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c-axis resistivity in high-Tc superconductors
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~Received 12 November 1996!

The interactions between polarons and the anharmonic vibrations of the apical oxygen atoms in the normal
state of YBa2Cu3O72d superconductors have been studied by using a path integral formalism. The temperature
effects in the distribution of double-well potentials associated with the anharmonic modes have been taken into
account. It is shown that thec-axis electrical resistivity depends linearly on temperature for intermediate values
of the overall electron-phonon coupling, whereas strong anharmonicity induces a nonmetallic behavior as a
consequence of trapping of the charge carriers.
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During the last years, many theoretical and experime
investigations have been devoted to the physics of pola
in high-Tc superconductors~HTSC’s!. While experimental
evidence has suggested that polarons are present in the
mal state of some HTSC’s,1 it is still unclear whether and
how condensation of polarons could take place in th
systems.2–6 Many puzzling physical properties of th
HTSC’s have been interpreted in terms of polaronic mode7

Hall coefficient and T-linear electrical resistivity in
YBa2Cu3O72d have been quantitatively explained

8 by assum-
ing that the normal state contains a nondegenerate ga
singlet bipolarons and that a fraction of them Anderson
calizes because of disorder. The effects of interplanar di
der on thec-axis resistivityrc have been discussed in th
framework of a model9 which assumes a metallic groun
state for an anisotropic three-dimensional system. The m
nitude of the negativedrc /dT has been correlated with th
deviation from linearity in the planar resistivity as due
decreasing hole concentration. So far, the origins of the
usual c-axis transport properties of the cuprates are
known, but the presence of the apical oxygen atoms is
lieved to play a role.10 In a previous paper11 I studied the
conditions for localization of polarons in systems with stru
tural lattice instabilities, focusing on the time-retarded nat
of the interactions between a double-well potential~DWP!
and the surrounding fermionic excitations. The model w
applied to evaluate the electrical resistivityr(T), and in par-
ticular it was shown that a negativedr/dT can arise on the
low-temperature side as a consequence of polaron trap
in the double-well potential associated with the lattice ins
bility. However, our calculation did not include the effects
a distribution of DWP’s, which, in fact, should be present
real systems. More specifically, the hopping timet0 between
the minima of the DWP was treated as a phenomenolog
parameter and its temperature dependence was negle
This paper is aimed at establishing that the procedure
scribed in Ref. 11 is accurate at low temperatures~up to
around 50 K!, whereas, at higher temperatures, the pheno
enological hopping time there considered is much lon
than the correct one. The consequences on the h
temperature behavior of the electrical resistivity will b
pointed out. First, let us sum up the main features of
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model. The tightly bound electronic states of the system
described by the independent boson model in which
fixed electron is immersed in a cloud of phonons. This f
mionic excitation~polaron! interacts with a double-well po
tential in a two-state configuration~two-level system!, aris-
ing from an anharmonic vibrational mode. The interacti
HamiltonianH int(t) between the DWP and the polaron
given by

H int~t!522lQ~t!c̃ †~t!c̃~t!, ~1!

where l is the electron-phonon coupling constant for t
vibrational mode giving origin to the DWP.t is the time in
the Matsubara Green’s function formalism andQ(t) is the
one-dimensional path for the atom which moves back a
forth in the DWP. c̃ †(t) and c̃(t) are the polaronic cre-
ation and annihilitation operators, respectively. The tigh
bound electrons interact with a potential having an inter
degree of freedom provided by the local lattice instabili
This interaction is not magnetic in origin since the spin va
ables have not been considered. One hopping path for
atom is characterized by the number 2n of hops, by the set
t i of instants at which thei th hop takes place, and by th
hopping timet0 between the minima of the DWP. The clo
sure condition on the path is given by (2n21)ts12nt0
5b, whereb is the inverse temperature andts is the time
one atom is sitting in a well. The full partition function fo
the system is obtained by summing over all possible lin
~in t! paths for the atom. The result, to third order inl, is

ZT5 (
n50

` E
0

b dt2n
t0

•••E
0

t22t0 dt1
t0

exp@2bE~n,t i ,t0!#,

E~n,t i ,t0!5
1

b F2lQ0Be
A cosh~v0b/2!~4nt02b!

1~lQ0!
2B2e2Ag~n,t0 ,v0 ,b!

1
2

3
~lQ0!

3B3e3Ah~n,t0 ,v0 ,b!

2~K ~2!1K ~3!!(
i. j

2n S t i2t j
t0

D 2G , ~2!
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whereQ0 is the position of the minimum in the DWP,v0 is
the typical phonon frequency in the Einstein model, and
functionsA andB depend on temperature through the Bo
distribution factor. Full expressions for the function
h(n,t0 ,v0 ,b) and g(n,t0 ,v0 ,b) are reported in Ref. 11
together with further details on the calculations.K (2) and
K (3) are the effective couplings for the two physical pr
cesses~polaron-polaron attraction and DWP-polaron rep
sion! which compete in the system. It is evident from Eq.~2!
that the time-retarded nature of the interacting system is
counted for by the path integral method for any value of
coupling constants.12 The one-path atomic energy functio
E(n,t0) should be minimized with respect tot0 in order to
get thet0 value for the dominant path. I have carried o
numerical calculations ofE(n,t0) for several sets of the in
put parametersl, Q0 , andv0 and the overall electron-lattic
couplinga. In Fig. 1,E(n,t0) is reported on versust0 for
four values ofn, at fixed temperature (T550 K). The bare
tunneling frequencylQ0 is 6.5 meV, consistent with som
experimental values on superconducting YBa2Cu3O72d ob-
tained by extended x-ray-absorption fine-structu
techniques.13 The Einstein phonon frequencyv0 is set at 50
meV, a typical value for optical modes, as can be seen
experimental vibrational spectra.14,15 a is taken equal to 1,
thereby assuming that a relatively strong-coupling regi
applies to the system.E(n,t0) gets the minimum value a
the highestt0 value allowed by the boundary condition o
the path, that is, at (t0)max5(2nKBT)

21. This result, which is
general, provides a criterion to determine the dominant p
for the atom at any temperature. The dominant path i
sawtooth path, which is achieved once the sitting timets
tends to zero. Note that, atT510 K, a path withn54 hops
would yield a (t0)max

21 .6.5 meV, which is consistent with
the phenomenological assumption made in Ref. 11, (t0)

21

.lQ0 . By increasing temperature, the number of hops
the dominant path should decrease: AtT550 K, (t0)max

21

.6.5 meV only ifn51. At T.50 K, no consistency can b

FIG. 1. Atomic path energies vs hopping time between
minima of the double-well potential for four linear hopping path
The Einstein phonon frequencyv0 is 50 meV. The tunneling en
ergylQ0 between the minima is 6.5 meV. The temperature is se
50 K, and the overall electron lattice couplinga is 1.
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achieved since the (t0)max
21 , which minimizes the atomic path

energy, is much bigger thanlQ0 for any number of hops.
Then the phenomenological procedure we used in Ref. 1
justified at low temperatures, whereas, atT.50 K, the cor-
rect hopping time~here determined! turns out to be shorte
than thet0 value of Ref. 11. By increasing the number
hops, at fixed temperature, the range of allowedt0 values
shrinks and the minimum atomic path energy becom
slightly less negative. Then the deepest bound states for
oscillating atom are associated with paths having a low nu
ber of hops. In Fig. 2, the one-path atomic energy is plot
versus t0 by assuming an Einstein frequencyv0

5100 meV. The hardening of the phonon spectrum impl
that polarons become heavier and their mobility is slow
down. As a consequence, polarons are less effective in
ducing atomic scattering between the minima of the DW
and accordingly the oscillating atom lowers its bound-st
energy. Let us come now to the one-path coupli
constants.11 K (2), which is negative, describes the attra
tive part of the interaction between polarons arising in
system as a consequence of the self-trapping induced by
double-well potential. The sign ofK (3) depends on the num
ber of hops in the path: However, for the dominant pa
t05(t0)max, the inequality 2nt0.b/2 is fulfilled andK (3) is
repulsive at anyT. The effective interaction strength
^K (2)& and ^K (3)& can be obtained as a function ofT by
summing overn the dominant path contributions,

^K ~2!&52~lQ0!
2B2e2Av0

2(
n51

N

~t0!max
4 ,

^K ~3!&522~lQ0!
3B3e3Av0

2(
n51

N

~t0!max
4 @2n~t0!max2b/2#,

~3!

and, using the result(n51
N n24.(12N23)/3, we get

e
.

at

FIG. 2. As in Fig. 1, but withv05100 meV.
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^K ~2!&52
~lQ0!

2B2e2Av0
2

3~2KBT!4
~12N23!,

^K ~3!&52
2~lQ0!

3B3e3Av0
2

3~2KBT!5
~12N23!. ~4!

The particular form of the maximum hopping time sugge
that paths with a low number of hops provide the larg
contribution to the effective interaction strengths in the te
perature range~above 50 K! we are considering here. Thi
observation allows one to choose a small cutoff (N.4) in
the sum overn in Eqs.~3! and also in full partition function
calculations@see Eq.~1!#. Instead, many hops paths shou
be considered at low temperatures where they provide
relevant excitations for the trapping of the charge carrie
The electrical resistivity can be calculated on the base
Eqs. ~4! by assuming that polarons are scattered by the
purity potential due to the lattice instability. In Fig. 3,r(T)
normalized to the residual resistivity~which is 2.7 mV cm in
our model! is reported for three values ofa. The input pa-
rameterslQ0 andv0 are chosen as in Fig. 1. Note that in
very-strong-coupling regime (a53), a negativedr/dT
arises in the system due to off diagonal scattering of
charge carriers by the DWP’s distribution. It is remarkab
that the resistivity upturn shows the maximum at around 1
K that is, in the range of the critical transition temperature
many HTSC compounds. In these systems structural la
instabilities are believed to influence the out-of-plane elec
cal transport,10 and in particular, the highc-axis scattering
rate in YBa2Cu3O72d is likely due to thec-axis vibrational
mode associated with the apical oxygen atoms~two per unit
cell in YBa2Cu3O72d!. Recently, a careful Rama
investigation14 on superconducting YBa2Cu3O72d has
pointed out that the anharmonic character of the apex vi
tions~and, more, of the plane oxygen in-phase modes! grows
by decreasing the amount of oxygen in the sample. Und
doped YBa2Cu3O72d shows a negativedrc /dT aboveTc and
highrc values.

16 Then, structural defects at low hole conce
tration should increasea, hence the anharmonicity of th

FIG. 3. Electrical resistivity vs temperature for three values
a. The other parameters are chosen as in Fig. 1.
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system, leading to the observedrc behavior. By loweringa
in Fig. 3, polarons increase their mobility, the absolute v
ues of resistivity are strongly reduced~by a factor of 10 at
100 K!, and the resistivity slope changes drastically. Ata
51 a linear-T resistivity emerges forT.200 K. This behav-
ior can be understood as follows: By increasingT, paths
with a decreasing number of hops become available to p
vide the relevant DWP excitations which act as scatterers
mobile polarons; on the other hand, the atomic hopping ti
between the minima of the DWP decreases asT21, and ac-
cordingly it becomes harder for polarons to see the inter
degree of freedom in the scattering potential. By growi
temperatures, trapping effects are less likely to occur,
mean free path for charge carriers does not saturate, an
resistivity grows. In this picture, the linear-T resistivity is
essentially due to diagonal scattering of polarons in syste
with intermediate values of electron-lattice coupling. By e
hancing the phonon spectrum,v05100 meV in Fig. 4, the
resistivity maximum, fora53, is shifted upwards in the
temperature scaleT.200 K, whereas saturation effec
clearly appear atT>200 K for a,3. The bare tunneling
frequency does not affect ther(T) slope while the absolute
values ofr essentially scale asr}1/(lQ0). It is encouraging
that our choice forlQ0 leads tor values which are in the
range of the experimental data for YBa2Cu3O72d com-
pounds.

In conclusion, the path integral method here develop
allows one to study the dynamical interactions betwe
structural lattice instabilities and polaronic charge carriers
a function of temperature. I have carried out a numeri
calculation for the energy of an atom moving in a doub
well potential surrounded by polarons so that, at any te
perature, we are able to determine the atomic paths wh
mostly contribute to the partition function of the interactin
system. The theory has been applied to evaluate the ou
plane electrical resistivity in high-Tc superconductors by
choosing input parameters which are appropriate for th
systems ~markedly YBa2Cu3O72d!. The superconducting
transition is not accounted for by the present model. We fi
a negativedr/dT ~associated with highr values! for a
strong-coupling regime in which off-diagonal polaron sc

f

FIG. 4. Electrical resistivity vs temperature for three values
a. The other parameters are chosen as in Fig. 2.
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tering by double-well potentials is dominant. In this fram
work, the anharmonicity of some vibrational modes~en-
hanced in underdoped systems! is responsible for the
negative resistivity slope. By reducing the strength of t
overall electron-phonon coupling, polarons become m
e-

he
ore

mobile, and by increasing the temperature, only paths wit
small number of hops are available for polaron scatteri
Then the charge carriers are unlikely trapped by the str
tural instabilities and the resistivity grows linearly with tem
perature.
p,

d
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