
PHYSICAL REVIEW B 1 NOVEMBER 1997-IVOLUME 56, NUMBER 17
Critical-state model with a secondary high-field peak inJc„B…
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A critical-state model capable of describing the experimentally observed secondary or fishtail peak in
magnetization data for bulk high-Tc superconductors is introduced. As suggested by a recent understanding of
the fishtail effect, the field dependence of the critical current density is taken as a sum of two terms; one giving
rise to a low-field magnetization peak and another being responsible for the fishtail peak. The model, which
extends the Kim model by adding a Lorentzian term inJc(B), allows analytical treatment. Expressions for
internal flux-density profiles as well as the various branches of the magnetization loop are presented. It is
shown that measured magnetization loops of NdBa2Cu3O72d samples showing a very pronounced fishtail peak
are well fitted by this model. Using our procedure,Jc(B) can be determined without invoking the Bean model
~with a constantJc!, and thus avoiding an inconsistency in the analysis.@S0163-1829~97!02941-X#
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I. INTRODUCTION

The fishtail effect~FE! or ‘‘second peak anomaly’’ found
in magnetization loops is one of the still puzzling propert
of high-Tc superconductors, found in several different ma
rials. A common characteristic of all investigations is that t
FE is observed only inbulk samples, either homogeneous
granular, and not in thin films of any material.1–7

A magnetization loop of a sample exhibiting the FE r
veals two important features:~i! a minimum in magnetiza-
tion, M , located close to the full penetration field,H* , and
~ii ! a maximum inM at high fields. Usually, also a pea
close toH50, called the central or low-field peak, is prese
as it is often found in strong-pinning, hard type-II superco
ductors. This central peak shrinks with raising temperat
with the result that observed magnetization loops can ha
wide variety of shapes.4,6,7 It is obvious that the commonly
used critical-state models with a monotonic field depende
in the critical current density,Jc(B) like the Kim model,8 the
exponential model,9 etc., are not well suited to properly cha
acterize the FE.

Several attempts were made to ascribe the FE to the fi
induced activation of a special pinning site like Y2BaCuO5
particles found in melt-processed YBa2Cu3O72d samples.10

However, only a quite general approach which is not sam
or material specific, will be able to explain all features of t
FE reported in literature, e.g., the scaling behavior of
magnetization around the fishtail peak,6,11 the dynamic char-
acter of the fishtail minimum12 or the FE in heavy-ion irra-
diated samples.13

A step towards a general model was made in Ref. 6 st
ing from the scaling of the magnetization loops and
change in relaxation behavior around the FE minimum.
this model, the shape of a FE magnetization loop is und
stood as a sum of two distinct contributions with quite d
ferent field and temperature dependencies. One of the
active only at low fields, thus being responsible for the f
mation of the central peak, and vanishes rapidly with
creasing field. The high-field mechanism is developing w
increasing field, and its maximum causes under certain c
ditions the fishtail peak. For the high-field part of the ma
560163-1829/97/56~17!/11273~6!/$10.00
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netization loops, a scaling ofJc , normalized to the maxi-
mum value at the FE peak, plotted versus (12T/Tc)

p

(p'1.5– 2) could be established.6,7,11 This analysis was, as
usually done in literature, based on the Bean model rela
Jc}DM , whereDM is the width of the magnetization hys
teresis loop. While this simple relation is a reasonable
proximation for fields larger thanH* , the approach can eas
ily give misleading results at fields lower thanH* ,14,15 thus
complicating a proper analysis of the central peak and
low-field pinning mechanism. This problem is overcome
one instead fits the entire magnetization loop by a critic
state model based on a suitable functionJc(B), which in this
case should possess the characteristic FE features se
experiments.

Based on these considerations, we suggest a model
Jc(B) comprised of two additive terms, one monotonic p
producing a central peak, and a second term representing
high-field peak. Such a separation is further motivated
recent experiments showing that it is possible to remove
versibly the FE by high-pressure oxygen loading
YBa2Cu3O72d single crystals prepared in BaZrO3
crucibles.16

In this paper we derive explicit expressions for both t
ascending and descending field branches of the magne
tion loop for this model, and make comparison with vario
FE shapes described in literature. We also show the fit
procedure applied to data obtained on NdBa2Cu3O72d
~NdBCO! samples.

II. OUTLINE OF THE MODEL

A form sufficiently general to allow parametrization o
the variety of FE behaviors is the following extension of t
Kim model:

Jc~B!5J0F 1

11ubu
1

a

~ ubu2b1!21b2
2G , ~1!

with b[B/B0 ; J0 andB0 are the original parameters of th
Kim model. The secondary peak is represented by
Lorentzian term characterized by its center positionb1 , its
11 273 © 1997 The American Physical Society
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11 274 56JOHANSEN, KOBLISCHKA, BRATSBERG, AND HETLAND
width b2 , and the relative amplitudea. All these parameters
may depend on temperature. The Lorentzian form, wh
was motivated by the shape of the scaled magnetiza
loops presented in Ref. 6, has the additional advantag
permitting analytical calculations of flux density profiles a
evenM .

Consider a superconductor shaped as an infinite sla
thickness 2w placed in an external magnetic field
H5(Ba /m0)z directed parallel to the surface. The influen
of a lower critical field and surface effects are neglected
the present treatment. Except for an interval immediately
ter the field sweep direction is reversed, which we omit
this calculation, the flux density profilex(B) will always be
a single-valued function wherever the current densityj y
Þ0. Thus, from Ampe`re’s law, j ydx52dB/m0 , one can
write the magnetization as17

m0M52E
Bm

Ba
XdB, ~2!

where X5x/w and Bm is the induction at the midplane
x50. The flux profile is obtained by integrating Ampe`re’s
law, which gives

X511
1

m0w E
B

Ba dB8

j y~B8!
. ~3!

Here j y(B) has the magnitude of the function,Jc(B), and
sgn(jy)52sgn(dB/dx).

FIG. 1. Flux density profiles in one-half of the slab at vario
stages of penetration in an increasing applied field.a51000,
b15b2525, andb* 5 10.
h
n
of

of

n
f-

We consider first a zero-field cooled superconductor s
jected to an increasing applied field. The flux then penetra
the slab in an outer layer of growing thicknessd, see Fig. 1.
From Eq.~3! we obtain

X512
~ba11!22~b11!2

2k

1
a

k Fba2b1
~u21!22v2

v
tan21

v~ba2b!

~ba1u!~b1u!1v2

1~u21!ln
~b1u!21v2

~ba1u!21v2G , ~4!

where k5m0wJ0 /B0 , u5a/22b1 , v25b2
21a(b111)2

(a/2)2. Throughout this paper lower caseb will denote in-
duction values normalized byB0 , like ba5Ba /B0 , etc. In-
terestingly, the functionX(b,ba) consists of parts which are
easily identified; the first being the well-known result of th
Kim model, and the second being associated with the
From Eq.~2! it is clear that the same separation carries o
to the expressions forM , as will become evident.

The flux penetration depth as function of the applied fie
follows directly from Eq.~4! asd(ba)512X(b50,ba). The
initial stage with partial flux penetration lasts untilba
reaches the full penetration valueb* , which is given by
X(b50, ba5b* )50.

Direct observation of flux density profiles is today po
sible with several experimental techniques like magne
optic imaging,18 Hall probe arrays,19 etc. It is therefore of
interest to look in some detail at the functionX(b,ba). The
graphs of Fig. 1 show how the flux density profile develo
for an increasing applied field. In the initial stage the profi
has a negative curvature, as in the original Kim model. G
ing beyond full penetration, the curvature is seen to chan
with an intermediate region nearba5b* where the profile
has anS shape. Then, at even higher fields the curvat
again becomes negative.

Calculation of magnetization gave the following results
~i! 0<ba<b* . The virgin branch of the magnetizatio

curve is calculated from Eq.~2! with Bm50, which yields

m0M

B0
52ba1

ba
2

2k
1

ba
3

3k
2

a

k F2~12u!ba1
ba

2

2

1
p

v
tan21

vba

uba1u21v2 1
q

2
ln

~ba1u!21v2

u21v2 G ,
~5!

where p52u12u22u322v213uv2, and q5124u1
3u22v2. By expanding the RHS in powers ofba one gets
2ba1@12a/(u21v2)#ba

2/2k1••• , showing that the initial
slope of the magnetization curve equals21.

~ii ! ba>b* . When the applied field exceeds the full pe
etration value the midplane induction becomes nonzero
dependent upon the applied field. We obtainbm(ba) by set-
ting X50 in Eq. ~4!, which gives the relationf (bm)52k,
where
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f ~bm!5~ba11!22~bm11!222aFba2bm1
~u21!22v2

v
tan21

v~ba2bm!

~ba1u!~bm1u!1v2 1~u21!ln
~bm1u!21v2

~ba1u!21v2 G .
~6!

The magnetization then becomes

m0M

B0
52ba1

ba
22bm

2

2k
1

ba
32bm

3

3k
2

a

k F2~12u!~ba2bm!1
ba

22bm
2

2
1

p

v
tan21

v~ba2bm!

~ba1u!~bm1u!1v2 1
q

2
ln

~ba1u!21v2

~bm1u!21v2G ,
~7!

which is valid until the field sweep is reversed. After a sufficient field reduction the induction gradient has change
throughout the slab, and the flux profile becomes again monotonic.

~iii ! ba>0 and decreasing. From Eq.~3! one sees that changing the sign ofj y leads to a new profile function given by Eq
~4! only with the substitutionk→2k. Consequently, the same substitution also applies to the expression for the mid
field, which now is given byf (bm)522k. We can immediately write the magnetization as

m0M

B0
52ba2

ba
22bm

2

2k
2

ba
32bm

3

3k
1

a

k F2~12u!~ba2bm!1
ba

22bm
2

2
1

p

v
tan21

v~ba2bm!

~ba1u!~bm1u!1v2 1
q

2
ln

~ba1u!21v2

~bm1u!21v2G .
~8!

~iv! 2b* <ba<0. In this intervalB changes sign at some positionX0 , and sinceJc depends uponubu, two separate
functions,X(o)(b) andX( i )(b), will describe the profile. In the outer regionX0<X<1 the profileX(o) has the same shape a
during the initial stage, 0<Ba<B* . Thus the contribution toM from the current distributed in this region is simp
2M virgin(2Ba), whereM virgin is given by Eq.~5!. The induction profile in the inner region, 0<X<X0 , is found by integrating
Ampere’s law, X( i )5(m0w)21*B

BmdB8/Jc . Here the midplane induction,Bm , is determined by requiringX05X( i )

3(b50)512d(2ba), which is expressed by the relation

2k5~ba21!21~bm11!22212aFba2bm1
~u21!22v2

v S tan21
vba

u22uba1v22tan21
vbm

u21ubm1v2D
1~u21!S ln

~ba2u!21v2

u21v2 1 ln
~bm1u!21v2

u21v2 D G . ~9!
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The total magnetization can now be written a
M52M virgin(2ba)1*0

BmX( i )dB/m0 , or

M52M virgin~2ba!1M virgin~bm!1bmB0 /m0 . ~10!

~v! ba<2b* . In this range ofba the situation is the sam
as forba>b* , except now the direction of the supercurre
is reversed. In fact, the entire magnetization loop posse
the symmetryM (2ba)52M (ba).

III. FITS TO EXPERIMENTAL DATA AND DISCUSSION

Calculated magnetization loops for four different sets
model parameters are shown in Fig. 2. Figures 2~a!–2~d!
show how the secondary peak may appear increasingly
nounced in the large-field hysteresis loop. In Fig. 2~a!, the
contribution of the Lorentzian term is switched off (a50),
yielding a purely Kim-type magnetization loop. Such a lo
is indeed obtained after high-pressure oxygen loading
YBa2Cu3O72d crystals prepared in BaZrO3 crucibles.16

These crystals are practically free of metallic impuriti
which are in conjunction with oxygen vacancy clusters
sponsible for the microscopic origin of the fishtail shape.
shown in Ref. 20, oxygen removal from these samples bri
the FE shape gradually back. Figure 2~b! presents a magne
tization loop with a small contribution from the Lorentzia
,

t
es

f

o-

of

-
s
s

term ~a5500, b1525, andb2535!, resulting in a shallow
minimum and a small peak. Such loops are reported in
erature for thin DyBa2Cu3O72d single crystals~thickness
about 15mm! at temperatures around 40 K.6,12,13,21,22In ~c!,
a well-developed FE is shown with a deep minimum and
high peak~a5500, b1535, andb2525!. This situation can
be found on severalRBa2Cu3O72d ~R5rare earths! single
crystals and melt-processed samples at temperatures a
60 K.2,4,10,11Finally, Fig. 2~d! shows a magnetization loo
where the FE peak is dominating, and the low field pe
gives only a minor contribution to the loop~a51500,
b1535, andb2525!. This situation is encountered in rela
tively thick samples at elevated temperatures;23 an example
is given with the melt-processed NdBa2Cu3O72d sample
shown in Fig. 3. These various magnetization loops dem
strate clearly the flexibility of the model to simulate prac
cally all shapes of the FE described in literature.

To demonstrate quantitatively how experimental magn
zation loops can be fitted by the model, Fig. 3 presents m
surements on two different NdBa2Cu3O72d melt-processed
samples with dimensions 1.9231.8630.3 mm3 ~sampleA!
and 1.3831.1830.47 mm3 ~sampleB!. Both samples show a
Tc,onset of '94 K. The preparation procedure for the
samples is described in Ref. 24. The magnetization loops
recorded using a superconducting quantum interference
vice magnetometer with the external field applied perp
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dicular to the sample surface. The experimental curves il
trate two different situations where a central peak is pres
~sample A, T574 K!, and a typical loop ~sample B,
T577 K!, where the central peak is nearly vanished~i.e., the
peak width is smaller than the step size of the external fie!
and the irreversibility field is reached. To these data
model was best fitted using the following sets of paramet
B050.10 T, a5180, b1518, b250.9b1 , and k55.06
~sample A!, and B050.10 T, a52000, b1511.5,
b250.9b1 , andk50.07 ~sampleB!. The theoretical curves
drawn as full lines, clearly show that the present mode
capable of describing the experimental magnetization lo
very well. Only near the crossover into the reversible regim
which is not part of the model, the deviation becomes s
nificant.

In Fig. 4 we have plotted the field dependence of
critical current density inferred from the magnetization fi

FIG. 2. Magnetization curves with ascending~negativeM ! and
descending~positive M ! field branches for four different sets o
model parameters.~b! a5500, b1525, andb2535; ~c! a5500,
b1535 andb2525; and~d! a51500,b1535; andb2525. For the
widest hysteresis loop~d! also the virgin curve is plotted.
s-
nt

e
s;

s
s
,
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e
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For sampleA the Jc(B) rapidly declines from a maximum
value atB50 to a local minimum near 0.5 T. While a sim
lar behavior also follows if one assumesJc}DM , the strong
deviation from Bean model behavior makes the quantita
result for the low-field peak significantly different. Figure
shows the low-field behavior ofJc(B) for sampleA obtained
by the procedure advocated in the present work~graph 1!,
and by the usual Bean model interpretation~graph 2!. The
deviation between the two amounts to 40% near zero field
then changes sign and grows to approximately 10% near
T. It is evident that the overall shape of the low-field peak
Jc(B) is dramatically distorted when applying the Bea
model formula, which from the outset is an inconsistent a
proach.

In the plot of Fig. 5 the full penetration field o
B* 50.37 T, another result coming out of our model fittin
is indicated. AboveB* the two different ways of determin
ing Jc(B) deviates much less. In fact, forBa>B* the fol-
lowing general relation exists:17

DM ~Ba!5wJc~Ba!S 11
1

24
w2m0

2 d2

dBa
2 Jc

2~Ba!1••• D .

~11!

WhenDM has a shape containing a pronounced FE peak,
second derivative in the correction term could become lar

FIG. 3. Magnetization loops measured on two differe
NdBa2Cu3O72d melt-processed samples fitted by the present crit
state model@Eq. ~1!#. The measurements illustrate two typical sit
ations~upper,T574 K, sampleA; lower T577 K; sample,B!.
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Thus, a simple Bean model interpretation can give signific
errors also aboveB* . It turns out, however, that for the
parameters of sampleA the usual Bean model interpretatio
deviates less than 4% in the high-field region.

In contrast to sampleA, sampleB, where a central peak i
not present, shows the classical Bean behavior in the l
field region. Therefore, the errors produced by invoking
Bean model are much less in this case.

This analysis has shown that theB dependence ofJc for
samples displaying the FE can be found in a consistent
by fitting a critical-state model to the full magnetizatio
loop. In particular, when focus is set on the low-field beha
ior, e.g., to find scaling properties of the central peak and
the fishtail minimum, the procedure suggested in the pre
work avoids the severe misinterpretation produced by
Bean model formula whenJc has a strong field dependenc
at small fields.

IV. CONCLUSIONS

In conclusion, we have presented an extension of the c
cal state model in order to describe the fishtail phenome

FIG. 4. Inferred field dependence of the critical current dens
for samplesA andB.
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commonly found in bulk high-Tc superconductors. The de
rived expressions enable magnetization loops to be ea
fitted. In this wayJc(B) can be determined without invokin
the Bean model~with a constantJc!, and thus avoiding an
inconsistency in the analysis. Further work is planned w
the aim of relating the experimentally observed scaling
havior of the FE to the temperature dependence of the
rameters of the model, Eq.~1!.
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y
FIG. 5. Critical current density for sampleA in the low-field

region. Graph~1! is obtained by fitting the full magnetization loo
with Jc5Jc(B) as in Eq.~1!. Graph~2! presentsJc inferred using
the Bean model.
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