic polarizibility, would not adequately a
count for the dielectric properties of this system, since
rigid-ion model would predicte`51.

Following the ideas outlined above, a shell model us
Born–von Karman-type axially symmetric forces and pol
izable oxygen ions was constructed for LuPO4. In this
model, we have allowed for NN P-O interactions and t
nearest- and next NN interactions for the Lu-O and O
bonds. Summation of the long-range coulomb forces w
performed using the Ewald method. The electronic polari
tion of the O ions is modeled by a shell charge surround
a core charge at the O nucleus and a shell-core force
stant. The dynamic matrix at theG point and along the three
symmetry directions was block diagonalized using matri
constructed by the projection-operator method.

The solution of the eigenvalue problem and the fitting
the neutron data were carried out using the computer
gram GENAX. Optimization of the model parameters w
e

g
-

e

s
-
g
n-

s

f
o-

governed by criteria so as to~i! minimize deviation between
the calculated frequencies and the observed phonons
neutron and optical data;~ii ! minimize the internal pressur
and forces acting on the atoms in their equilibrium positio
to ensure the correct structure; and~iii ! maintain qualitative
agreement between the calculated structure factors and
sured neutron group intensities. Based on these criteria
obtained the optimized parameter set given in Table VI.

A comparison of the calculated phonon-dispersion cur
with the experimental data is shown in Fig. 4. The mod
that belong to different representations are plotted separa
in this figure. The agreement between the experimental d
points and calculated phonon curves along all three sym
try directionsS, D, andL is excellent. Qualitative agreemen
was also achieved between the measured neutron grou
tensities and the corresponding calculated inelastic struc
factors. The calculated acoustic frequencies in the lo
wavelength limit were used to determine the elastic c
stants, which can be compared with the experimental va
obtained by Brillouin-scattering techniques.22 The agree-
ment, as shown in Table VII, is good, with discrepanc
limited to about 10% in all elastic constants. The over
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agreement between the model predictions and the neu
and optical data~see Table V! leads us to believe that th
model with its associated parameters is quite acceptable
the present studies.

C. Phonon density of states

The time-of-flight data collected with an incident neutr
energy of 200 meV and scattering angles of 70° to 120° w
analyzed. In this configuration, the measured wave vectorQ
are between 11 and 20 Å21 which is much larger than the
dimension of the Brillouin zone (;1 Å21) of the crystal
reciprocal lattice. Furthermore, the polycrystalline sample
fectively provides an average over all crystallographic ori
tations. Under these conditions, a generalized phonon D
can be obtained from the measured scattering func
S(Q,E) according to23–25

G~E!5
2M

\2 K e2W~Q!

Q2

E

n~E!11
S~Q,E!L

'M(
i

cis i

M i
Fi~E!, ~1!

whereci , s i , Mi , andFi(E) are the concentration, neutron
scattering cross section, the mass and partial phonon D
respectively, for thei th atomic species.M is a mean sample

FIG. 4. Phonon-dispersion curves of LuPO4 along the@x,0,0#,
@x,x,0#, and @0,0,x# symmetry directions. The symbols~j
5Raman,L5Infrared, ands5neutron! indicate observed data
while the lines are calculated curves using the model. Experime
error bars are comparable to the size of the symbols.
on

for

re

f-
-
S
n

S,

mass,n(E) is the Bose-Einstein distribution function, an
^•••& represents the average over all observedQ values. The
Debye-Waller factors, e22W(Q) was estimated to be
e20.003•Q2

in the present case based on the diffraction data
can be seen from Eq.~1! that G(E) provides a measure o
the phonon DOS weighted by thecis i /Mi factors, which is
often referred to as the neutron-weighted phonon densit
states.

Using the shell model and the optimized parameter
~Table VI!, the total and partial phonon DOS of LuPO4 were
computed by a root-sampling method by which t
frequency-distribution functions were summed over 343 0
mesh points within the Brillouin zone. Figure 5 shows t
calculated phonon DOS as well as the partial DOS for e
atom. The generalized one-phonon DOS was evaluated
cording to Eq.~1! and convoluted with the resolution func
tion of the HRMECS instrument, and the two-phonon co
tribution was obtained from a self-convolution of th
generalized one-phonon DOS. They are plotted in the up
panel of Fig. 6, and the sum is compared with the obser
G(E) in the lower panel. The calculated spectrum rep
duces all the main features of the observedG(E) over the
entire energy range. However, the calculated phonon ba
have narrower widths than those observed experimenta
This is perhaps not surprising since the model assume

tal

TABLE V. A comparison of infrared and Raman data~Ref. 8!
with model calculation for LuPO4.

Mode
symmetry

Measured
frequency

~meV!

Model
calculation

~meV!

Raman:
Eg 16.5 16.1
B1g 17.4 16.7
Eg 23.2 23.4
Eg 38.1 38.3
B2g 40.9 39.5
A1g 60.7 59.7
Eg 72.3 72.7
B1g 82.6 84.7
A1g 125.6 126.2
Eg 128.2 128.6
B1g 132.9 134.3

Infrared:
A2u LO 46.1 45.0
A2u TO 33.0 34.2
A2u LO 83.4 80.9
A2u TO 78.6 77.5
A2u LO 147.8 140.0
A2u TO 131.7 134.0
Eu LO 33.8 33.1
Eu TO 25.7 24.6
Eu LO 44.4 44.9
Eu TO 43.0 43.8
Eu LO 66.6 67.6
Eu TO 64.1 63.3
Eu LO 139.5 132.3
Eu TO 124.0 125.7
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11 590 56J. C. NIPKOet al.
perfect crystal whereas the powder consists of micron-
crystalline grains. It does not consider the typical microstr
ture in a powder or atomic disorder in the grain-bound
region.

V. DISCUSSION

Since the shell model provides a consistent interpreta
of the observed phonon-dispersion relations, DOS, Ram
and IR data, and elastic constants of LuPO4, we are confident
that it is capable of describing the basic lattice excitatio
and thermodynamic properties characteristic of nonmagn
xenotime-structure host compounds. If Lu is partly or fu
replaced by another magnetic rare-earth element, the s
ting of the Hund’s-rule ground multiplet of the paramagne
ions by the crystalline electric fields will give rise to a di
tinct set of levels. It has been found that for all the magne
rare-earth ions in the xenotime series the crystal-field sp
ting of the ground multiplet is of the order of 40 meV an
therefore, overlaps the phonon energies for the rare-e
motion ~see the Lu partial DOS in Fig. 5!. Depending on the
symmetry properties of the phonon and crystal-field sta
interactions of the magnetic and lattice systems may t

TABLE VI. The parameter set for the shell model.F andG are
the axially symmetric force constants for the radial and tangen
components, respectively. Charges for the ions and shells are i
unit of (1e).

Bond type
Bond length

~Å!
F(r )

(103 dyn/cm2)
G(r )

(103 dyn/cm2)

Born von
Kármán
P-O 1.534 871.3 28.1
Lu-O 2.258 177.8 223.0
Lu-O 2.354 123.5 214.0
O-O 2.404 119.5 228.2
O-O 2.553 81.3 220.7
O-O 2.745 9.6 3.3
O-O 2.910 12.5 0.3
Shell-core
O 2740

Charges Ionic Shell
O 21.19 22.68
P 2.33 0
Lu 2.44 0

TABLE VII. Elastic constants of LuPO4.

Elastic
constant

Measureda

(1012 dyn/cm2)
Calculated

(1012 dyn/cm2)

C11 3.20~3! 3.31
C12 0.36~7! 0.29
C13 1.15~5! 1.24
C33 3.82~14! 3.97
C44 0.846~8! 0.831
C66 0.217~2! 0.156

aReference 22.
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place—usually at low temperatures. For example, a coop
tive Jahn-Teller effect occurs in TbPO4 at about 2 K involv-
ing Tb ion-lattice coupling that induces a tetragonal-
monoclinic distortion of the crystal lattice and a readju
ment of the Tb electronic states.26 In YbPO4, coupling be-
tween the low-lying electronic states of the Yb31 ions and a
B1g lattice strain mode gives rise to a;20% softening of the
(C112C12)/2 elastic constants atT,100 K.27 The exact na-
ture of these spin-lattice interactions is not yet fully und
stood. We expect to find anomalous phonon behavior in c
tain (Q,E) regions in thoseRPO4 members which exhibit
strong 4f electron-phonon coupling. Such anomalies we
in fact, found in TbVO4 and TmVO4.

5,28,29Therefore, further
studies of the low-lying phonon branches in compounds s
as YbPO4 and TbPO4 in comparison with LuPO4 are desir-
able.

Phonons above 40 meV involve mainly P and O motio
There are two disconnected PO4 tetrahedra in the primitive
cell. The relatively sharp features in both the P and O par
DOS around 40, 60–73, 80–86, and 120–140 meV sug
that the force fields around the two PO4 units are similar and
the P and O atoms in each unit vibrate almost independen
The large gap separates the low-energy O-P-O bend
modes from the high-energy P-O stretch vibrations. Th
are eight stretch modes resulting in two sharp peaks at a
128 and 135 meV~see Figs. 4–6!, which may be related to
the asymmetric-type and symmetric-type P-O stretches,
spectively. If the PO4 tetrahedra are linked by sharing one
more common O atoms, direct interactions of the tetrahe
will lead to more correlated motions. In addition, ener
minimization under these geometries causes a distributio

FIG. 5. Partial phonon density of states~PDOS! calculated from
the shell model.
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P-O bond lengths. Consequently, as the P and O pho
bands broaden, the size of the phonon band gap decre
This trend has been observed in rare-earth ultraphosph
and pyrophosphates. In the extreme cases of pure crysta
or glassy P2O5 in which a three-dimensional network of PO4
tetrahedra is formed, the P-O stretch vibrations spread
reveal several phonon bands and extend to a conside
higher energy of;160 meV. This large increase of P-
stretch frequencies is related to the resonance of the a
tional Pdp-O pp bonding among the four P-Os bonds, a
concept proposed by Pauling.

Finally, the lattice specific heat of LuPO4 can be evalu-
ated using the phonon DOS predicted by the shell mo
Figure 7 shows the specific heat obtained and the De
temperature as a function of temperature. The Debye t
perature extrapolated to 0 K,Q0 , is ;500 K ~see inset of
Fig. 7!. This relatively highQ0 indicates a high stiffness o
the lattice at low temperature. The slow saturation of
specific heat at temperatures over 1000 K is the result of
high phonon cutoff energy. To the best of our knowled
the specific heat of LuPO4 has not yet been measured. How
ever, the specific heat of isostructural nonmagnetic Sc4
was reported over the temperature range of 300–1600 K.30,31

The experimental values of the specific heat at constant p
sure for ScPO4 are compared to the calculated specific h
at constant volume for LuPO4 in Fig. 7. The agreement i
very good over the temperature range of the measurem
where the increase of the specific heat arises mainly f
high-energy phonons. Additionally, the specific heat for s
eral otherRPO4 compounds~e.g., TbPO4 and DyPO4! were

FIG. 6. Measured~open circles! and calculated~lines! general-
ized phonon density of states for LuPO4. The calculated two-
phonon density of states is given as the dashed line in the top p
on
es.
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determined at low temperatures in association with studie
magnetic phase transitions.32,33 In those cases, the measure
specific heat is a sum of magnetic and lattice contributio
To a large extent, the component of the lattice specific h
can be approximated by that of LuPO4. Therefore, the
present result is useful for estimating the paramagnetic s
cific heat in manyRPO4 compounds.

In summary, we have measured the major phon
dispersion curves and the phonon DOS of the nonmagn
end member of the xenotime series, LuPO4, by neutron spec-
troscopy. A shell model was applied to the interpretation
the lattice-dynamic data. After optimization, a set of para
eters was obtained which permitted a quantitative und
standing of the neutron results as well as optical data
elastic constants given previously for LuPO4 in the literature.
The present study has provided the basic information reg
ing the phonon and thermodynamic properties of zircon-ty
structures. The result provides a basic reference for fur
investigations of spin-lattice interactions in the magne
RPO4 compounds and for comparisons with phosphorus
oxygen motions in different condensed phosphate mater
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FIG. 7. The calculated lattice specific heat in terms ofR per
average atom~R is universal gas constant! at constant volume~solid
line! for LuPO4 and measured specific heat at constant pressure
ScPO4 ~h!. The calculated temperature dependence of the De
temperature for LuPO4 is plotted in the inset.
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