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Long-range phase-coherent effects in the transport properties
of mesoscopic superconductor–normal-metal structures
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We present a theory of long-range phase-coherent effects in the transport properties of a normal-metal film
contacting two superconductors. It is shown that the phase-coherent correction to the conductance exists even
though the spacing between the two superconductors largely exceeds the coherence length and the critical
Josephson current is exponentially small. This effect can appear as a Shapiro step or large conductance
oscillation caused by the magnetic field. Moreover, it is shown that in the case of negligible Josephson
coupling between superconductors, the Josephson effect can arise in the system if an additional current flows
through the normal conductor and a dissipation takes place~dissipative Josephson effect!. The amplitude of the
phase-coherent correction part of the conductance is discussed from the viewpoint of temperature, bias voltage,
magnetic field, and phase-breaking length dependence.@S0163-1829~97!07741-2#
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I. INTRODUCTION

There has been a great deal of interest in studying
transport properties of mesoscopic superconductor–nor
metal ~S/N! structures with dimensions less than the pha
breaking length Lf .1–5 Presumably some experiment
works were stimulated by theoretical papers.6,7 In Ref. 7 the
effect of Andreev reflections on the weak localization c
rections to the conductance was analyzed. It was predi
that the conductance of this system oscillates with increa
the phase difference between superconductors, and the o
lation amplitude is of the order ofe2/h. The observed effec
turned out to be much larger~more than one order of mag
nitude!. It was established later that the observed phenom
are related to the proximity effect.8–10 A condensate induced
in the N film of an S/N system~see Fig. 1! due to the prox-
imity effect leads to an increase in the N film conductan
There are two contributions of the condensate to
conductance;11 first, the density of states~DOS! of the N film
is decreased~this contribution diminishes the conductance!;
and second, there is another contribution of the condensa
the conductance which is similar, to some extent, to
Maki-Thompson term in the fluctuation paraconductivi
The last contribution equals the first one at zero energy~i.e.,
at zero voltageV and temperatureT! and exceeds it at highe
energies. Therefore the total change in the conductance
to the condensate is positive and depends onV and T in a
nonmonotonous way.11–14 It is interesting that the effect o
the condensate on the conductance has a long-range ch
ter; that is, a change in the local conductivity of the N fil
~or a change in the electric fieldE! does not vanish at dis
tances from the S/N interface much greater than the co
ence length in the N film given byjN5A\D/2pkBT ~hereD
is the diffusion constant in the N film andjN is supposed to
be shorter thanLf!. Long-range effects of this type wer
observed5 and analyzed in theoretical works.11,14,15 A par-
560163-1829/97/56~17!/11184~11!/$10.00
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ticular manifestation of the long-range effects—a possibi
to observe Shapiro steps in the absence of the dc Josep
effect in the system shown in Fig. 1~a!—was studied theo-
retically in a recent work of the authors.16

It was noted that the critical Josephson currentI CJ is de-
termined by states with energies of the order of thermal on
«'pkBT. The condensate amplitudeuFu for such energies
decays with distance from the S/N interface as

FIG. 1. Schematic top view of mesoscopic S/N/S junctions w
a symmetric configuration. The hatched areas are the contact
of a superconductor and a normal-metal film.~a! Two supercon-
ducting electrodes are formed on the normal-metal film and
film is terminated by normal reservoirs.~b! A normal-metal film is
connected with an S/N loop in which magnetic flux is almost qu
tized.
11 184 © 1997 The American Physical Society
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uFu}uexp~2k«ux2L1u!u}exp~2ux2L1u/jN!,

where

k«5A~22i«1\g!/\D,

and «5 ipkBT, whereg is the depairing rate in the N film
which is related toLf : Lf5AD/g ~assuming thatx.0!.
Meanwhile, a condensate contribution to the conductanc
caused not only by states with thermal energies, but also
states with low energies of the order of the Thouless ene
«L5\D/L2. At such energies the condensate functio
spread over the full length of the mesoscopic N film, i.
over the lengthL which is supposed to be less than t
phase-breaking lengthLf . The amplitude of the condensa
functions at such energies decays as exp(2ux2L1u/L). As
shown in Ref. 16, a peculiarity in the N film conductan
should appear at a voltage difference between supercond
ors VS when the Josephson relation is fulfilled:\v52eVS
~wherev is the frequency of the ac component of the b
voltage between superconductors!. Long-range phase
coherent effects of a similar type should arise in the sys
in Fig. 1 if the conductance of the N film is measured a
function of the phase difference between superconduc
which can be controlled, for example, by an applied m
netic field ~in this case the superconductors should be c
nected!. Under condition 2L1@jN the dc Josephson effect
negligible, but the conductance oscillations survive.

In this paper we present a theory of long-range pha
coherent effects in the transport properties of mesosc
systems shown in Fig. 1~a!. We calculate the temperatur
dependence of the Shapiro step and compare it with the
responding dependence of the dc critical Josephson cur
We also calculate the temperature and magnetic field de
dence of the conductance for the system shown in Fig. 1~b!.
Finally, we show by a simple model that the Josephson ef
may arise even if the Josephson coupling is exponenti
small in Fig. 1~a!. The effect appears only if an addition
current I flows between two normal reservoirs. The critic
current is proportional to the currentI .

II. THEORY

As in Refs. 10, 11, and 16, we restrict ourselves to
dirty case~l !jN , wherel is the mean free path! and assume
that the proximity effect is weak, that is, the amplitude of t
condensate induced in the N film by the proximity effect
much smaller than the condensate amplitude in the super
ductors. This assumption is valid if the S/N interface res
tance exceeds the resistance of the N film and allows on
carry out analytical calculations for any specific geometry
the system. On the other hand, results obtained for the
pendence of the conductance on different parameters~tem-
peratureT, bias voltageV, applied magnetic fieldH, etc.!
remain qualitatively the same in case of a strong proxim
effect when the condensate amplitude in the S and N fi
are comparable.

First we consider a stationary case when the phase di
ence between the superconductors is constant in time.
equation for the distribution functionf describing the electric
field and the current has the form16
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]x$JS1~]xf !@12m2~x!#%52kb
2wJ1•d~x6L1!. ~1!

Here

JS~«!5
1

4
Trŝz~ F̂R]xF̂

R2F̂A]xF̂
A!• f 0 ~2!

is the supercurrent per unit energy in the N film andkb
2

5(2Rbhsd)21, whereRbh is the S/N interface resistanc
per unit area,s is the conductivity of the N film,d is the
thickness of the N film, andw is the width of the S/N inter-
face. The current

J15JV1J0 , JV522~bsg1nns! f [2GVf ~3!

determines the charge transfer across the S/N interface
unit time. It consists of a dissipative currentJV and a non-
dissipative oneJ0 . Here,JV is the sum of two terms; one i
the subgap current~first term!, and the other is the usua
quasiparticle current which is proportional to the product
the densities of statesn andnS . The functionbsg determines
the subgap conductance18,19,21

bsg5~1/8!Tr~ F̂R1F̂A!~ F̂S
R1F̂S

A!. ~4!

In an SIS~here I denotes an insulator! Josephson junction
the so-called interference current is proportional to t
function.19 The nondissipative partial current through th
S/N interfaceJ0 is equal to

J05Trŝz$2 f 0~ F̂RF̂S
R2F̂AF̂S

A!

1~ f S02 f 0!~ F̂R1F̂A!~ F̂S
R2F̂S

A!%

[Jeq1Jneq. ~5!

The second term in Eq.~5!, Jneq, differs from zero only in a
nonequilibrium case when the distribution functions in S a
N films are different. In the case of a weak barrier transm
tance,f S0(«)5tanh(«b), b51/(2kBT) ~the electric potential
in superconductors is taken to be zero! and

f 0>@ tanh~«1eVN!b1tanh~«2eVN!b#/2.

In the caseL1@jN , the main contribution to the conduc
tance of the N channel is caused by the second term on
left in Eq. ~1!. The functionm2 is given by~see Refs. 11 and
12!

m25~1/8!Tr~ F̂R2F̂A!25~1/8!Tr@~ F̂R!21~ F̂A!222F̂RF̂A#.
~6!

The first two terms in Eq.~6! determine a change in the DO
of the N film due to the proximity effect. Indeed, the DOS
the N film equals

n5~1/4!TrŝZ~ĜR2ĜA!>12~1/8!Tr@~ F̂R!21~ F̂A!2#.
~7!

In derivation of Eq. ~7! we used the normalization
condition17 and assumed thatuF̂R(A)u are small. The last term
in Eq. ~6! is a function nonanalytical in both half-planes
the variable« ~the so-called anomalous function in Gor’ko
and Eliashberg’s terminology20!. This term gives the main
contribution to the conductance under conditionL1@jN .
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Equation~1! must be complemented by the boundary co
dition

f ~«,L !5FN~«![@ tanh~«1eVN!b2tanh~«2eVN!b#/2.
~8!

Here we assumed that the functionf («,L) has an equilib-
rium form at the reservoirs corresponding to the electric
tentials6VN . Integrating Eq.~1!, we obtain

J~«!L~11^m2&!5FN~«!2~kb
2wL1!JS/N~11^m2&1!.

~9!

Here ^m2&5L21*0
Ldx m2(«,x) and ^m2&1

5L1
21*0

L1dx m2(«,x). The constantJS/N is JS/N5Jneq

1JV . The termsJS and Jeq•(kb
2w) cancel each other, an

this can be checked using the explicit form of the functio
FR(A)(«,x) ~see below!.

The currentI through the N channel is expressed as
integral over all energies from the partial currentJ(«) ~Refs.
11, 19, and 21! by

I 5d~s/2e!E d«J~«!. ~10!

If we substituteJ(«) from Eq. ~9! into Eq. ~10!, we find the
current-voltageI (V) characteristic of the system. To do thi
we must determinêm2&, i.e., we must find the spatial dis
tribution of the functionsF̂R(A)(«,x).
N
m
e

m
b

-

-

s

n

Knowing F̂R(A) ~see Appendix A!, we can findJ(«) from
Eq. ~9! and calculate the currentI . We are interested in a
contribution dS to the dimensionless conductanceS
5RLdI/d(2VN) which depends onw:dS}cosw, whereRL
52L/sd and w is the phase difference between the sup
conductors. This contribution is caused by the term^m2&
and terms inJS/N . One can show that if the condition

«L[\D/L2!kBT!D ~11!

is fulfilled, the main contribution todS is determined mainly
by the so-called anomalous part,^m2&an, of ^m2&. One can
show that the last term on the right-hand side of Eq.~4! is
small under the condition of Eq.~11!. Therefore, we obtain
from Eqs.~9! and ~10!

dS52~b/2!E d«FN8 ~«!^m2&. ~12!

Here FN8 5@cosh22(«1eVN)b1cosh22(«2eVN)b#/2, ^m2&
5^m2& reg1^m2&an, ^m2& reg5(1/8)Tr̂ (F̂R)21(F̂A)2&, and
^m2&an52(1/4)Tr̂ F̂R(«,x)F̂A(«,x)&. In the temperature
regime satisfying Eq.~11!, one can neglect the part^m2& reg.
Using expression~A4! for F̂R(A)(«,x), one can easily find
^m2&an52~r 2/8!U D

AD22~«1 iGS!2U2

uuu22coswFUsinhu2U2H sinh2u18

2u8
~ ucoshuu222usinhuu22!

1
sin2u19

2u9
~ ucoshuu221usinhuu22!J 1S Ucoshu1

coshu U2

2Usinhu1

sinhu U2D S sinh2u28

2u8
2

sin2u29

2u9
D G , ~13a!

^m2& reg52~r 2/8!Re
D2

~«1 iGS!22D2 u22coswFsinh2u2H sinh2u1

2u
~cosh22u2sinh22u!1

u1

u
~cosh22u1sinh22u!J

1
sinh~2u2!22u2

2u H cosh2u1

cosh2u
2

sinh2u1

sinh2u J G . ~13b!
o the
n
r
At

on-
ue
Herer 5wrL/(Rbhd) is the ratio of the N channel and S/
interface resistances; this parameter is assumed to be s
And GS is the damping rate in the superconductor. Wh
kBT!D, the termuD/AD22(«1 iGS)2u2 can be replaced by
1. The specific resistivity in the N film isr. The functionu is
dependent on energy and related tok« :u5u81 iu95k«L,
u1,25k«L1,2, u1,25u1,28 1 iu1,29 .

In Fig. 2 we plot the temperature dependence ofdS/r 2 as
a function of temperaturekBT/«L . HeredS was calculated
for D554 cm2/sec,L150.5mm, L51 mm, andg5VN50.
This value ofD is typical for Ag or Cu as the N film1,5 and
providesjN5(81 nm)/AT, «L53.6mV, and the mean free
path l of about 40 nm. It is easily found that the syste
satisfies the conditionL, L1@ l . As the superconductor, N
all.
n

with D51.5 meV was used. In Fig. 2,dSan/r 2 anddSreg/r 2

are also plotted, wheredS5dSan1dSreg, anddSan anddSreg
are the phase-dependent conductances which are due t
^m2&an and ^m2& reg terms, respectively. It is clearly see
that dS50 at T50 and dS shows a reentrant behavio
against temperature. This can be explained by follows.
T50 the increase in the conductance due to Maki-Tomps
type fluctuation~dSan term! is the same as the decrease d
to the decrease in the density of states~dSreg term!. Here
dSan has a linear dependence ofT21 while dSreg has an
exponential dependence ofT21. Therefore,dS has a maxi-
mum value aroundT5«L /kB @see also Fig. 3~a!# and at
higher temperaturesdS is almost the same asdSan.

The critical currentI CJ is easily found from Eqs.~2!, ~10!,
and ~A4!. Substituting expression~A4! into Eq. ~2! and en-
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circling the integration contour in the upper half-plane forF̂R

and in the lower half-plane forF̂A, we obtain the supercur
rent

I S5I CJsinw, ~14a!

where

I CJRL

5~pkBT!r 2(
n50

`

Re
D2

D21~vn1 ieVN!2

sinh2~unL2 /L !

unsinh~2un!
.

~14b!

Here un5L@(2(vn1 ieVN)1\g)/\D#1/2 and vn
5pkBT(2n11). By using this equation for the same valu
of D, L, andD as used for the calculation ofdS and forg
5VN50, we can plotI CJ as a function of temperature in Fig
3~b!. We also plot the temperature dependence ofdS/r 2 as a

FIG. 2. Temperature dependences of the phase-coherent
ductances:dS ~solid line!, dSan ~dashed line!, and dSreg ~dotted
line! for L51 mm andL150.5mm.

FIG. 3. Calculated amplitudes of~a! the correction to the con
ductancedS and ~b! critical dc Josephson currentI CJ as a function
of the normalized temperaturekBT/«L . They were calculated for
L150.5, 0.6, 0.7, and 0.8mm ~from top to bottom! for bothdS and
I CJ.
function of temperaturekBT/«L for differentL1 ~from 0.5 to
0.8 mm! and under the same condition for the calculation
Fig. 2. It can be seen from the figure thatdS diminishes
slowly with increasing temperature~as T21 in the limit 2L
@jN!, whereasI CJ decreases exponentially. This means th
the phase coherency remains in the absence of the dc Jo
son effect. The phenomenon is related, as noted above, t
contribution of low-energy states to the kinetic characte
tics of the system. The phase coherency for such states
energies«<«L is spread over the full length of the mes
scopic system (L,Lf).

We plot the dependenceI CJ(V) in Fig. 4 for different
temperatures and nonzero values ofVN . One can see thatI C
changes sign with increasingVN . If condition ~11! is ful-
filled, I CJ changes its sign at a characteristic voltageeV
'(pL/2L1)«LAkBT/«L. One of the authors considered in a
earlier study the case when distanceL1 was smaller than
jN(«) at «'D, i.e., L1,A\D/D.22

In the calculation it is assumed thatL,Lf . In the case
whereL.Lf , dS decreases asT increases, and the effect o
Lf can be discussed by taking into accountg in the calcula-
tion, assumingLf5AD/g. Figure 5 showsdS as a function
of Lf for the same values ofD, L, and D as used for the
previous calculation ofdS and VN50. Here,dS decreases
rapidly whenLf becomes shorter than 2L52 mm. We turn
now to a nonstationary case.

A. Nonstationary case

We consider again the system shown in Fig. 1~a! and
calculate the conductance of the N film for the case whe
dc and ac voltageVS(t)5V01Vv cos(vt) is applied be-
tween the superconductors. As before, we find a correctio
the N film conductance due to the proximity effect of th
order ofr 2 and we employ the same scheme of calculation
presented above. In order to obtain the equation for the
tribution function, we need to write down an equation f
Keldysh’s function Ĝ taking into account tempora
derivatives.17 After averaging this equation over time an

on- FIG. 4. Critical currentI CJRN /r 2 as a function of the bias volt-
age VN at x5L1 . The critical current is calculated fora, T
50.1 K; b, 0.5 K; andc, 1 K and is normalized by its value fo
VN50.
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11 188 56ANATOLY F. VOLKOV AND HIDEAKI TAKAYANAGI
thickness, we arrive at Eq.~1! with the products
FRFR,FRFA, etc., replaced by their time-averaged valu
FRFR,FRFA, etc. The equation forF̂R(A) has the same form
as Eq.~A1!; the only difference is that the phasew is time
dependent: w(t)52eV0t/\1(2eVv /\v)sin(vt)1w0. Re-
peating the calculations carried out in the previous sect
we again obtain fordS the formulas~12! and ~13! with
cosw5J1(2eVv /\v)cosw0 at 2eV05\v andcosw50 other-
wise, whereJ1 is the Bessel function.16 Therefore a Shapiro
like step should appear on the dependence of the N cha
conductance as a function ofV0 if the Josephson relation i
fulfilled: V05\v/2e.16,26The step magnitude decreases w
temperature asT21, whereas the dc Josephson critical cu
rent decays withT exponentially as shown in Fig. 3~b!.

B. Conductance of the system in Fig. 1„b…

In this section we calculate the conductance of the sys
shown in Fig. 1~b! for a stationary case, i.e., the dependen
of the conductance on the applied magnetic field. The o
distinction from the case considered in Sec. II A is that
should take into account the conservation law for ‘‘flows’’
each node8

FIG. 5. CalculateddS as a function of the phase-breaking leng
Lf for various values ofL1 .
s

n,

nel

-

m
e
ly
e

(
i

niiF
R~A!50. ~15!

Hereni is the unit vector coming out of the node. Then w
obtain for F̂R(A),

F̂R~A!~«,x!52$rF̂ S
R~A!~«!/MR~A!~«!%sinh@k«

R~A!~L32x!#,
~16!

here 0,x,L3 , r 5(rL3w/Rbhd) is the ratio of the N chan-
nel resistance with a lengthL3 and a widthw @see Fig. 1~b!#
to the S/N interface resistances, and

MR~A!~«!5@u3$2 coshu3~coshu1sinhu2•sinhu1!

1sinhu3~sinhu1coshu2•sinhu1!%#R~A!

whereu1,2,3
R(A)5k«

R(A)L1,2,3 andu5u11u2 .
The correction to the conductance due to the proxim

effect is determined again by Eq.~12! with

^m2&5~r 2/2!$uM u22@sinh~2u38!/2u382sin~2u39!/2u39#

2Re~M !22@sinh~2u3!/2u321#%~11cosw!,

whereM is defined above,u1,2,35k«L1,2,3, u5u81 iu9, k«

5A(2i«1\g)/\D, g5g01DkH
2 , kH52pHw/F0 , and w

52pF/F0 . HereF is the magnetic flux in the loop andF0
is the magnetic flux quantum~see Appendix B!.

We calculated the dependence of the correction to
conductancedS on temperatureT, magnetic fieldH, and
bias voltageV. In the calculationD5120 cm2/sec, L15L2
5L350.5mm andw50.15mm. These values are the sam
as those measured experimentally for the Ag/Al junction.23 It
is also assumed thatg0 /D51012 m2 which corresponds to
Lf51 mm. In Fig. 6, dS for H50 as a function ofT is
plotted with changing the bias voltageV. It is found thatdS
has a maximum as a function of temperature and the t
perature wheredS shows a maximum increases asV in-
creases. In this junction«L is calculated to be abou
32meV50.37 K, and this value almost agrees with the te
perature wheredS shows a maximum. It is also found th
dS has a behavior likeT21 asT increases and this temper
ture dependence is, of course, the same as that fordS dis-
cussed in previous sections.
to

FIG. 6. CalculateddS/r 2 as a function of tem-

perature with changing the bias voltage from 0
0.1 mV.
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FIG. 7. CalculateddS/r 2 as a function of the
bias voltage with changing temperature for~a!
H50 and~b! H515 G.
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The bias voltage dependence ofdS is much stronger than
the temperature dependence;dS as a function ofV is shown
in Fig. 7~a! for H50 and~b! for H515 G. WhenT is low,
dS also shows a maximum as a function ofV. These figures
indicate thatdS should be measured at a low bias voltag
sincedS becomes extremely small at a high bias voltage

Next,dS as a function ofH is shown for various values o
V in Fig. 8. Here,dS oscillates due to the interference caus
by the magnetic field through the relationw52pF/F0 . The
amplitude ofdS corresponds to 26– 260e2/h for the junction
with normal resistances of 10–1V, assuming thatr 51. This
large oscillation has been confirmed experimentally for
junction with the structure shown in Fig. 1~b!.23

Finally, the effect of the phase breaking length ondS was
calculated. Figure 9 showsdS2H curves for various values
of g0 /D at T50.3 K. It was found thatdS is greatly affected
by the phase-breaking length.

III. JOSEPHSON EFFECTS IN THE ABSENCE
OF THE JOSEPHSON COUPLING

In this section we consider a more general case tha
Sec. II A. Namely, we assume dc and ac components
both currentsI and I 1 . It will be shown that even if the
critical Josephson currentI CJ is exponentially small and ca
be neglected~negligible Josephson coupling!, Josephson ef-
fects may arise in the system.24 The dc and ac Josephso
effects arise if the currentI , besides the currentI 1 , flows in
the system, and a dissipation takes place.

In order to make the analysis more understandable, a
plifying assumption is introduced. We suppose that the re
tances of the N channel and the S/N interface differ sligh
from their normal state values. It is valid, e.g., in a case
gapless superconductors, i.e., when the functionsF̂S

R(A) are
,

e

in
or

-
s-
y
f

small. This assumption is not essential, but allows one
greatly simplify the calculations and to make the physics
processes under consideration more transparent. Analy
nonstationary processes, we admit an adiabatic approx
tion (eVS,N!«L). Then, all formulas obtained previously re
main valid. Integrating Eq.~1!, we find

~]xf !@12m2~x!#5 H J1J12JS ,
J,

0,x,L1 ,
L1,x,L. ~17!

Integrating Eq.~17! again and taking into account the boun
ary conditions of Eq.~8!, we obtain for currents per uni
energy

~d/s!J5
FNRb1~FN2FS!R1

RbR1R1R2
, ~18a!

~d/s!~J12JS!5
FSR21~FS2FN!R1

RbR1R1R2
. ~18b!

When obtaining Eqs.~18a! and ~18b!, we took into account
finite values of potentials6VS at the superconductors~the
potential atx50 is taken to be zero!. Therefore, instead o
Eq. ~3!, one should writeJV5GV@FS2 f (L1)#, where the
distribution functionFS in the superconductors is assumed
be in equilibrium. Its form is determined by Eq.~8! with VN
replaced byVS . In the adiabatic approximation (eVS,N!«L
,kBT), nonequilibrium component inJ0 can be neglected
Therefore,J1 is determined by the expression

J15JS1~d/s!Rb
21@FS2 f ~L1!#, ~19!
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FIG. 8. CalculateddS/r 2 as a function of the
applied magnetic fields with changing temper
ture for ~a! the bias voltageV50, ~b! V50.028
mV, and~c! V50.042 mV.
e

r-
whereRb
215(w/Rbh)@nnS1bsg#. The quantityRb is an

energy-dependent S/N interface resistance. In the consid
case of small condensate functionsF̂S

R(A) andF̂R(A), this de-
pendence is weak~n'const, nS'const, andbsq!1!. The
energy dependences of the resistancesR1,25(L1,2r/d)(1
1^m2&1,2) andR5R11R2 are also weak because the co
rection due to the proximity effect^m2&1,2 is small. Integrat-
ing Eqs.~18a! and~18b! and taking into account Eq.~10!, we
find the relations between the currentsI and I 1 , and the
voltagesVS,N , in the adiabatic approximation
red
VS5IR1~w!1I 1@Rb~w!1R1~w!#,

VN5IR~w!1I 1R1~w!. ~20!

Here R(w)5R1(w)1R2(w); R1,2(w) and Rb(w) are ex-
pressed throughR1,2 andRb as

R1,2~w!5E
0

`

d«•b cosh22~«b!•R1,2'R1,22dR1,2cosw,

~21a!
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Rb~w!5E
0

`

d«•b cosh22~«b!•Rb'Rb2dRbcosw.

~21b!

Equation~20! has an obvious physical meaning. The volta
VS equals the sum of voltage drops across the region (0,L1)
and the S/N interface. The voltageVN equals the sum o
voltage drops across the regions (0,L1) and (L1 , L). Each
resistance depends on the phase difference in an exp
form. The small parts of the condensate contribution to
resistancedR1,2 are proportional to the square of the conde
sate functions and are connected with^m2& via the relation

dR1,252R1,2bE
0

`

d«•cosh22~«b!@^m2~w!&1,2

2^m2~p/2!&1,2#. ~22!

The averageŝm2&1,2 are defined in Eqs.~6! and ~9!. The
distinctions ofR1,2 andRb from their normal-state values ar
small and may be neglected.

The voltageVS is related to the phase difference via t
Josephson relation

2VS5\] tw/2e. ~23!

Excluding VN from Eq. ~20! and taking into account the
relation of Eq.~23!, we obtain forw

\] tw/4e1@~ I 1I 1!dR11I 1dRb#cosw5~ I 1I 1!R11I 1Rb .
~24!

Equation~24! is analogous to the Josephson equation fo
RSJ ~resistively shunted junction!. Integrating Eq.~24!, we
find the relation between the time-averaged voltageV̄S and
constant currentsI and I 1 , as

V̄S05@$~ I 1I 1!R11I 1Rb%
22$~ I 1I 1!dR11I 1dRb%

2#1/2.
~25!

The I 12V̄S0 dependence for different values ofI is shown in
Fig. 10. It has the form of theI 2V curve for a RSJ with the
critical currentI C which is equal, as follows from Eq.~25!,
to

FIG. 9. CalculateddS/r 2 as a function of magnetic field fo
g0 /D51.531012, 131012, and 531011 m2 ~from top to bottom!.
These values correspond toLf51.4, 1.0, and 0.8mm, respectively.
e

cit
e
-

a

I C5I
udR1•Rb2R1•dRbu

~Rb1R1!2 . ~26!

One can see thatI C is zero atI 50 and increases linearly
with I unless the voltage dropVN'IR becomes comparabl
with kBT/e ~otherwisedR1 decreases withVN!. The Joule
heating must also be negligible. If the condition

2L1.jN~T! ~27!

is fulfilled, the main contribution todR1 , as we mentioned
before, is due to the anomalous term̂m2&1an which de-
creases withT as T21. Meanwhile, the critical Josephso
currentI CJ anddRb are exponentially small. Indeed, ifkBT
,gS ~gS is the spin-flip scattering rate in superconductor!,
FS

R'FS
A'2 iD/\gS and the integral in Eq.~21b! can be cal-

culated by encircling integration with a contour in the upp
~or lower! half-plane of«. The interference part ofbsg @see
Eq. ~4!# decays with« and the characteristic energy of th
function is «L1 . Therefore, dRb;exp@22L1 /jN(T)#. At
R1dRb!RbdR1 andRb@R1 , we obtainI C'IdR1 /Rb .

If the condition of Eq.~27! is violated, the Josephso
critical currentI CJ should be taken into account and the to
critical currentI C* is not zero at any currentI

I C* 5AI C
2 1I CJ

2 . ~28!

This relation together with Eq.~26! determines the critica
current for any ratio betweenjN and 2L1 .

Let us finally consider the problem concerning ordina
Shapiro steps, i.e., concerning peculiarities on theI 12V̄S
curve in the presence of ac components of the currents

I ~ t !5I 1I VcosVt,
~29!

I 1~ t !5I 11I 1VcosVt.

FIG. 10. Current-voltageI 12V̄S0 characteristics of the S-N-S
junction in Fig. 1~a!. ~a! I 12V̄S0 characteristics forI 50, 2, 4, and
6 in arbitrary units~from bottom to top!. Each curve is calculated
for R1 /R50.1, dR1 /R150.1, dRb /Rb50.01 andRb51 V. Each
curve is shifted byIR1 /(R11Rb) in the current direction becaus
the I -V curve shifts fromI 150 by 2IR1 /(R11Rb) as shown in
~b!. ~b! Real I 12V̄S0 characteristics forI 56.
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Substituting these expressions into Eq.~24!, we can easily
find the height of the first Shapiro stepdI 1 on a part of the
I 12V̄S curve where it differs from Ohm’s law only slightly

dI 1•~Rb1R1!5U R1dRb2RbdR1

IR11I 1~Rb1R1!
UH uI 1VI u,

I VI 1u,
I V50,
I 1V50.

~30!

It follows from Eq. ~30! that, in the absence ofI (t), the
Shapiro step is absent if the condition of Eq.~27! is satisfied
and the Josephson critical currentI CJ is negligible. However,
when either the dc or ac component of the currentI (t) is not
zero, the Shapiro step arises on theI 12V̄S characteristics.
One can easily find the form of theI 12V̄S curve near the
Shapiro step. Considering large enough currentsI 1 , we ob-
tain for V̄S near the Shapiro step

V̄S5VV1@$V̄S02VV%22$I 1VI C~Rb1R1!2/2V̄S0%
2#1/2.

~31!

Here VV5\V/4e, and V̄S0 and I C are determined by Eqs
~25! and ~26!, respectively. Therefore, the form of theI 1
e

ag

t c
2V̄S characteristics is similar to a corresponding depende
for a RSJ.25

In our previous work16 we analyzed the possibility to ob
serve ac phase-coherent phenomena measuring Shapiro
on the I 12V̄S curve ~we assumed thatI V50!. Using Eq.
~20!, it is easy to calculate the height of the Shapiro step

dV̄N5~ I 1VI /V̄S0!udR~Rb1R1!2dR1•Ru. ~32!

In the considered case of a large S/N interface resistanceRb ,
the main contribution todV̄N is due to the first term in Eq
~32!. The value ofdR was calculated for the case of supe
conductors with a nonzero energy gap.16

The magnitude of the critical currentI C is determined by
the interference part of the condensate contribution to th
channel resistancedR1 which can be found from Eq.~22!.
Using the functionsF̂R(A) in Eq. ~A3!, we find for the inter-
ference part
^m2&1int5^m2~w!&12^m2~p/2!&1 ,

^m2&1int52~r 2/8!~ uFSu2usinhu2 /uu2$uPyu2@sinh~2u18!/2u181sin~2u19!/2u19#2uPxu2@sinh~2u18!/2u182sin~2u19!/2u19#%

1ReFS
2sinh2u2 /u2$Py

2@sinh~2u1!/2u111#2Px
2@sinh~2u1!/2u121#%!. ~33!
ct.
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Figure 11 showsdR1 /R1r 2 as a function of temperatur
kBT/«L for different L1 ~from 0.5 to 0.8 mm! and L
51 mm. Similar to the case considered in Sec. II, the m
nitude ofdR1 decreases withT asT21 in the order of mag-
nitude dR1'R1(r 2/8)«L1 /kBT ~if D>\gS! provided that
condition ~27! is fulfilled.

FIG. 11. Temperature dependence of the phase-dependen
rectiondR1 to the resistanceR1 . The normalized valuedR1 /R1r 2

is plotted forL150.5, 0.6, 0.7 and 0.8mm ~from top to bottom!.
-

IV. CONCLUSIONS

In the dirty limit we have calculated the correctiondS to
the conductance of the N channel due to the proximity effe
The proximity effect is assumed to be weak, that is, the c
densate functions induced in the N film are small; this cas
realized if the S/N resistance exceeds the N channel re
tance. We have shown that the correctiondS oscillates with
increasing the phase difference between superconduc
even in the case when the dc Josephson effect is neglig
and the supercurrent in the S/N/S junction is absent.

The amplitude ofdS oscillations decreases withT as
T21, whereas the magnitude of the Josephson critical cur
diminishes exponentially;I CJ'exp@22L1 /jN(T)# at 2L1

.jN(T). The phase coherency is related to the fact that
main contribution todS is due to the states with low energie
«'«L5\D/L2. The condensate functions at such energ
spread over the full length of the mesoscopic syste
uFR(A)u;uexp(2k«

R(A)x)u;exp(2x/L), where k«
R(A)

'A72i«/\D. The contribution to the critical currentI C is
caused by thermal energies«;kBT at which the condensat
functions decay exponentially over the coherence length
dc (V0) and ac (Vvcosvt) voltages are applied between s
perconductors a Shapirolike step appears on the depend
dS(V0) at V05\v/2e. The amplitude of this step decreas
with T asT21.

Using a simple model, in which the condensate functio
F̂R(A) and F̂S

R(A) as well as the distinction of all resistance

or-
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from their values in the normal state are supposed to
small, we have also considered the behavior of the S/
system shown in Fig. 1~a! at different currentsI and I 1 . It
has been shown that the Josephson effects may arise ev
negligible Josephson coupling (I CJ;exp@22L1 /jN(T)#!1).
The effective critical currentI C is zero atI 50 and increases
with increasingI while I remains smaller thankBT/eR. The
conditions for observing Shapiro steps have also been fo
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APPENDIX A

In this appendix we present expressions for the cond
sate functionsF̂R(A)(«,x). Using the expressions given her
one can easily calculatêm2&1,2 @see Eqs.~6! and~9!#. In the
considered case of smallF̂R(A)(«,x) these functions obey th
linear equation~see Refs.10 and 11!

]xx
2 F̂R~A!2~k«

R~A!!2F̂R~A!

522~kb
2w!d~x6L1!~ F̂S

R~A!2F̂R~A!!. ~A1!

Herek«
R(A)5A(72i«1\g)/\D and the functionsF̂S

R(A) are
defined in Eq.~2!. The boundary conditions to Eq.~11! are

F̂R~A!~«,6L !50. ~A2!

In the presence of a magnetic field, the vector poten
should be taken into account~see Appendix B!.

The solution of Eq.~A1! has the form@for brevity we
omit indicesR(A)#

F̂~«,x!5Fx~«,x!i ŝxsin~w/2!1Fy~«,x!i ŝycos~w/2!,
~A3!

where

Fx~«,x!5
r

u
FSH Pxsinhu2sinh~k«x!,

Pxsinhu1sinhk«~L2x!,
0,x,L1 ,
L1,x,L,

~A4a!

Fy~«,x!5
r

u
FSH Pysinhu2cosh~k«x!,

Pycoshu1sinhk«~L2x!,
0,x,L1 ,
L1,x,L.

~A4b!

Here r 5rLw/Rbhd is the ratio of the N channel and S/
interface resistances,u5u11u2 ,u5k«L, u1,25k«L1,2,
L25L2L1 , k«5A(2i«1\g)/\D, Px5@sinhu1(r/
u)sinhu1•sinhu2]

21, and Py5@coshu1(r/u)coshu1
•sinhu2#

21, wherew is the phase difference between the s
perconductors. In the case of ordinary superconductors
an energy gap, we have
e
/S

n at

d.

S

rt.

nt

n-

l

-
th

FS
R~A!5D/j«

R~A! and j«
R~A!5A~«6 iGS!22D2. ~A5!

Then Eq.~A1! is valid under conditionr !1. In case of gap-
less superconductors

FS
R~A!56

D

«6 igS
, ~A6!

wheregS is the spin-flip scattering rate which is assumed
be large as compared toD. In this case of smallFS

R(A) , Eq.
~A4! is valid for arbitraryr .

APPENDIX B

Here we establish a relationship between the phase di
ence w and the magnetic fieldH. In the presence of the
magnetic field, one has to take into account vector poten
A in Eq. ~A1!. It looks like

@]x1~2ie/c\!A#2F̂H
R~A!2~k«

R~A!!2F̂H
R~A!

522~kb
2w!d~x6L1!F̂S,H

R~A! . ~B1!

Making the transformation of the Green’s functions

F̂H
R~A!5SHF̂R~A!SH

1 , ~B2!

we excludeA from Eq. ~A1!. The transformation matrixSH
has the form

ŜH5cosxH1 i ŝzsinxH ,

where

xH52~e/c\!E
0

x

A dl.

The functionsF̂S
R(A) contain the phasex. The total gauge-

invariant phasex̃ is

x̃~x!5x1xH . ~B3!

In the N film @see Fig. 1~a!# we have

x̃~6L1!5x~6L1!2~e/c\!E
0~N!

6L1
A dl. ~B4!

In the presence of a magnetic field the phase differencw̃
5x̃(L1)2x̃(2L1) is

w̃5w2~e/c\!E
2L1~N!

L1
A dl. ~B5!

The index N means that the integration is performed over
N region. The condensate momentum in the superconduc
part is equal to

PS[]xx̃5]xx2~e/c\!A. ~B6!

Integrating Eq.~B6! over the superconducting part, we o
tain

E
~S!

PSde5w22pn2~e/c\!E
2L1~S!

L1
A dl. ~B7!

Excludingw from Eqs.~B5! and~B7!, we find the sought for
relationship betweenw̃ andH as
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w̃52p~F/F01n!2E
~S!

PSdl. ~B8!

Here F is the magnetic flux through the S/N/S system,F0
5hc/2e is the flux quantum, andn is an integer. The integra
in Eq. ~B8! is zero if either the magnetic flux does not pe
etrate into the superconducting strips or the critical curren
the S/N/S system is very small. If the magnetic field pe
etrates into theS strips uniformly, we obtain

E
~S!

PSdl5PSLS52eISLS /psD5~2eLS /psD!I Csinw̃.

~B9!
n

e

.

d.

ev

ns
n
-

Here LS is the length of the superconducting part. Here
used the formula for the supercurrent at low temperatu
(kBT!D):I S5(p/2)sDPS /e. The factor in front of sinw is
small, if I c is small enough. For example, in caseL1@jN we
have from Eq.~14b!

I C~2eLS /psD!>~r 2LS/2jN!exp~22L1 /jN!. ~B10!

That is, the factor in Eq.~B9! is small becauser !1 and
2L1.jN by assumption.
s.

n
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