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Metallic ferromagnetism in a band model: Intra-atomic versus interatomic exchange
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The relative importance of intra-atomic versus interatomic direct exchange in leading to ferromagnetism in
metals is not well understood. Here we examine the interplay of these interactions in a tight-binding model
with two orbitals per site. The interatomic exchange interactionJ is found to always lead to ferromagnetism,

and its effect is enhanced by both on-site intraorbital (U) as well as interorbital (Ū) Coulomb repulsions. For
certain band fillings, and in particular for a quarter-filled band, the intra-atomic exchange interactionJ0 by
itself can also lead to ferromagnetism. However, in most cases the magnitude ofJ0 required appears to be
unphysically large. For other band fillings,J0 does not lead to ferromagnetism even if infinitely large. In the
presence of nearest-neighbor exchangeJ, J0 will either enhance or suppress the tendency to ferromagnetism
depending on the band filling. These results are used to interpret the occurrence of ferromagnetism in the
transition-metal series, and it is concluded that intra-atomic exchange is not likely to play a significant role in
the ferromagnetism of Ni or in Ni-Cu and Ni-Zn alloys. Overall our results support the conjecture that
intraband interatomic direct exchange is the dominant interaction giving rise to ferromagnetism in metals, and
that the essential physics of metallic ferromagnetism is contained in a single-band model without orbital
degeneracy.@S0163-1829~97!01241-1#
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I. INTRODUCTION

The origin of ferromagnetism in metals is still an u
settled question. While spin-density functional theo
~SDFT! can yield first-principles predictions of which mat
rials will exhibit ferromagnetism,1 it does not provide a
simple qualitative physical picture of the origin of metall
ferromagnetism. Obtaining such a picture is important
cause it would allow to study the phenomenon in much m
detail than allowed by SDFT in simple models which, wit
out being realistic, contain the essential physics of the p
nomenon. Furthermore, it would allow for broad qualitati
prediction regarding the existence of ferromagnetism in
ther not-yet-existing materials or in materials under extre
conditions of pressure and temperature that have not yet
achieved.

The single-band Hubbard model, with only an on-site
pulsionU, was originally introduced as a simple model th
may contain the essential physics of the phenomenon.2 The
model exhibits ferromagnetism within the mean-field a
proximation. However, subsequent work has shown that
model does not display ferromagnetism, except for very s
cial nongeneric cases~e.g., a single hole in a half-filled band3

or special lattice geometries4,5!. The degenerate Hubbar
model, with two orbitals per site and an intra-atomic e
change interaction has also been studied, particularly for
quarter-filled band case~one electron per site6–11!. For that
case, the model exhibits a coexisting orbitally ordered s
and ferromagnetism. However, the orbitally ordered sta
being insulating, does not appear to be relevant to the
scription of metallic ferromagnets. Not much work has be
done on the degenerate Hubbard model in other than
orbitally ordered state.

It is in fact widely believed that the existence of ba
degeneracy is essential to metallic ferromagnetism. T
560163-1829/97/56~17!/11022~9!/$10.00
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view originated in the work of Slater and co-workers12,13and
Van Vleck,14 and is supported by the fact that ferroma
netism in metals has only been found so far in systems
contain atoms with degenerate atomic orbitals~such asd
electrons! that can support an atomic magnetic mome
through Hund’s rule. There is, however, some difficulty
understanding the ferromagnetism of nickel within th
framework, whose magnetic moment per atom in the fer
magnetic state is only a fraction of a Bohr magneton, as w
as the ferromagnetic state of weak ferromagnets such
Sc3In, where the constituent atoms are not magnetic.

On the other hand, the possible role of interatomic dir
exchange in giving rise to ferromagnetism has been ex
sively discussed in the past.15,12,16–18This mechanism would
not require band degeneracy, although the magnitude of
interactions would depend on the nature of the atomic or
als involved. These studies were invariably framed in
Heitler-London formalism19 for diatomic molecules. Within
that framework, ferromagnetism occurs if the ‘‘Heisenbe
J,’’ defined as the difference in energy between singlet a
triplet Heitler-London states, is positive. The ‘‘Heisenbe
J’’ is a combination of the Coulomb exchange matrix el
ment and matrix elements of the single-particle potential
tween nonorthogonal nearest-neighbor orbitals. These s
ies, notably the very detailed calculations by Stuart a
Marshall17 and by Freeman and Watson,18 concluded that the
HeisenbergJ is either negative or positive but very sma
and hence that direct exchange cannot be the origin of
tallic ferromagnetism.

However, we believe that this conclusion is somewh
misleading, in that it suggests that nearest-neighbor
change matrix elements are irrelevant to metallic ferrom
netism. It should be kept in mind that these studies w
based on the Heitler-London wave function, which is ina
propiate for itinerant electrons. We have recently studied
11 022 © 1997 The American Physical Society
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56 11 023METALLIC FERROMAGNETISM IN A BAND MODEL: . . .
effect of nearest-neighbor exchange and pair-hopping
cesses in an itinerant model, and concluded that they
likely to play a fundamental role in metalli
ferromagnetism.20–22 These matrix elements give rise
‘‘bond-charge repulsion’’23 and cause a tendency for ele
trons of opposite spin to occupy states of opposite bond
character to reduce the magnitude of this repulsion, he
favoring ferromagnetism. The possible importance of th
matrix elements in tight-binding models and in particular
the understanding of charge-density-wave instabilities w
pointed out by Kivelsonet al.23 and extensively studied b
Campbell and co-workers.24 Even if small in magnitude we
have found that in the presence of strong on-site repuls
these matrix elements, especially nearest-neighbor excha
give rise to a strong tendency to ferromagnetism. Furth
more, many features of the resulting ferromagnetic state
semble experimental observations.20 Recently, Vollhardt and
co-workers25 have studied the occurrence of ferromagneti
in generalized Hubbard models using exact techniques
also concluded that nearest-neighbor exchange plays a d
nant role.

The purpose of this paper is to examine the combin
effect of single-band bond-charge repulsion, i.e., near
neighbor exchange and pair hopping, and intra-atomic
change that arises in the presence of orbital degener
While we believe that the results of Refs. 20–22 and
establish that metallic ferromagnetism does generically a
in single-band models, it is in principle possible that t
magnitude of the interatomic interactions in real system
too small to give rise to ferromagnetism and the existenc
intra-atomic exchange is essential. Two possible simple
narios would be either that the main features of metallic f
romagnetism are determined by intra-atomic exchange
bond-charge repulsion plays only a minor role, or co
versely, that bond-charge repulsion plays the dominant
and intra-atomic exchange does not qualitatively change
physics. It is also not obvious whether in general interatom
and intra-atomic exchange act cooperatively or whether t
can also compete with each other. Nor is it obvious t
intra-atomic exchange can always give rise to ferrom
netism in the absence of bond-charge repulsion. In this
spect it is of interest to be able to ‘‘turn off’’ each of th
interactions in turn and consider the effect of the othe
which we can do in the model studied. Unfortunately,
nature it is impossible to ‘‘turn off’’ the intraband bond
charge repulsion, so that the question whether intra-ato
exchange can give rise to ferromagnetism in the absenc
bond-charge repulsion cannot be tested experimentally.
the other hand, in systems where there is no orbital deg
eracy one can test whether bond-charge repulsion by i
can give rise to ferromagnetism. One such system is hy
gen at very high densities, where our calculations predict
weak ferromagnetism should set in at temperatures of th
sands of degrees.26

Among the reasons for the belief that band degenerac
essential for metallic ferromagnetism, a widely cited one
the result of a detailed calculation by Slater, Statz, a
Koster13 ~SSK! for two carriers in nondegenerate and dege
erate bands. These workers found that only in the latter c
does ferromagnetism occur, and concluded from this that
romagnetism will never occur in nondegenerate bands.
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results show that this conclusion is flawed for two reaso
~1! ferromagnetic alignment does occur in a nondegene
band if interatomic interaction matrix elements are includ
~which were omitted by SSK!, and~2! intra-atomic exchange
by itself can be totally ineffective in giving rise to ferromag
netism in the degenerate band case when more than two
riers ~i.e., one per band! exist.

In the next section we discuss the Hamiltonian being st
ied and the effect of the various terms in simple limits.
Sec. III we study this model by exact diagonalization
small chains. We conclude with a discussion in Sec. IV.

II. HAMILTONIAN

The Hubbard Hamiltonian for two bands~labeled by
a51,2) arising from degenerate orbitals is given by

H5H11H21H12, ~1a!

Ha52ta (
^ i j &,s

~cias
† cj as1H.c.!1Ua(

i
nia↑nia↓ ,

~1b!

H125Ū(
i

ni1ni21J0 (
iss8

ci1s
† ci2s8

† ci1s8ci2s

1J0(
i

~ci1↑
† ci1↓

† ci2↓ci2↑1H.c.!, ~1c!

where the first term withJ0 describes interband on-site ‘‘ex
change’’ and the second ‘‘pair hopping’’ from one band
the other.U and Ū describe the on-site Coulomb repulsio
between electrons in the same and different atomic orbit
respectively. We have assumed that no hopping between
ferent orbitals at neighboring sites exists. This would
strictly the case ifa represented a Wannier rather tha
atomic orbital, or if such hopping were prevented by sy
metry reasons~e.g., hopping in thex direction between or-
bitals py andpz), and approximate otherwise. We have al
assumed that the Wannier functions can be chosen to be
so that the matrix elements for exchange and pair hopp
are the same.

The contribution to this Hamiltonian from intraban
bond-charge repulsion is

Hbond5 (
^ i j &,a

Ja

2 S (
s

cias
† cj as1H.c.D 2

5 (
^ i j &ass8

Jacias
† cj as8

† cias8cj as

1 (
^ i j &a

Ja~cia↑
† cia↓

† cj a↓cj a↑1H.c.!, ~2!
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11 024 56J. E. HIRSCH
where the first term is nearest-neighbor exchange and
second is pair hopping. We will assume for simplicity th
ta5t, Ua5U, andJa5J are the same for both bands. Th
interaction matrix elementsU, Ū, J0, andJ are all positive,
and are given by matrix elements of the Coulomb interact
between Wannier orbitalsw ia as

U5E d3rd3r 8w ia* ~r !w ia* ~r 8!
e2

ur 2r 8u
w ia~r 8!w ia~r !,

~3a!

Ū5E d3rd3r 8w i1* ~r !w i2* ~r 8!
e2

ur 2r 8u
w i2~r 8!w i1~r !,

~3b!

J05E d3rd3r 8w i1* ~r !w i2* ~r 8!
e2

ur 2r 8u
w i1~r 8!w i2~r !,

~3c!

J5E d3rd3r 8w ia* ~r !w j a* ~r 8!
e2

ur 2r 8u
w ia~r 8!w j a~r !,

~3d!

with i , j nearest-neighbor sites. For large values of the
traorbital on-site repulsionU, as expected to occur in rea
materials, pair-hopping processes are found to be quan
tively unimportant compared to exchange processes in
calculations described in the next section.

In addition to these interactions there is in principle
variety of other interactions such as interatomic interorb
bond-charge repulsion, interatomic site-site repulsion,
hybrid interactions~site bond!, both intra and interatomic
We will not consider these matrix elements here~the role of
intersite hybrid matrix elements in ferromagnetism for
single-band model was considered in Ref. 22!. If no hybrid
intra-atomic matrix elements exist, the interactionsU, Ū,
andJ0 are related by the condition

U5Ū12J0 , ~4!

which follows from rotational invariance. In this relation
one of theJ0’s on the right-hand side arises from exchan
and the other from pair-hopping matrix elements, which
assume to be equal.

The exchange terms can be further decomposed as

J0(
ss8

ci1s
† ci2s8

† ci1s8ci2s52J0(
s

ni1sni2s

1J0~ci1↑
† ci2↓

† ci1↓ci2↑1H.c.!

~5!

and similarly for the interatomic ones. It is clear that t
interaction Eq.~5! favors parallel alignment of spins on th
same atom, in accordance with Hund’s rule, and it is gen
ally assumed that this will also lead to ferromagnetic orde
J0 is sufficiently strong. However, this is by no means ob
ous, and as we will see in the next section the answer
pends on the band filling being considered.
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As a simple limiting case that illustrates this point co
sider the situation whereJ0→`, with Ū fixed. In that case,
two electrons on the same site form a tightly bound trip
pair, and sites with other occupations are much higher
energy. Hopping of this unit occurs through intermedia
states where one electron hops to a neighboring site and
other one follows, with effective amplitude

teff5
2t2

J02Ū
. ~6!

There is furthermore an effective interaction when two
these units with antiparallel spins are at neighboring si
given by

Veff52
4t2

J01U
, ~7!

which is attractive, and a hard-core condition that preve
two of these units from being at the same site. Thus
effective model in this subspace is similar to the stron
coupling limit of the single-band Hubbard model~except that
there are no three-site terms or exchange of antiparallel s
to lowest order!. Although this system may have a pairin
instability, there is no tendency for parallel alignment
spins at different sites, except perhaps close to half-fill
where Nagaoka’s scenario would apply.

On the other hand, the interatomic exchange terms
always favor itinerant ferromagnetism by lowering the k
netic energy of conduction electrons. This was discusse
Ref. 20.

For a quarter-filled band and strong interactions the s
tem becomes insulating and orbitally ordered: electrons
cupy alternating orbitals on alternating sites.6–11 In that case
an effective Hamiltonian can be constructed in the subsp
of singly occupied sites, describing spin and orbital degr
of freedom. Several studies of this regime have shown
the system orders ferromagnetically.6–11

Finally, the mechanism of ‘‘double exchange’’28 will op-
erate in this model when the two bands have different fi
ings, which would be achieved by including different si
energies for the two orbital states. If one of the bands has
electron per site and there is a small carrier concentra
~electron or holes! in the other band, the hopping of th
carriers is enhanced~in the presence of intra-atomicJ0)
when the spins in the other band are aligned, thus favo
ferromagnetic order.28

III. RESULTS

We will use units so thatt51. For the one-dimensiona
chain the bandwidth isW54t, so that if we assume thatt51
eV it would roughly correspond to bandwidths of transitio
metals near the end of the transition-metal series.1 Hence we
may loosely think of the values of the dimensionless para
eters used in this section to correspond to eV values in
materials. Realistic values of the intraorbital Coulomb rep
sion might beU;10220 eV, and of intra-atomic exchang
J0;1-2 eV.7 The interatomic exchange and pair-hopping p
rameterJ is likely to be a fraction of an eV in real materia
~except at very high densities!.26 In the numerical calcula-
tions we have not included the intra-atomic pair-hoppi
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56 11 025METALLIC FERROMAGNETISM IN A BAND MODEL: . . .
term @second term in Eq.~1c!# because it is quantitatively
unimportant for realistic values ofŪ and significantly in-
creases the size of the Hilbert space. However, we still m
tain the relation Eq.~4!, obtained assuming that the pai
hopping matrix element is nonzero. This procedure
consistent as the pair-hopping term is not neglected bec
the matrix element is small, but rather because pair-hopp
processes are suppressed for largeŪ. We will use periodic
boundary conditions unless otherwise indicated.

We study the region of stability of the fully polarize
ferromagnetic state by comparing the ground-state energ
that state with that of unpolarized as well as partially pol
ized states. For strong interactions it is generally found t
the transition occurs directly from fully polarized to unpola
ized, while for weak interactions there is often a parame
regime where partially polarized states have lowest ene
In the following we have only considered the boundary
stability of the fully polarized ferromagnetic phase.

Figure 1 shows the phase diagram in theŪ-J0 plane for a
four-site system with two electrons per band. For t
quarter-filled system an orbital superlattice exists, as
cussed previously.6–9 Our results forJ50 resemble the re
sults of Gill and Scalapino9 ~GS! obtained for the case
U5Ū1J0: ferromagnetism exists for largeŪ in a range of
values of the intra-atomic exchangeJ0. Note, however, that
the values ofJ0 needed to yield ferromagnetism are mu
larger than expected to be realistic. The lower dashed lin
Fig. 1 is an approximate phase boundary which results fr
the competition between ferromagnetic and antiferrom
netic exchange, given by10,9

J05
A321

2
Ū. ~8a!

The upper dashed line is the line

J05Ū24t, ~8b!

FIG. 1. Phase boundaries in theŪ-J0 plane for a quarter-filled
four-site system~two electrons per band!. n50.5 indicates the band
filling ~electrons per band over number of sites!. The dashed lines
indicate the approximate phase boundaries Eq.~6!. Phase bound-
aries for J50, J50.25, andJ50.5 are shown. Here and in th

following figuresU5Ū12J0 unless otherwise indicated.
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where the orbital superlattice becomes unstable as discu
by GS;9 above that line the nonmagnetic state becomes lo
in energy in this case.

When a small interatomic bond-charge repulsion exis
J50.25, the region of ferromagnetism is substantially e
larged, and in particular ferromagnetism exists in the abse
of intra-atomic exchange. Furthermore, Fig. 1 shows t
only in a narrow range ofŪ does the intra-atomic exchang
give rise to ferromagnetism whenJ is present: for example
for J50.25 an increasingJ0 will give rise to ferromagnetism
only for Ū in the range 8 to 12. For smallerŪ no ferromag-
netism exists for arbitrarily largeJ0, and for largerŪ ferro-
magnetism exists even ifJ050.

The situation is somewhat different for the quarter-fill
six-site system, shown in Fig. 2. Here, even in the absenc
J ferromagnetism exists even for rather low values ofŪ and
J0, and the boundary is close to the approximate bound
Eq. ~6a!. However, ferromagnetism is not destroyed here
J0 increases beyond the value given by Eq.~6b!. That is,
even when the orbital superlattice is destroyed the ferrom
netic itinerant state is lower in energy than the nonmagn
state. The difference between these results and those
N54 indicates the importance of finite-size effects, and
likely to be due to the fact that the singlet state is nondeg
erate forN54 but not forN56. Note that for realistic val-
ues ofŪ ~10 or larger! the requiredJ0 in the absence ofJ is
larger than would be expected in real materials. In the pr
ence of a smallJ, the ferromagnetic region is enlarged an
substantially smaller values ofJ0 are required; in this case
however, a finite value ofJ0 is required for ferromagnetism
for any Ū.

Figure 3 shows a case with the band more than one q
ter full, three electrons per band for four sites. In the abse
of interatomic J, the values ofJ0 required for ferromag-
netism are close to the upper limit of what may be cons
ered realistic. Again a smallJ increases substantially th
region in theŪ-J0 plane where ferromagnetism exists.

The tendency to ferromagnetism in this model becom
less pronounced as the band filling decreases. For less th
quarter-filled band we find that no ferromagnetism exi
even for infinitely largeJ0 when periodic boundary condi
tions are used. The phase diagram for a1

6-filled band ~two
electrons per band in six sites! is shown in Fig. 4~a!. No

FIG. 2. Same as Fig. 1 for a six-site system with three electr
per band.
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11 026 56J. E. HIRSCH
ferromagnetism exists forJ50, and asJ increases the region
of ferromagnetism is enlarged. It can be seen that here
intra-atomic exchange suppresses ferromagnetism, neve
hances it. In contrast, the interband Coulomb repulsionŪ is
necessary for the existence of ferromagnetism ifJ is small.
Figure 4~b! shows the dependence of the phase boundary
lattice size for one value ofJ for two electrons inN sites,
with N56, 8, and 12. It can be seen that the dependenc
lattice size is small. Similar results are found for other valu
of J.

FIG. 3. Same as Fig. 1 for a four-site system with three el
trons per band.

FIG. 4. Phase boundary in theŪ-J0 plane for low band fillings.
~a! Two electrons per band in six sites for various values ofJ. For
J50 no ferromagnetism exists.~b! Two electrons per band in lat
tices of sizeN56, N58, andN512, for J50.5
he
en-

n

on
s

If we use free ends boundary conditions instead, howe
we find that ferromagnetism can be induced for low elect
concentration withJ0 only. Figure 5~a! shows the case o
two electrons in six sites, and Fig. 5~b! shows the depen
dence of the phase boundary on lattice size forJ50. For
J50 ferromagnetism does occur, although for rather la
values ofJ0. A small J increases the ferromagnetic regio
substantially. The reason that ferromagnetism becom
easier for free ends boundary conditions compared to
periodic boundary condition case is that the gain in kine
energy of the singlet state is reduced. The size of the Hilb
space is larger for the singlet than the triplet sector, but f
ends boundary conditions limit the ability of the Hamiltonia
to conect these states: for example, forU→` and/orŪ→`,
parts of the Hilbert space become disconnected. For m
than one dimension, however, there are more ways for e
trons to go around each other independent of the bound
conditions, so that the situation should be more similar to
periodic boundary condition case.

In fact, these results were all obtained for the case of t
electrons per band, and as such they may be more repre
tative of that situation than of that for the correspondi
band filling ~obtained by dividing the number of electrons b
the number of sites!. For a more reliable indication that thes
results are representative of the thermodynamic limit,
would be of interest to study the same band fillings for larg

-

FIG. 5. Phase boundary in theŪ-J0 plane for low band fillings
with free ends boundary conditions.~a! Two electrons per band in
six sites for various values ofJ. ~b! Two electrons per band in
lattices of sizeN56, N58, andN512, for J50. IncreasingN
corresponds to decreasingJ0.



o
es

an

ic
te
e

re

g-
e

r

m
o
fo

ys-

ll,
ay

e,

re-
-

the
re 8
r a
r

in

ion,

be

for

ve

and
lec-

e’’
s in
12

val-

hat
f

r

-

o-

r

r

56 11 027METALLIC FERROMAGNETISM IN A BAND MODEL: . . .
number of electrons. Unfortunately, even to studyn50.33
with four electrons on 12 sites involves a Hilbert space
over 33107 states, which is beyond our present capabiliti

We now consider the phase diagrams in theJ-J0 plane for

a fixed value of the interband repulsionŪ ~andU5Ū12J0).
Figure 6 shows the case of six sites, two electrons per b

for various values ofŪ. It can be seen that intra-atom
exchange has no favorable effect on ferromagnetism; ins
the value ofJ required for ferromagnetism increases som
what asJ0 increases. However, the interband Coulomb
pulsion strongly favors ferromagnetism, as the requiredJ

decreases rapidly with increasingŪ.
The fact thatJ0 does not help the tendency to ferroma

netism for low band filling is also found for other lattic
sizes; Fig. 7 shows the phase boundaries in theJ-J0 plane for

two electrons and various lattice sizes for fixedŪ (Ū510).

Similarly the fact thatŪ favors ferromagnetism is found fo
other lattice sizes.

As seen from the results in Fig. 6, the interband Coulo
repulsionŪ favors ferromagnetism for low band filling. T
examine this further we show in Fig. 8 the boundaries

FIG. 6. Phase boundaries in theJ-J0 plane for two electrons pe

band in six sites and various values ofŪ ~the boundaries are indi

cated forJ0<Ū only!. Above each boundary the system is ferr
magnetic.

FIG. 7. Phase boundaries in theJ-J0 plane for two electrons pe

band in lattices of sizeN54, N56, N58, andN512, for Ū510.
f
.

d,

ad
-
-

b

r

ferromagnetism for two electrons per band in a 12-site s

tem forJ050, for the casesŪ50 andŪ5U. For the single-
band case, the on-site repulsionU in the presence ofJ
strongly favors ferromagnetism for bands close to half fu
but the effect ofU becomes much less important far aw
from the half-filled band.22 In fact, as seen in Fig. 8 for the

case ofŪ50, which is equivalent to the single-band cas
the phase boundary shows only a weak dependence onU for

this low band filling. Instead, forŪ5U a rather strong de-
pendence of the phase boundary on the on-site Coulomb
pulsion is found, and theJ required for ferromagnetism ap

proaches zero asŪ5U tends to infinity. This surprising
effect is also found for other lattice sizes and is tied to
fact that there is more than one band in the system. Figu
also shows the boundary for four electrons in 12 sites fo
single band; while theJ required is somewhat lower than fo
two electrons, the dependence onU is still weak because the
system is far from half-filling, in contrast to what happens
the two-band model.

Next we consider the phase diagram in theJ-J0 plane for
a reasonable value of the interband Coulomb repuls

Ū510, The intraband on-site repulsion is taken to

U5Ū12J0 to obey rotational invariance. Figure 9~a! shows
the case of six sites, four electrons per band. Similarly as
two electrons per band, a finite value of the intrabandJ is
required to give rise to ferromagnetism. In contrast, for fi
electrons in six sites@Fig. 9~b!# the criticalJ goes to zero as
J0 increases beyondJ0;3. Qualitatively similar results to
the latter are seen for four sites and three electrons per b
~Fig. 10!, and for eight sites, three electrons and seven e
trons per band~Fig. 11!.

Finally we consider a case where the ‘‘double exchang
mechanism operates: a six-site system with six electron
one band and one electron in the other band. Figure
shows the phase diagram in theU-J0 plane:J0 by itself will
induce ferromagnetism, as expected, especially for large
ues of the Coulomb repulsionU that will prevent double
occupancy of sites for the lower band. However, note t
unphysically large values ofJ0 are required in the absence o
interatomic exchangeJ. In the presence of a smallJ, the

FIG. 8. Phase boundaries in theJ-U plane for two electros per

band in twelve sites andŪ50 andŪ5U. The phase boundary fo
one band with four electrons in it is also shown~dashed line!.
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region of ferromagnetism is substantially enlarged and
magnitude of intra-atomic exchange required becomes r
istic.

IV. SUMMARY AND CONCLUSIONS

We have studied the combined effect of interband a
intraband Coulomb and exchange interactions in a two-b
tight-binding model. For a single band, the nearest-neigh
exchange interaction is known to strongly favor ferroma
netism, especially close to half-filling and in the presence

FIG. 9. Phase boundary in theJ-J0 plane for six sites and~a!

four electrons per band and~b! five electrons per band.Ū510.

FIG. 10. Phase boundary in theJ-J0 plane for four sites and

three electrons per band forŪ510.
e
l-

d
d

or
-
f

strong on-site repulsion.20–22,25For the two-band model, the
quarter-filled band case had been thoroughly studied in
past with intra-atomic interactions only.6–11 For that case,
orbital ordering exists for strong Coulomb repulsion, a
strong intra-atomic exchange had been found to favor
spin-polarized over the unpolarized case.

However, the orbitally ordered state is insulating f
strong interactions. For interactions sufficiently weak that
system is not orbitally ordered, it is also not ferromagne
Here we are interested in the description of metallic fer

FIG. 11. Phase boundaries in theJ-J0 plane for eight sites and

~a! three electrons and~b! seven electrons per band.Ū510.

FIG. 12. Phase boundaries in theŪ-J0 plane for six sites and six

electrons in one band, one electron in the other band.U5Ū12J0.
The values ofJ are indicated next to each curve. The dashed line

J05Ū.
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magnetism, and hence we have focused mainly on n
quarter-filled band cases.

The results obtained depend strongly on lattice sizes
band filling, and hence it is not straightforward to extrapol
to the thermodynamic limit. Nevertheless, we believe it
reasonable to expect that results for small systems with a
electrons can give us some qualitative insight into the ef
of the various interaction parameters. It is clear that the in
atomic exchange by itself is often not sufficient to give r
to ferromagnetism, whether for realistic parameters or e
for unrealistically large interactions@e.g., Figs. 1, 4, 6, 7, 9
and 11~b!#. Only in some cases did a smallJ0 by itself give
rise to ferromagnetism@e.g., Figs. 2, 3, 10, and 11~a!#. How-
ever, it is likely that the tendency to ferromagnetism in t
small systems of this latter group, all of which have an o
number of electrons per band and hence degenerate gr
states in the noninteracting case, is substantially larger th
would be in the thermodynamic limit~similar to the case of
the Jahn-Teller instability in small molecules which go
over to the weaker Peierls instability for an infinite system!.
In other cases, both for band fillings smaller and larger th
one quarter, no ferromagnetism was found with onlyJ0. In
contrast the interatomic exchange interactions were alw
found to strongly favor ferromagnetism, even for rath
small values ofJ. Sometimes an added intra-atomicJ0 was
found to enhance the tendency to ferromagnetism and o
times to suppress it, while the intra-atomic Coulomb rep
sion between different orbitalsŪ was found to always en
hance the tendency to ferromagnetism.

In particular, our results showed that for low band fillin
and in particular for the case of two carriers per band,
intra-atomic exchange interactionJ0 is not effective in giv-
ing rise to ferromagnetism. This is contrary to the conc
sions in the study by Slater, Statz, and Koster13 which con-
sidered a single carrier per band. However, that was a v
special nongeneric case, as the cost in kinetic energy in
band caused by spin polarization does not even arise. Ins
we believe that the case considered here of two electrons
band, which does take that cost into account, is more lik
to be generic for low band fillings. Even thoughJ0 favors
electrons on the same site in different orbitals to have pa
lel spins, this does not necessarily translate into a tende
for electrons in nearby sites to become spin aligned. Thus
believe that to infer conclusions about the importance
intra-atomic exchange in the tendency to ferromagnetism
estimating the amount of polar fluctuations ind bands27 is
somewhat misleading. Even if there are substantial p
fluctuations ~which in our model corresponds to taking
small value ofŪ) which will give rise to a lowering of
energy of two electrons with aligned spin on the same at
this does not imply that ferromagnetism will result.

We believe that this finding is relevant to the understa
ing of ferromagnetism in Ni as well as Ni-Cu and Ni-Z
alloy. The magnetic moment of Ni is only about 0.6 Bo
magnetons per atom. Roughly, this is close to full polari
tion for the casen50.33 obtained for the six-site syste
with two carriers per band, giving rise to a magnetic mom
per atom ofm50.66mB when fully polarized. Note that the
carriers in this case are holes rather than electrons. Simil
the progressively lower band fillings obtained with two ca
n-
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riers per band for increasing lattice sizes could represen
loys of Ni-Cu and Ni-Zn with decreasing Ni concentratio
and hence decreasing number ofd holes per site. Note that i
has never been convincingly shown~i.e., beyond mean-field
theory! that in a model with only intra-atomic exchange a
low density of carriers the ferromagnetic state is the grou
state ~except for the special case of a single electron
band13!. The results here show that this is not the case
least for the case of periodic boundary conditions. Our fin
ings cast doubt on the commonly accepted view that in
atomic exchange is the driving force for metallic ferroma
netism, at least for nickel and nickel alloys with decreas
d-hole concentration. It is furthermore unlikely that the fu
damental mechanism of ferromagnetism would change r
cally as we move to the left of Ni in the periodic table, as
sharp changes in behavior are seen in alloys with cont
ously increasingd-hole concentration~e.g., Ni-Fe, etc!.

In contrast, we have seen that when intraband interato
exchange is included, ferromagnetism will result in all cas
studied. In some cases, interatomic and intra-atomic
change were found to act cooperatively. That is, the mag
tude ofJ required to obtain ferromagnetism decreases as
intra-atomic exchangeJ0 increases. However, in other case
particularly for low band filling,J0 was found to have only a
small effect and actually disfavor the tendency to ferrom
netism. That is, a larger value ofJ is required for largerJ0 to
give rise to ferromagnetism. This indicates that the tende
for electrons on the same atom to align their spins paralle
each other is not necessarily relevant to the question whe
electrons on different sites in the same band will align th
spins parallel to each other. This is, however, strongly
pendent on the filling of the bands. For example, for a f
carriers in one of the bands and the other band half f
intra-atomic exchange does give a definite tendency for s
alignment through the ‘‘double-exchange’’ mechanism. T
is well known from analytic work28 and we have also found
it in the numerical calculations discussed here.

In summary, we believe the results of this paper supp
the view that intraband rather than interband interactio
and interatomic rather than intraatomic interactions,
chiefly responsible for metallic ferromagnetism. Among i
traband interactions it is the bond-charge repulsion, which
a tight-binding basis is represented by off-diagonal Coulo
matrix elements giving rise to nearest-neighbor excha
and pair-hopping processes, the one that is likely to be
driving force for metallic ferromagnetism.20 This view of
course does not imply that band degeneracy does not
any role, and in particular we have seen that the intraato
interorbital Coulomb repulsionŪ plays an important quanti
tative role even for low density of carriers in favoring ferr
magnetism. It also does not exclude the fact that as we m
from the left towards the center of the transition-metal ser
and the magnetization per atom increases, intra-atomic
change will become quantitatively important. However,
does suggest that the main qualitative features of meta
ferromagnetism can be understood from a simple single-b
model, and leaves open the interesting possibility that itin
ant ferromagnetism may exist in metals that have not
been synthesized in the laboratory where intra-atomic
change can play no role whatsoever, such as hydroge
very high densities.26
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