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By using quantum theory, the magneto-optical~Faraday rotation, Faraday ellipticity! properties at photon
energies below 6 eV and the magnetic properties of the Pr31 ion in the Y3Fe5O12 garnet are analyzed in the
50–300 K temperature range. The strong enhancement of the Faraday rotation induced by the Pr presence
originates mainly from the intraionic electrical dipole transitions between the split 4f 2 and 4f 5d levels. It is
shown that the most important factor is the Pr-Fe superexchange interaction: if there is no Zeeman effect, no
magneto-optical~MO! effects exist. The ‘‘paramagnetic’’ and ‘‘diamagnetic’’ contributions to the MO prop-
erties are discussed in detail: if only the Zeeman effect on the ground state is taken into account, the para-
magnetic term which is strongly temperature dependent is obtained; on the contrary, if only the Zeeman effect
on the excited configuration is considered, the diamagnetic contribution which is temperature insensitive is
present. The observed MO properties result from these two components but are mainly determined by the
paramagnetic one; the MO resonance frequencies are related to the energies of the multiplets of the ground
term and of the excited configuration and to the crystal-field splitting of all these multiplets. Using this
approach, the theoretically calculated results of both Pr magnetization and MO effects are in good agreement
with experimental data. It is shown that the simultaneous treatment of the magnetic and MO phenomena is a
powerful tool to prove the correctness of the approach and of the so-determined parameters. Finally, it is
demonstrated that the mixing of the different multiplets of the ground term has a great influence on both
magnetic and MO properties.@S0163-1829~97!08038-7#
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I. INTRODUCTION

Magneto-optical~MO! effects have been observed in d
ferent types of materials including metals, semimetals, se
conductors and also ferrimagnets, antiferromagnets, fe
magnets, and a large variety of paramagnetic ions imbed
in solids. In metals, semimetals, and semiconductors,
properties reveal intraband~free carriers! and interband ab-
sorption and dispersion. In ionic magnetic solids, the ato
character of the valence electron disappears into en
bands while the remaining unfilled inner shells are stron
affected by spin-orbit coupling, electric crystalline field e
fects, magnetic exchange~or superexchange! interactions,
and important polarized transitions between the final ene
levels can arise. Experimental studies are usually perform
in transmission and reflection in one of two configuratio
Faraday configuration with the wave vectorq parallel to the
external magnetic fieldH ~or to the magnetizationM ! and
the Voigt ~Cotton-Mouton! configuration~q'H or q'M !. It
560163-1829/97/56~17!/11119~15!/$10.00
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should be noted that although in paramagnetic and diam
netic materials, MO effects are observed under applicatio
H only, in magnetically ordered crystals MO properties a
associated with the inherent spin structure, and can be
served in the absence ofH.

The spin-photon or MO interactions may be separated
ther into scattering and absorption processes or into magn
and electric dipole transitions, or into interactions via one
two magnetic ions; these three groups may be then divi
into first- and second-order MO effects. For example, in
microwave range, the para- and ferromagnetic resonance
related to a one magnetic ion-photon interaction wherea
the ferri, antiferro, and exchange resonances, a spin-ph
interaction via two magnetic ions is involved. In the visib
range, the circular magnetic birefringence~Faraday effect! is
a first-order interaction and the linear magnetic birefringen
~Cotton-Mouton or Voigt effect! is a second-order coupling
The first classification is well illustrated by the well-know
Kramers-Kronings relations which connect scattering and
11 119 © 1997 The American Physical Society
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sorption processes like the Faraday~Voigt! effect with circu-
lar ~linear! magnetic dichroism.1–3

In a schematic description of the Faraday~Kerr! rotation,
two types of MO phenomena have to be distinguish
‘‘diamagnetic’’-type rotation results from transitions from
nondegenerate ground level to a double-degenerate ex
level which is split by some perturbation; ‘‘paramagnetic
rotation originates from transitions from a double-degene
ground level which is split by some interaction to a nond
generate or double-degenerate excited level.

In simple systems, like transition metals Fe, Co, and N
has been shown by Oppeneeret al.4 that the magneto-optica
Kerr effect scales linearly with the spin-orbit coupling but
a rather complex function of magnetization~exchange split-
ting!. A similar conclusion about the effect of spin-orbit co
pling in the Kerr rotation in MnBi has been deduced
Misemer.5

As previously noted, many factors can split the grou
and excited states and there exist several kinds of transiti
so the quantum theory has to be used to study the diam
netic and paramagnetic MO effects. To our knowledge, th
is still a lack of the theoretical description of these effe
based on the quantum theory and the questions like w
kind of transitions, what interaction play the main roles
originating the MO effects, and what is the relative weight
the diamagnetic and paramagnetic MO effects have to
solved. In order to discuss these problems, the MO prope
of Pr-substituted iron garnets~Pr:YIG! will be considered,
the main reasons for this choice are detailed in the follow
paragraph.

Within the general formula $RxY32x%@Fe2#~Fe3!O12
(R:YIG), the magnetic and MO properties of the rare-ea
~Re!-substituted yttrium iron garnets result directly from t
atomic positions of the cubic space groupIa3d:R31 and
Y31 ions distributed over the dodecahedrally coordina
$24c% sites; octahedral sites@16a#, and tetrahedral (24d)
sites are occupied by the Fe31 ions. The corresponding sub
lattice magnetizationsMa andMd are strongly coupled anti
ferromagnetically because of the strong negative supe
change interactions through the oxygen ions between F31

ions on the two sites.6 As these interactions are not influ
enced by theR31 ion presence, the Ne´el temperature is the
same~560 K! in all RIG’s; consequently, theMa and Md
values are equal to those measured in$Y3%@Fe2#~Fe3!O12
~YIG!.7 In light rare-earth-substituted YIG, the rare-ear
sublattice magnetizationMc is, according to the ferrimag
netic arrangement of Ne´el’s model, parallel to the resultan
Fe31 magnetization (Md2Ma), which is usually written as
MYIG . So the macroscopic garnet magnetization is sim
equal toMc1MYIG . It should be mentioned that theR-Fe
superexchange interactions take place mainly between
of the $c% and @d# sites and are of the order of 25 K.8

The behavior of the magnetic ions depends not only
the superexchange interactions but also on the crystal
~CF! effect. Because the orbital angular momentum may
fully or partly quenched by CF in the crystal, the ionic ma
netic moment is usually, mainly at low temperature, sma
than the free-ion value and may present a strong magn
crystalline anisotropy.9 The anisotropies of the supere
change interaction and CF may lead to spin reorientation
~or! to the onset of noncollinear structure in the$c% sublat-
:

ted

te
-

it

d
s,
g-

re
s
at

f
e

es

g

h

d

x-

y

ns

n
ld
e

-
r
to-

d

tice as observed in some heavy~TbIG, DyIG, ErIG ...! and
light ~SmIG! iron garnets.10

In the garnet series, many ionic substitutions have b
studied. But as the garnet structure could not form with
lattice parameter greater than 12.540 Å, the Pr conten
limited to 1.33~value ofx! in bulk materials.11,12 However,
by using lattice phase epitaxy on high lattice parameter s
strates, the maximum amount that Pr in thin films can att
is 1.8.13 In the visible and infrared bands, the Faraday ro
tion ~FR! of Pr:YIG was observed as strongly negative wh
everx is, contrary to the Faraday rotation of YIG, which
considered as positive.14 To separate the light rare-earth co
tribution to the Faraday rotation, the hypothesis where
contribution of the two Fe31 sublattices is the same in a
RIG’s was used, since in these bands, the Fe31 absorption
spectrum is only very weakly affected by the substitution
Y31 by Pr31 ions.15 Furthermore, the magnetic momentm
~reported to one Pr31 ion! deduced from Ne´el’s model was
found to be nearly independent of the substitution rate.
nally, it was concluded that the single-ion model was a go
approximate description of both the observed magnetic
MO properties.14,16

The Pr substitution for yttrium in YIG results in a ver
strong enhancement of the Faraday rotation which ta
place without noticeable changes of the optic
absorption.17,18 Furthermore, it is one of the largest amon
the trivalent rare-earth ions. It should be noted that a str
increase of the Faraday rotation was also observed in cer
substituted YIG but because of the limitation of the Ce co
tent ~only a few percent! and ~or! the possible presence o
tetravalent Ce ions, the analysis of both magnetic and M
properties of Ce:YIG is a very delicate challenge. Accordi
to a previous work, where theoretical calculation of the P31

contribution to the Faraday rotation was based on the qu
tum theory, the intraionic electric-dipole transitions betwe
the different perturbation split levels of the 4f 2 and 4f 5d
configurations are of first importance.19 However, in this pre-
viously published paper only the Pr31 contribution to the
paramagnetic-type Faraday rotation at 1150 and 633
wavelengths was calculated at room temperature. In
work, the following properties of Pr:YIG will be calculate
simultaneously: the magnetization, the paramagnetic,
diamagnetic type and the full Faraday rotation and Fara
ellipticity induced by the Pr sublattice. On the one hand,
magnetic behavior originates from the split levels of t
ground configuration, on the other hand the MO phenom
depend not only on the splitting of the ground configurati
but also on the splitting of the excited configuration, so t
comparison with the different experimental data is help
for studying the origin of the MO effect and magnetizatio
and for determining the correctness of the model and par
eters used.

The arrangement of this paper is as follows: in Sec. II
temperature dependence of the Pr magnetic moment is
culated and compared to the experimental data with atten
paid to the determination of the crystal-field and exchan
parameters. In Sec. III, the origins of the paramagnetic
diamagnetic contributions to the MO effects are analyzed
details; the relative weight of these contributions to the f
Faraday rotation is then discussed. The influence of the m
ing of the different multiplets of the ground term induced
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CF on both magnetic and MO properties is treated in S
IV. In each of these sections, we present first a general
oretical description adapted to the case of the rare-earth
in insulators and then compare the theoretical and exp
mental results. Finally, the conclusions issued from this w
are given in Sec. V.

II. CALCULATION OF THE MAGNETIC MOMENT

The magnetic moment of the considered ion is determi
by the successive splittings of the ground configuration
duced by spin-orbit~SO!, crystal-field, superexchange, an
external magnetic-field interactions. Usually, the energy g
between the ground term and the higher-lying terms of
ground configuration are large enough, and the influenc
the higher-lying terms to the splitting of the ground term
negligible especially for the lower-lying multiplets. So, on
the ground term needs to be considered in the calculat
The strengths of the SO and CF interactions are usually c
parable and much larger than those of the superexcha
interaction and external magnetic-field perturbations. Fina
the perturbation calculation has to be carried out with
following order of priorities:HSO1HCF andHexch1Hext;
hereHso, HCF, Hexch, andHext are the spin-orbit coupling
crystal-field, superexchange interaction, and exter
magnetic-field Hamiltonian, respectively.

At first, the splitting of the ground term induced by th
spin-orbit and crystal-field interactions is calculated by so
ing the following secular equation:

i^ i uHSO1HCFu j &2Ed i j i50, ~1!

where the bra and ket include all the states of the gro
term multiplets.

If the CF and SO split levels are degenerate, they will
split further by the superexchange interaction or~and! exter-
nal magnetic field. Then the occupation probability of t
various sublevels of each CF and SO split level will diff
and this CF and SO split level will have a net contribution
the magnetic moment. For non-Kramers’ ions, some~or all!
CF and SO split levels may be nondegenerate and such
els do not contribute to the magnetic moment. But if t
energy gap~s! between two~or more! CF and SO split non-
degenerate levels is~are! small, these levels will be mixed b
the superexchange interaction and~or! external fields and the
so-mixed levels will now have a non-negligible contributio
to the magnetic moment.

For both cases, the correction ofHexch andHext to high-
order perturbation can be obtained by solving the follow
secular equation:

i^ i uHSO1HCF1Hexch1Hextu j &2Ed i j i50, ~2!

where u i & and ^ i uHSO1HCFu i & are the eigenwave function
and eigenenergies obtained by solving Eq.~1!. Because the
occupation probabilities of high-lying CF and SO split leve
are small, usually only some low-lying levels need be
cluded in Eq.~2!. It should be noted that even if the CF an
SO split levels are degenerate, the high-order perturba
correction should be taken into account when the ene
gaps between different CF and SO split levels are small

The ionic magnetic moment, at a temperatureT, is given
by
c.
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^gu~Lz12Sz!ug&rg , ~3!

whereug& is the CF-SO split and superexchange-interact
Hext-mixed ~or split! state whose occupation probability
expressed as

rg5exp~2Eg /kT!Y (
g

exp~2Eg /kT!. ~4!

Néel theory20 reduces to the assumptions that the super
change interaction acting on the rare-earth ions in rare-e
iron garnets can be expressed as

Hexch52mBHexchSz , ~5!

whereHexch is the exchange field and is proportional to t
resultant spontaneous magnetization of the Fe31 sublattices
MYIG :

Hexch5n0~11gT!MYIG . ~6!

It is noted that, strictly speaking,n0 is not the classical mo-
lecular coefficient since the proportionality between the m
lecular field andHexch is included in it. Furthermore Eq.~5!
can be used at the same time with the samen0 andg values,
for all the multiplets of the ground term.MYIG is temperature
dependent and, in this work, values of theMYIG deduced
from the nuclear magnetic resonance experiments by
nano, Hunt, and Meyer7 will be used.

The challenge was to fit simultaneously to the temperat
dependences of both the magnetic and MO~Faraday rotation
and Faraday ellipticity spectra! properties with attention paid
to the resonance frequencies below 6 eV photon ene
since in Ref. 19 only the room temperature Faraday rota
have been considered.

At first, the splitting of the ground term induced by th
spin-orbit and crystal-field interactions was calculated
solving Eq.~1!. Since the Pr31 ion is of the non-Kramers’
type, each CF and SO split level is nondegenerate in theD2
symmetry environment. The ground (4f 2) configuration of
the free Pr31 ion contains three spin-triplet terms~ 3H, 3F,
3P!, the 3H term being the ground term. According to th
book by Martin, Zalubus, and Hagan,21 the average energie
of these three terms are 2446, 6176, and 22 580 cm21, re-
spectively, and the energies of the three multiplets3H4 ,
3H5 , 3H6 of the 3H term are 0, 2152, and 4389 cm21, re-
spectively. Note that all these values were determined
optical spectroscopy.

The determination of the CF parameters was rapi
found to be a crucial question. In a first attempt, we disc
ered that the CF parameters calculated by the point-ch
model were, several times, too small to fit the Pr:YIG Fa
day rotation observed at 1150 and 633 nm wavelengths
at room temperature.19 From the study of the spin
reorientation in SmIG, Nekvasilet al.22 concluded the same
failure of the point-charge model for the Sm31 ion. In our
second attempt, we used, as Pr31 CF parameters, the Sm31

values of Ref. 22 with a corrective factor taking into accou
the difference between the Pr31 and Sm31 radii. Although a
reasonable agreement between theoretical values and
day rotation room-temperature data was found as previo
mentioned in Ref. 19, only a very poor fit of the magnetiz
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TABLE I. The parameters of the CF upon the Pr31 ions in YIG ~in cm21!.

A20̂ r 2& A262^r
2& A40̂ r 4& A462^r

4& A464^r
4&

4 f 2917 353 28 413 425 1 274
5d 24403 1696 2155 928 8020 65 180

A60̂ r 6& A662^r
6& A664^r

6& A666^r
6&

4 f 3066 2301 1085 136
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tion temperature dependence and of the resonance freq
cies was obtained. But as the strong temperature depend
of Faraday rotation has also to be explained, we were c
strained to modify the initial set of the CF parameters.

According to Eqs.~2!–~5!, it is worth noting that both
magnetic and MO properties are influenced not only by
CF parameter set but also by the superexchange field.
reminded that the set of Ref. 19 has to be associated wit
exchange field of 480 kOe at room temperature. Finally,
best fit of all the considered properties leads to the nonz
CF parameters reported in Table I, ton0 equal to 25.0
3104 Oe/(mB /one formula of YIG), and to g is 1.85
31023 K21. These values are used in this section and in
the following sections. It is worth pointing out that the sig
and the order of magnitude of each nonzero CF parame
are the same as those of Ref. 19.

The energies of the lowest 12 and the highest level of
CF and SO split levels of the ground term obtained by so
ing Eq. ~1! are listed in Table II. The corresponding wav
functions of the lowest three levels and the seventh and t
levels are listed in Table III. From this table, it can be se
that the lowest two levels can be mixed by the super
change interaction~or Hext!, however the third level canno
be mixed with the lowest two levels by the superexchan
interaction orHext. The fourth, fifth, and sixth levels~for
simplicity, the wave functions of these levels are not listed
the table! also cannot be mixed with the lowest two leve
The energies of the lowest two higher levels, which can
mixed with the lowest two levels, are 178.4 an
1683.8 cm21. The energy differences between them and
lowest two levels are larger than 1300 cm21, which is so
large that the mixing of the lowest two levels with the high
levels induced by the superexchange interaction orHext is
negligible. So, in calculating the Zeeman effect of the low
two levels, only these two states were included in Eq.~2! and
the effect of other higher levels were neglected. The th
level can also be mixed with some other levels and ha
contribution to the magnetic moment. However the energy
the third level is about 680 cm21 higher than the second one
the occupation probability of this level is very small. Ther
fore it was neglected in the calculation of the magnetizat
and Faraday effect. Because of the same reason other l
were also neglected in the calculation. The so-obtained e
gies, were functions, average magnetic moments, and o
en-
nce
n-

e
is
an
e
ro

ll

rs

e
-

th
n
-

e

n
.
e

e

r

t

d
a
f

-
n
els
r-
u-

pation probabilities of the lowest two CF-SO split an
superexchange-interaction-mixed levels are listed in Ta
IV.

The calculated magnetic moment with the measured
ues obtained by Leycuraset al.14 are listed in Table V. Con-
sidering the measurement error~20%!, the theoretical values
are in good agreement with the measured ones except t
at low temperatures. This discrepancy may originate fr
the onset of nonlinear magnetic structures in the$c% sublat-
tice as observed for many heavy rare-earth iron garnets.10

Now we would like to present some comments about
previous determination of the CF parameters. Many wo
have been devoted to the crystal-field effects upon the r
earth ions in various magnetic compounds. For some r
earth transition-metal intermetallics, the magnetic proper
were well interpreted by the CF parameters calculated w
the point-charge model but the CF shielding factors w
often determined by fitting the experimental data.23,24 For
RIG’s and rare-earth trifluorides, the parameters of the
upon the rare-earth ions were deduced generally from ei
the optical or~and! magnetic data. The sets of CF paramet
proposed by different authors are not usually in go
agreement25,26and it is found that these parameters appea
be strongly sensitive to the nature of the next-nearest ne
bors, even though the electric charges of the neighbors
the same.27,28Furthermore, attention has to be paid to the
determined in Ref. 19: the changes of the rare-earth nea
and next-nearest neighbor distances, when passing f
SmIG to Pr:YIG, have not been taken into account. Fr
these facts, we can conclude that the set of CF parame
used in this paper, which is obtained according to the Sm31

set of Ref. 22 with the corrective factor mentioned abo
and is made to fit both the experimental magnetic and M
~see next sections! data, is reasonable. One reason that
correct values of Faraday rotation atl equal to 1150 and 633
nm, and at room temperature, can also be explained by u
the old set of the CF parameters19 is as follows: these wave
lengths are far from MO resonance frequencies, so the
aday rotation is not very sensitive to the accurate location
the resonance frequencies.

Now we will have some discussions about the super
change interaction. The thermal evolution of the exchan
field coefficient, to the first-order approximation, is e
pressed asn0(11gT). The temperature dependence of t
exchange-field coefficient is first attributed to the therm
TABLE II. The energies~in cm21! of the lowest 12 and the highest CF-SO split levels of the ground term of the Pr31 ion.

4 f 2 21140.95, 21123.70, 2448.32, 282.36, 105.38, 145.54, 178.40
260.19, 269.71, 1683.81, 1702.6, 2028.2, ...5657.3
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TABLE III. The wave functions of the lowest three and the seventh and tenth CF-SO split levels
ground term of the Pr31 ion. Here and in Tables IV and VII, the representationuJ,Jz& is used, so, for
example,u4,3& represents the wave functionuJ54, MJ53& (L55).

Energy (cm21) Wave function

21140.95 20.696 54u4,3&10.042 84u4,1&20.042 84u4,21&
10.696 54u4,23&
10.010 95u5,5&20.112 39u5,3&20.002 27u5,1&
20.002 27u5,21&
20.112 39u5,23&10.010 95u5,25&10.001 44u6,5&
20.012 76u6,3&
20.008 13u6,1&10.008 13u6,21&10.012 76u6,23&
20.001 44u6,25&

21123.70 0.692 85u4,3&10.072 38u4,1&10.072 38u4,21&
10.692 85u4,23&
20.007 57u5,5&10.120 33u5,3&10.004 79u5,1&
20.004 79u5,21&
20.120 33u5,23&10.007 57u5,25&20.000 82u6,5&
10.011 75u6,3&
20.004 51u6,1&20.004 51u6,21&10.011 75u6,23&
20.000 82u6,25&

2448.32 0.066 45u4,4&10.700 32u4,2&10.051 02u4,0&
10.700 32u4,22&
10.066 45u4,24&20.016 57u5,4&10.054 22u5,2&
10u5,0&
20.054 22u5,22&10.016 57u5,24&20.005 77u6,6&
20.007 76u6,4&
10.022 91u6,2&20.002 86u6,0&10.022 91u6,22&
20.007 76u6,24&
20.005 77u6,26&

178.40 20.049 83u4,3&10.692 99u4,1&10.692 99u4,21&
20.049 83u4,23&
10.026 86u5,5&20.128 40u5,3&10.007 70u5,1&
20.007 70u5,21&
10.128 40u5,23&20.026 86u5,25&10.000 64u6,5&
10.000 22u6,3&
10.004 11u6,1&10.004 11u6,21&10.000 22u6,23&
10.000 64u6,25&

1683.80 20.115 33u4,3&20.126 32u4,1&10.126 32u4,21&
10.115 33u4,23&
10.073 17u5,5&10.659 31u5,3&10.127 30u5,1&
10.127 30u5,21&
10.659 31u5,23&10.073 17u5,25&20.035 63u6,5&
10.113 25u6,3&
20.020 00u6,1&10.020 00u6,21&20.113 25u6,23&
10.035 63u6,25&
ex
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n
d
the
lattice expansion. When we refer to the variation of the
change integralA versus (d22r ) for many 3d, 4d, and 4f
metals or alloys~d is the distance between two nearest ato
and r is the orbital radius of the 3d, 4d or 4f electronic
shell! proposed in 1936 by Ne´el,29 it is easily concluded tha
when temperature increases, the superexchange intera
may be either weakened or enhanced depending on the
acteristics of the considered ion and on the ion-next-near
neighbor distance. In other words,g may be negative or
positive. Furthermore, it should be noted that the ab
analysis is based on the mean-field approximation, in wh
no correlation effects are introduced. Generally, these eff
are expected to improve the quality of the theoretical ana
-

s

ion
ar-
st-

e
h
ts
-

sis; since they are stronger at low temperatures, they
also contribute to theg coefficient in Eq.~6!.

Let us now discuss further the difference between the
change and the classical molecular (Hm) fields. In the mo-
lecular field approximation, the Zeeman Hamiltoman is wr
tenmBHm(2Sz1Lz), and the molecular field is expressed
Hm5n08(11g8T)MYIG . From the comparison with Eq.~5!,
we conclude that for one state, the ratioHexch/Hm is equal to
^(2Sz1Lz)&/^2Sz&, here ^Sz& represents the expectatio
value of the operatorSz in this state. When only the groun
multiplet is taken into account, this ratio is a constant and
Hamiltonian Eq.~5! and the HamiltonianmBHm(2Sz1Lz)
are equivalent. But because of the values of^(2Sz
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TABLE IV. The energies~in cm21!, occupation probabilities (rg), magnetic moment~m, in mB / ion!, and
wave functions of the lowest two CF-SO split and superexchange-interaction-mixed levels of the groun
at 294 K.

Energy rg m Wave function

21 154.41 0.5539 2.029 36 20.197 50u4,3&10.075 71u4,1&10.004 31u4,21&
10.963 44u4,23&10.004 94u5,5&20.027 14u5,3&
10.000 76u5,1&20.004 54u5,21&20.160 18u5,23&
10.013 31u5,25&10.000 75u6,5&20.004 14u6,3&
20.009 26u6,1&10.004 28u6,21&10.017 12u6,23&
20.001 65u6,25&

21 110.19 0.4461 22.029 36 0.962 41u4,3&10.036 64u4,1&10.084 00u4,21&
10.192 40u4,23&20.012 36u5,5&10.162 41u5,3&
10.005 25u5,1&20.002 74u5,21&20.038 13u5,23&
10.000 26u5,25&20.001 47u6,5&10.016 84u6,3&
10.000 74u6,1&20.008 25u6,21&10.002 74u6,23&
10.000 12u6,25&
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1Lz)&/^2Sz& are different for different multiplets, when th
free-ion model ceases to be valid, the relation between
exchange and molecular fields becomes complex mainly
cause of the mixing of different multiplets by the crystal fie
~see Sec. IV!. Therefore when this mixing cannot be n
glected, the superexchange interaction should be expre
by the Hamiltonian Eq.~5! and the exchange field. Howeve
it is expected that the value range ofg is more or less alike
that of g8, though in many rare-earth garnets, the mixing
the different multiplets of the rare-earth ions is not negligib
and the value ofg is not the same asg8 obtained by using
mBHm(2Sz1Lz) as the Zeeman Hamiltonian and neglecti
the influence of the higher-lying multiplets. This conclusi
explains why the molecular field coefficient andg8 values
reported by Krinchiket al.30 for Nd, Sm, Gd, Dy, and Yb
iron garnets are strongly influenced by the nature of the
earth, for example,g8 varies from20.6331024 ~YbIG! to
1.131023 K21 ~TbIG!. Finally, we can conclude that~i! the
g value determined for the PrYIG garnet in this work lies
a very reasonable range of magnitude;~ii ! our n0 ~25.0
3104 Oe/~mB/one formula of YIG! and g (1.85
31023 K21) values lead to an exchange field which
weakly temperature dependent~2280 to 2300 kOe! in the
100–300 K temperature range. The important role of thg
value is illustrated through the following numerical e
amples: according to our calculation, the above-mentio
n0 andg values correspond to a magnetic moment equa
0.22 ~at 294 K! and 0.64mB per Pr31 ion ~at 100 K!, respec-
tively; changing only theg sign (g521.8531023 K21)
and keepingn0 constant lead to a strong decrease of
rare-earth magnetization, which is now equal to 0.060~at
295 K! and 0.45mB per Pr31 ion ~at 100 K!, respectively,
except at very low temperatures.
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Finally, it should be pointed out that spin-orbit interactio
splitting of the 3H term is about 4000 cm21 as mentioned
above, while the splitting induced by the crystal field and
the superexchange interaction are estimated to be 1000
50 cm21, respectively. So the order of priority in the pertu
bation calculation, which is presented at the beginning of t
section, can be applied for the analysis of magnetic and
properties of the Pr31 ions in the garnet structure. We em
phasize that both the spin-orbit and crystal-field interactio
should be taken as the first perturbation correction, otherw
the mixing of different multiplets induced by the crystal-fie
cannot be correctly introduced. It will be proved in Sec.
that such a mixing influences strongly both the magnetic
MO properties.

III. THE CALCULATION OF FARADAY EFFECTS

For each nonequivalent magnetic site, the specific Fa
day rotation and Faraday ellipticity caused by the elec
dipole transitions are given, according to Refs. 31 and 32

uF5
pN~n212!2e2

9cn\

3(
ng

Ang

v2~vng
2 2v22Gng

2 !

~vng
2 2v21Gng

2 !14v2Gng
2 rg , ~7!

c5
pN~n212!2e2

9cn\ (
ng

Ang

vGng~vng
2 1v21Gng

2 !

~vng
2 2v21Gng

2 !14v2Gng
2 rg ,

~8!

where
TABLE V. The calculated and measured magnetic moment of a Pr31 ion ~in mB / ion! at various temperatures.m* is the calculated value
without taking the mixing of different multiplets of the ground term into account.

T ~K! 294 255 200 150 100 50 4.2
m ~cal! 0.22 0.26 0.34 0.44 0.63 1.10 1.99
m ~meas! 0.25 0.25 0.34 0.41 0.56 0.90 1.56
m* 0.18 0.21 0.28 0.36 0.52 0.92 1.73
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Ang5u^nuV2ug&u22u^nuV1ug&u2. ~9!

In Eqs.~7! and~8!, N is the number of ions on each consi
ered site,Gng are the half-widths of resonance lines, the de
nition of ug& has been given in Sec. II, which are the sp
states of the ground configuration with energyEg , un& are
the split states of the excited configuration with energyEn ,
andhvng /(2p)5En2Eg , n is the mean refractive index o
the crystal.eV6 are the electric dipole moment operators f
right- and left-handed circularly polarized light:

eV65e(
k

@x~k!6 iy~k!#. ~10!

rg is the occupation probability of each stateug&. To calcu-
late the Faraday rotation and Faraday ellipticity, besi
those of the ground configuration, the CF-SO split a
superexchange-interaction- and~or! Hext-mixed ~or split! en-
ergy levels and the corresponding wave functions of the
cited configuration must be calculated by solving Eqs.~1!
and ~2!, respectively.

As the spin-orbit interaction of the excited configurati
is larger than that of the ground configuration, the energie
the lower multiplets of one term in the excited configurati
may be below the energies of the higher multiplets o
neighbor term, although the average energy of this la
term is smaller than that of the former. Furthermore,
crystal-field interaction on the excited configuration is larg
than that on the ground configuration. Therefore, the mix
of different terms induced by the crystal field is genera
important, and consequently when we solve Eq.~1!, all the
excited configuration terms having a spin-angular mom
tum quantum number identical to that of the ground te
have to be considered. It should be noted that, contrary to
ground configuration, not only the lower levels but also t
higher levels of the excited configuration contribute to t
MO effects. Finally, for the excited configuration, the ene
gies and wave functions of the CF-SO split a
superexchange-interaction- and~or! Hext-mixed ~or split!
states are determined by solving Eq.~2!, the bra and ket
including all the CF and SO split states.

A. Paramagnetic-type Faraday effects

The MO effects do not exist in absence of the Zeem
effect on both the ground and excited configurations;
reason is that the sum of the values ofAng corresponding to
the electric dipole transitions from all the states of any
and SO split level of the ground configuration to all the sta
of any CF and SO split level of the excited configuration
equal to zero. The origin of the so-called paramagnetic t
Faraday rotation can be summarized as follows. Suppos~i!
for the ground configuration, there exist either two nond
generate CF-SO split states which will be mixed by the
perexchange interaction and~or! the external field or two
states of a double degenerate CF-SO split level which wil
now split by the superexchange interaction and~or! external
field @in the following, the two CF-SO split and
superexchange-interaction-and~or! Hext-mixed ~split! states
will be expressed byug1& and ug2&, respectively#; ~ii ! the
Zeeman effect of the excited configuration is neglect
Now, the value ofAng corresponding to the electric dipol
-
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transitions fromug1& to any CF and SO split level of the
excited configuration and the value ofAng corresponding to
the electric dipole transition fromug2& to the same level of
the excited configuration have the same magnitude and a
opposite sign.

In the following, we defineuF(ng) and c(ng) as the
Faraday rotation and Faraday ellipticity induced by the el
tric dipole transition from one stateug& to one stateun&,
respectively, given by

uF~ng!5
pN~n212!2e2

9cn\
Ang

v2~vng
2 2v22Gng

2 !

~vng
2 2v21Gng

2 !14v2Gng
2 ,

~11!

c~ng!5
pN~n212!2e2

9cn\
Ang

vGng~vng
2 1v21Gng

2 !

~vng
2 2v21Gng

2 !14v2Gng
2 ,

~12!

assuming that the occupation probability of the stateug& is
equal to 1.

Now, we return to the two CF-SO split an
superexchange-interaction- and~or! Hext-mixed ~split! states
of the ground configuration described above. The elec
dipole transitions fromug1& and ug2& states to the sameun&
state have almost the same resonance frequency. If the
ference between these two resonance frequencies is
glected, we have

uF~ng1!52uF~ng2!, ~13!

c~ng1!52c~ng2!. ~14!

But it is worth noting that the occupation probabilities
ug1& and ug2& states are different, hence we get

uF~ng1!rg11uF~ng2!rg2Þ0, ~15!

c~ng1!rg11c~ng2!rg2Þ0. ~16!

We conclude that the electric dipole transitions from the
two states to the stateun& result in Faraday rotation an
Faraday ellipticity. The magnitude of both the Faraday ro
tion and Faraday ellipticity induced by such transitions d
pends sensitively on the difference of the occupation pr
abilities and then on the temperature and are usually na
the ‘‘paramagnetic-type’’ Faraday rotation and ellipticity.

For the Pr31 ions, the lowest parity allowed excited con
figuration (4f 5d) has the following five spin-triplet terms
3F, 3G, 3H, 3D, and 3P with two of them~ 3H and 3G!
involved in the allowed electric dipole transitions from (4f 2)
3H term. However, the3G (3D) lowest multiplet lies below
the 3F(3H) highest multiplet and the mixing of various spin
triplet terms induced by CF cannot be neglected. So, in
calculation of the CF splitting of the 4f 5d configuration, the
bra and ket in Eq.~1! have to include all the spin-triple
multiplets. The diagonal matrix element values,^ i uHsou i &,
were also taken from the book by Martin.21 The spin-triplet
multiplets are split into 105 nondegenerate states by CF;
energies and the wave functions of these levels were de
mined by using the CF parameters of Table I. The energ
were found in the 23 055– 97 120 cm21 range. But because
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FIG. 1. The split energy levels of the 4f 2 and 4f 5d configurations and the electric dipole transitions between them.~a! the energies of
some multiplets and CF-SO split levels, no MO transitions between them;~b! the CF-SO split 4f 5d levels and CF-SO split and
superexchange-interaction-mixed 4f 2 levels, the electric dipole transitions between them result in the paramagnetic Faraday effect;~c! the
CF-SO split 4f 2 levels and CF-SO split and superexchange-interaction-mixed 4f 5d levels, the electric dipole transitions between them res
in the diamagnetic Faraday effects;~d! the CF-SO split and superexchange-interaction-mixed 4f 2 levels and 4f 5d levels, the electric dipole
transitions between them result in the full Faraday effect.
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of the selection rules, only four levels of the excited config
ration whose energies are 23 055, 23 700, 34 169,
37 228 cm21, respectively, yield large contributions to th
Faraday rotation and ellipticity below 6.0 eV photon ener
~207 nm wavelength!. Here the energy of the multiplet3H4
of the 4f 2 configuration has been taken as zero. The ener
of some multiples and of the CF and SO split levels of b
configurations are shown in Fig. 1~a! where, for simplicity’s
sake, only the levels which will strongly contribute to th
MO effects and the highest levels are given. Because
Zeeman effect of both configurations has not been taken
account, theAng value associated with each electric dipo
transition from any nondegenerate CF and SO split 4f 2 level
to any nondegenerate CF and SO split 4f 5d level is zero and
no MO effect exists.

Figure 1~b! shows a summary of our calculations throu
~i! the most important energy levels of the CF-SO split a
-
d

y

es
h

e
to

d

superexchange-interaction-mixed 4f 2 states obtained, a
room temperature, by using the exchange-field coefficie
determined in Sec. II~we only consider the spontaneous M
effect, so no external magnetic field has been introduc!
~ii ! the most important CF and SO split 4f 5d energy levels;
~iii ! the electric dipole transitions between them. These tr
sitions result in the paramagnetic Faraday effect. The ca
lated room-temperature spectra of the Pr contribution to b
the specific paramagnetic Faraday rotation and Faraday e
ticity in Y2PrFe5O12 are shown in Figs. 2 and 3, respectivel
Besides the total Faraday rotation and ellipticity, the Fara
rotation and ellipticity produced by the transitions from t
lowest two 4f 2 states to 4f 5d levels with energies of 23 055
23 700, 34 169, and 37 228 cm21 are shown as well. Since
other 4f 5d states give small contributions to the MO effec
the total Faraday rotation~ellipticity! is not rigorously equal
to the sum of the contributions of the four states. Because
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FIG. 2. The paramagnetic-type Faraday rotation spectrum co
tributed by the Pr31 ions in Y2PrFe5O12 at 294 K. -d-d Faraday
rotation caused by the 4f 5d levels with energies 23 055 and
23 700 cm21→4 f 2 states transitions;,-,-, Faraday rotation
caused by the 4f 5d level with energy 34 169 cm21→4 f 2 states
transitions; -m-m-m Faraday rotation caused by the 4f 5d level
with energy 37 228 cm21→4 f 2 states transitions;—total Faraday
rotation.

FIG. 3. Same as Fig. 2, but for Faraday ellipticity.
resonance frequencies of the two of these transitions~from
the 4f 2 states to 4f 5d levels with energies: 23 055 an
23 700 cm21! are nearly the same, only the sum of the co
tributions of these two transitions is given in the Figs. 2 a
3.

The value ofAng related to the electric dipole transitio
from the lowest 4f 2 level ~its energy is21154.4 cm21! to
the 4f 5d level located at 37 228 cm21 is positive, but the
Ang values of the transitions from the same level to oth
three 4f 5d levels mentioned above are negative. Therefo
the peaks in the Faraday ellipticity spectrum contributed
the 4f 5d levels with energies 23 055, 23 700, an
34 169 cm21 are negative, while the peak contributed by t
level with energy 37 228 cm21 is positive as shown in Fig. 3
~please note that the first peak in the Faraday ellipticity sp
trum is produced by the two 4f 5d levels with energies
23 055 and 23 700 cm21!. The shape of the Faraday rotatio
spectrum contributed by the 4f 5d level located at
37 228 cm21 is also different from those induced by oth
4 f 5d levels as shown in Fig. 2. According to the valu
determined by Kucera, Bok, and Nitsch33 and Gomi, Fu-
ruyama, and Abe,34 in our calculation, the value o
hGng /(2p) is taken to be 0.17 eV for all the MO transition
The values of̂ r &4 f 5d and n of YIG, which is only moder-
ately changed by the rare-earth substitution, are taken f
Refs. 35 and 36, respectively.

B. Diamagnetic-type Faraday effects

As we did for the paramagnetic-type Faraday rotation,
so-called diamagnetic-type Faraday rotation originates fr
the following situation. Suppose~i! The Zeeman effect of the
ground configuration is neglected;~ii ! in the excited configu-
ration, either two nondegenerate CF and SO split state
two states of a double degenerate CF and SO split level
present. Theses two stats will be mixed with each other
split by the superexchange interaction and~or! external
fields. In the following, we useun1& and un2& to express
these two CF-SO split and superexchange-interaction-
~or! Hext-mixed ~split! states. TheAng values corresponding
to the electric dipole transitions from a nondegenerate
and SO split stateug& of the ground configuration toun1&
andun2& states have the same magnitude and are of oppo
sign. Therefore the absolute value of the Faraday rota
uF(n1g)rg and uF(n2g)rg have the same functional rela
tion with v, but the resonance frequenciesvn1g andvn2g of
these two transitions are slightly different. Then the variat
of the sum ofuF(n1g)rg anduF(n2g)rg versus the wave-
length presents a narrow peak.

To calculate the diamagnetic Faraday rotation in Pr:YI
we need first to determine the strength of the superexcha
interaction on the exited configuration. The average sp
expansion of the 5d wave function is larger than that of th
4 f wave function, and the superexchange interaction of
Fe31 ions with the 5d electron of the Pr31 ions is larger than
that with the 4f electrons of the Pr31 ions. To our knowl-
edge, there is no theoretical or experimental informatio
about the magnitude of the interaction involving the 5d elec-
trons. In our calculation the superexchange interaction ac
on the 5d electrons has been estimated to be four tim
stronger than that on the 4f electrons at the same temper

n-
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ture. The energies and the wave functions of the CF-SO s
and superexchange-interaction-mixed states of the 4f 5d con-
figuration were determined by solving Eq.~2!, where all the
105 CF and SO split states were included.

In Fig. 1~c!, the lowest two CF-SO split 4f 2 levels, the
most important CF-SO split and superexchange-interact
mixed 4f 5d levels, and the different associated electric
pole transitions are schematically shown at room temp
ture. When only the lowest 4f 2 state is considered, theAng
values associated with the electric dipole transitions fr
this state to the CF-SO split and superexchange-interac
mixed 4f 5d states with energies 23 050 and 23 706 cm21

were found to be equal to22.48310223(^r &4 f 5d)2 and
2.45310223(^r &4 f 5d)2, respectively. Because the tw
states are not only mixed with each other but also wea
mixed with other states by the superexchange interact
their absolute values are not rigorously identical. As th
exists a very small difference between the resonance
quencies of these two transitions, the sum of the two Fara
rotation contributions leads to a first narrow peak in the F
aday rotation spectrum near 3.0 eV.

Now let us consider the second split 4f 2 state. As shown
in Table III, it is clear that the characteristics of the wa
functions of the lowest two CF and SO split 4f 2 states are
very similar. So theAng values related to the transitions b
tween the second split 4f 2 state and the split 4f 5d states
having energies of 23 050 and 23 706 cm21 are equal to
22.49310223(^r &4 f 5d)2 and 2.47310223(^r &4 f 5d)2, re-
spectively. These values are very near those calculated
the lowest split 4f 2 state. Because the occupation probabil
of the second 4f 2 state is slightly different from that of the
first state, the transitions issued from the second level
have a contribution to the first peak previously determined
3.0 eV, but with a smaller magnitude compared with th
contributed by the lowest 4f 2 state as shown in Fig. 4. A
second peak at higher photon energy~4.5 eV! originates
from various transitions between the lowest two CF and
split 4f 2 states and the CF-SO split and superexchan
interaction-mixed 4f 5d states whose energies are 34 16
36 032, 36 250, 36 332, 37 221, 37 783, 37 91
39 546 cm21, respectively@Fig. 1~c!#. Finally in Fig. 4 are
reported the contributions, at room temperature, to
diamagnetic-type Faraday rotation spectra of~i! transitions
from the lowest CF and SO split 4f 2 level to the CF-SO split
and superexchange-interaction-mixed 4f 5d levels; ~ii ! tran-
sitions from the second CF and SO split 4f 2 level to the
CF-SO split and superexchange-interaction-mixed 4f 5d lev-
els. The resultant diamagnetic Faraday rotation spectrum
given as well. The diamagnetic Faraday ellipticity spec
calculated at the same conditions, are shown in Fig. 5. Th
figures reveal that the diamagnetic Faraday rotation reach
maximum value of about 1.83104 deg cm21 near 3 and 4.5
eV. However, the peaks are very narrow; therefore, the
magnetic Faraday rotation is important only in the vicinity
these peaks. It is noticeable that the peaks of the diamag
Faraday ellipticity are broader~Fig. 5!.

At the end of this section, we would like to emphasi
that the values of the diamagnetic type Faraday rotation
Faraday ellipticity have been calculated assuming that
superexchange interaction acting on the 5d electrons is four
times stronger than that on the 4f electrons. However, the
lit
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order of magnitude of the so-determined values is correc
although the precise values of the Faraday rotation and th
Faraday ellipticity are sensitive to our choice; for example,

FIG. 4. The diamagnetic-type Faraday rotation spectrum con-
tributed by the Pr31 ions in Y2PrFe5O12 at 294 K. ----- Faraday
rotation caused by the lowest 4f 2 state→4 f 5d states transitions;
...... Faraday rotation caused by the second 4f 2 level→4 f 5d states
transitions; please note the above two curves are very near;—tota
Faraday rotation.

FIG. 5. Same as Fig. 4, but for Faraday ellipticity.
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the maximum of the diamagnetic Faraday rotation may va
from about 1 to 2.53104 deg cm21 when the ratio of the
superexchange interaction changes from 2 to 8. It is a
worth noting that the resonance frequencies are only v
weakly affected by the choice of this ratio.

C. Full Faraday effects

When the Zeeman effect of both the ground and exci
configurations is taken into account, the full Faraday effe
result. Figure 1~d! shows the electric dipole transitions be
tween the CF-SO split and superexchange-interaction-mi
4 f 2 and 4f 5d states of the Pr31 ion, which produce the full
Faraday rotation. In Fig. 6, the Pr-induced specific param
netic, diamagnetic, and full Faraday rotation spectra
Y2PrFe5O12 at 294 K are plotted, whereas similar contribu
tions to the Faraday ellipticity spectra are given in Fig.
The stars in the inset of Fig. 6 represent the experimen
values of different authors. From these figures it is conclud
that the full Faraday effects are, on the one hand, appro
mately equal to the sum of the paramagnetic and diamagn
Faraday effects, and on the other hand, mainly determined
the paramagnetic component. The effect of the diamagn
Faraday rotation component only induces a very small s
of the peaks in Faraday rotation and Faraday ellipticity sp
tra.

FIG. 6. The Faraday rotation spectrum caused by the Pr31 ions
in Y2PrFe5O12 at 294 K. h-h-h paramagnetic Faraday rotatio
caused by the transitions between the CF-SO split a
superexchange-interaction-mixed 4f 2 levels and the CF-SO split
4 f 5d levels; 3-3-3 diamagnetic Faraday rotation caused by t
transitions between the CF-SO split 4f 2 levels and the CF-SO split
and superexchange-interaction-mixed 4f 5d levels;—full Faraday
rotation caused by the transitions between the CF-SO split
superexchange-interaction-mixed 4f 2 and 4f 5d levels.* in the in-
set represents experimental values.
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For non-Kramers’ ions, if simultaneously in the groun
configuration, the lowest CF and SO split level is nondege
erate and the energy differences between this level and o
levels are large enough that the mixing of this level wi
other levels by the superexchange interaction or exter
magnetic field is very small, the observed Faraday rotat
will be mainly of the diamagnetic type. However, when th
material is used in a suitable wavelength range, the Fara
rotation is still important and is nearly temperature indepe
dent if we consider that the superexchange interaction te
perature variations are negligible.

D. Comparison with experiments

As noted in the introduction of this paper, the experime
tal Faraday rotation~FR! data were analyzed in the frame o
the one-ion model within the hypothesis of Ref. 14: the r
sultant Fe31 contribution to the Faraday rotation is given b
the values measured in the same experimental conditions
YIG. The Pr31 contribution, which was found proportional to
the Pr content, is simply written as

FR~Pr!5FR~Pr:YIG!2FR~YIG!. ~17!

At 633 nm wavelength, it was concluded, from the study
epitaxial garnet thin films, thatdFR/dx was equal to24700
and215 800 deg cm21 at 295 and 4.2 K, respectively,37 the
room-temperature value being confirmed some years late
Gomi, Furuyama, and Abe.34 At 1150 nm wavelength, the
Faraday rotation has been measured on single crystals in
4.2–300 K temperature range for three Pr contents~x
51.1260.05, 0.7260.04, and 0.3260.05!.14,16

At room temperature, the calculated values of specific f
Faraday rotation~whenx51! is 25200 deg cm21 at 633 nm
and 21200 deg cm21 at 1150 nm, respectively. They ar

d

d

FIG. 7. Same as Fig. 6, but for Faraday ellipticity.
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TABLE VI. Faraday rotation (qF) calculated and measured values~in 103 deg cm21! at two wavelengths
contributed by Pr31 ions in Y2PrFe5O12 is the calculated value without taking the mixing of differe
multiplets into account.

T ~K!
uF ~cal!
633 nm

uF ~cal!
1150 nm

uF ~meas!
1150 nm

uF*
633 nm

uF*
1150 nm

294 25.17 21.17 20.942 23.84 20.88
255 26.27 21.42 21.02 24.68 21.08
200 28.23 21.86 21.18 26.18 21.42
150 210.9 22.46 21.36 28.23 21.89
100 215.7 23.54 21.73 211.9 22.72
50 227.3 26.15 22.30 220.8 24.78
t
ent

-
50
a-
h
h.
ed
b-

er
e
e

ep-
ic

y
e
a-
-

close to the experimental values obtained by different au
thors: on the one hand24700 deg cm21 ~Ref. 37! 24800,34

on the other hand21100 deg cm21 ~Ref. 34! at 633 and
1150 nm, respectively. It is worth noting that Visnovsky
et al.38 proposed Faraday rotation values~for x51! of
28200 and212 700 deg cm21 at 2.25 and 2.5 eV, respec-
tively, and as shown in Fig. 6, these estimations are in goo
agreement with our calculations. According to our calcula
tion, there are three resonance frequencies in the Farad
effect spectra at 3.0, 4.4, and 4.85 eV, respectively~see Fig.
7!. Visnovskyet al.38 divided the Faraday rotation into two
components: a paramagnetic one and another diamagne
one and then deduced from the least-squares fit to the d
magnetic component thatvng lies in the 3.1–3.3 eV range.
At higher energies, to our knowledge, no measurements
Faraday rotation have been performed. However, on the p
lar Kerr rotation spectrum of Pr:YIG, Visnovskyet al.39

have noted the presence of three peaks at 2.9, 4.3, and 4
eV, respectively at room temperature. As the location of th
peaks of the Kerr rotation spectrum should be the same

FIG. 8. Same as Fig. 6, but at 100 K.
-

d
-
ay

tic
ia-

of
o-

.85
e
as

those of the Faraday ellipticity spectrum, it is concluded tha
our theoretical resonance frequencies are in good agreem
with the observed values.

To complete the test of our theoretical approach, the tem
perature dependence of the Faraday rotation at 633 and 11
nm wavelengths has been calculated below room temper
ture. The values are reported in Table VI and compared wit
the experimental data obtained at 1150 nm wavelengt
Down to 100 K, a reasonable agreement between measur
and calculated Faraday rotations is obtained although the a
solute values of the theoretical Faraday rotation are larg
than the measured ones. However, below about 100 K, th
calculated Faraday rotation changes more rapidly than th
experimental results as temperature decreases. This discr
ancy may be attributed to the onset of noncollinear magnet
structure in the$c% sublattice.

The calculated Faraday rotation and Faraday ellipticit
spectra at 100 K are given in Figs. 8 and 9 to illustrate th
strong increase of both specific full and paramagnetic Far
day rotation and the main role of the paramagnetic compo

FIG. 9. Same as Fig. 7, but at 100 K.
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TABLE VII. The energies~in cm21! and wave functions of the lowest six CF split levels of (4f 2) 3H4

multiplet of the Pr31 ion without taking the mixing of different multiplets into account.

Energy Wave function

21067.58 20.704 18u4,3&10.064 24u4,1&20.064 24u4,21&
10.704 18u4,23&

21042.00 0.699 82u4,3&10.101 26u4,1&10.101 26u4,21&
10.699 82u4,23&

2427.30 0.048 36u4,4&10.704 32u4,2&10.056 37u4,0&
10.704 32u4,22&
10.048 36u4,24&

97.07 20.120 63u4,4&20.696 74u4,2&10u4,0&
10.696 74u4,22&
10.120 63u4,24&

241.21 20.101 26u4,3&10.699 82u4,1&10.699 82u4,21&
20.101 26u4,23&

272.63 20.120 17u4,4&20.031 14u4,2&10.984 45u4,0&
20.031 14u4,22&
20.120 17u4,24&
d
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rage
l-
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the
he
nent. The comparison with data reported in Figs. 6 an
confirms that the paramagnetic Faraday rotation is very s
sitive to temperature, while the diamagnetic one is not
should be noted that some of the measured Faraday rot
reported above are the Pr contribution to the Faraday r
tion. However some of them correspond to the total Fara
rotation of Pr:YIG because the Fe sublattice contributi
which is much smaller than the rare-earth contribution, c
be neglected; furthermore, the Faraday rotation induced
the Fe ions has no MO resonance in the considered w
length range.

IV. ROLE OF THE MIXING OF DIFFERENT GROUND
TERM MULTIPLETS

Generally in theoretical works on MO effects~see Ref.
40!, for the ground configuration, only the lowest-multipl
is considered. However, when higher-lying multiplets of t
ground term are taken into account, the energy schema
be modified. Because different multiplets ‘‘repulse ea
other,’’ the energies of all the CF and SO split levels of t
lowest multiplet decrease. But these decreases are not
form, and for the low-lying levels they are smaller than tho
of higher-lying levels, consequently, the energy gaps
tween different split levels of the lowest multiplet becom
smaller. It is remarkable that this situation, which leads t
stronger high-order Zeeman effect, has a great effect on
magnetic and MO properties and, in general, cannot be
glected.
7
n-
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In order to illustrate the role of the ‘‘repulsion’’ betwee
different multiplets, the calculation of the magnetization a
Faraday effect of the Pr contribution has also been car
out without taking into account such a mixing. In Table V
the energies and wave functions of the lowest six CF s
levels of the (4f 2) 3H4 multiplet determined in the absenc
of the mixing of this multiplet with3H5 and 3H6 multiplets
are reported. If we remark that the main components of
first nine levels reported in Table II are3H4 states, we will
confirm, by comparing Table VII with Tables II and III, tha
because of the ‘‘repulsion’’ effect, the energy gap betwe
the lowest two levels becomes smaller when the mixing
different multiplets is considered. Consequently, the mix
of these two CF and SO split levels induced by the super
change interaction become stronger, hence the differenc
the occupation probabilities and the absolute values of
average magnetic moment of these two states increas
shown by the comparison of data in Tables IV and VIII. T
absolute values ofAng associated with the electric dipol
transitions from these two levels to the split 4f 5d levels
have a similar change as the absolute values of the ave
magnetic moment. Finally, the introduction of the ‘‘repu
sion’’ effect, leads to a larger Pr31 contribution to the mag-
netization and MO effects. By the way, the lowest two le
els, obtained with such a mixing, contain very sm
components of3H5 and 3H6 multiplets which also influence
weakly the magnetization and MO effects. The values of
Pr magnetization calculated without such a mixing, in t
(4

TABLE VIII. The energies~in cm21!, occupation probabilities (rg), magnetic moment~m, in mB / ion!,

and wave functions of the lowest two CF-SO split and superexchange-interaction-mixed levels of thef 2)
3H4 multiplet at 294 K without taking the mixing of different multiplets into account.

Energy rg m Wave function

21074.97 0.5492 1.820 55 20.337 45u4,3&10.101 36u4,1&20.014 79u4,21&
10.935 74u4,23&

21034.63 0.4508 21.820 55 0.933 67u4,3&10.064 08u4,1&10.119 00u4,21&
10.331 66u4,23&
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4.2–294 K temperature range, are reported in Table
whereas the corresponding values of Pr-induced Faraday
tation at 633 and 1150 nm wavelengths are tabulated
Table VI.

To complete our analysis, we show in Figs. 10 and 11 th
calculated Pr-induced diamagnetic, paramagnetic, and fu

FIG. 10. Same as Fig. 6, but without taking the mixing of the
different multiplets of the ground term into account.

FIG. 11. Same as Fig. 7, but without taking the mixing of the
different multiplets of the ground term into account.
V
ro-
in

e
ll

Faraday rotation and Faraday ellipticity at 294 K witho
taking the repulsion effect into account. By comparing Fi
10 and 11 with Figs. 6 and 7, it can be seen that such mix
does have a great influence not only on the magnetiza
~Table V! but also on the MO effects.

V. CONCLUSION

From the above calculation, the following main concl
sions are derived.~1! The Faraday effect contributed by th
Pr sublattice in Pr:YIG originates mainly from the intraion
electric dipole transitions between the 4f 2 and 4f 5d con-
figurations of the Pr31 ions.~2! The most important factor in
the occurring of the Faraday effects is the superexcha
interaction or external magnetic field. If there is no Zeem
effect, there will be no Faraday effects.~3! If only the Zee-
man effect of the ground configuration is taken into accou
while the Zeeman effect of the excited configuration is n
glected, the so-called paramagnetic-type Faraday effect
be obtained which depends sensibly on temperature.~4! If
we consider the Zeeman effect of the excited configurat
but neglect that of the ground configuration, we will obta
the so-called diamagnetic-type Faraday effect which is te
perature insensitive.~5! In general, the observed full Farada
rotation contains both components of paramagnetic and
magnetic Faraday rotations, but it is mainly determined
the paramagnetic Faraday rotation.~6! If the magnetic ions
in a material are non-Kramers’ ions and if the lowest CF a
SO split level of the ground configuration is nondegener
and is so far from other higher-lying levels that the mixing
this level with other levels induced by the superexchan
interaction and external magnetic field is negligible, the o
served Faraday effect will be of the diamagnetic type a
may be large at suitable wavelengths. In this case, the F
day rotation will be temperature independent if the super
change interaction is considered as temperature indepen
~7! The MO resonance frequencies are determined by
energy values of the various multiplets of the ground te
and of the lowest parity-allowed excited configuration a
by the CF splitting of these multiplets. So, besides the io
characteristics and exchange interactions~external magnetic
field!, the crystal field is the other important factor whic
determines the MO behavior of materials. The resonance
quencies are only very weakly affected by the Zeeman eff
~8! The magnetization depends on the splitting of the grou
configuration induced by the spin-orbit, crystal field, e
change interactions, and external magnetic field. The t
perature dependences of both the magnetization and Far
effect depend sensibly on the splitting of the ground confi
ration. ~9! For the ground term, the mixing of different mu
tiplets induced by the crystal field has a great influence
both the magnetic and MO properties and cannot be
glected. Furthermore, when the mixings of different mult
lets have to be considered for both ground and excited c
figurations, the exchange field rather than the molecular fi
should be used to take into account exchange couplings
tween magnetic ions. The exchange field parameters are
identical to the classical molecular fields coefficients. It
found that theg coefficient for the Pr ion in YIG has to be
positive, otherwise the temperature dependences of b
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magnetization and Faraday effects would be too strong c
paring with the experimental variations. Finally, this wo
underlines the interest of deducing the crystal-field and
change parameters simultaneously from the analysis of
magnetic and MO properties.
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