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Dynamic model of anisotropic x-ray refraction
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(Received 14 April 1997

General mechanisms of anisotropic x-ray refraction at the resonance energy are investigated on the basis of
dynamic-scattering theory. The deductions show that x rays within the crystals that have anisotropic suscep-
tibility are completely polarized and have two elliptical polarization states. Analytical expressions of the
elliptical axes, refractive indices, and absorption coefficients for these two types of polarized waves are
obtained in terms of the anisotropic components of the susceptibility tensor. Anisotropic birefringence and
dichroism effects associated with the polarization properties of the x-ray waves are also illustrated theoreti-
cally. [S0163-18207)06034-1

I INTRODUCTION the susceptibility tensox(r)] is essential: It determines the

polarization and anisotropic absorption of the x rays propa-
ating along any directions. In fact, all the elementsy6rf)
e energy-dependent complex quantities near the absorption

The conventional theories of x-ray refraction and diffrac-
tion have been well elaborated on the general assumptio

that the electric suscegtibili?y of _crystals is _isotr_opic in theedge due to the complex anomalous-dispersion corrections.
x-ray frequency range? While this assumption is usually Tpis makes the x-ray waves within the crystal elliptically
justified, it may be invalid when the x-ray energy is close t04¢ |east linearly polarized. Meanwhile, the anisotropic ab-
an atomic absorption edge. It has been shown both experkgrption phenomena are directly related to the imaginary part
mentally and theoretically that the X-ray susceptibility nearof the susceptibility:*>*3In the viewpoint of dynamic scat-
an absorption edge is slightly anisotropic, mainly as a contering, therefore, the only task is to find the actual forms of
sequence of the anomalous resonance effect related to thige x-ray waves in crystals.
chemical bonds and local environment of the atom in crys- It is our purpose to show in the present work how the
tals. It is this small anisotropy of susceptibility that gives risegeneral principles governing the anisotropic x-ray refraction
to a series of anisotropic anomalous-scattering phenomenand absorption can be deduced from dynamic wave theories.
such as the energy-dependent dichroism, birefringence, arld fact, we give an exact description of the elliptical polar-
forbidden-reflection diffractiod=’ ization properties of anisotropically refracted x rays propa-
As anisotropic scattering occurs, the x-ray susceptibilitygating in crystals. Analytical expressions for the refractive

can be represented by a second-rank teﬁﬁo} (within the ingiices. and absorption qoeffici(_ents of x-ray waves are .Ob'
dipole approximatiopwhich gives at every point the local tained in terms of the anisotropic parts of the susceptibility,

. X L . from which the intrinsic mechanisms of x-ray birefringence
relat|9nsh|p between thei electrlcsﬂeﬂi{r) and the m_duced and dichroism are revealed explicitly.
polarization P(r): P(r)«x(r)E(r).> Generally,P(r) is no
longer parallel toE(r), and similar to the optics of visible
light, only x-ray waves with specific polarization may propa- !l WAVE EQUATION OF ANISOTROPIC REFRACTION

gate through the crystal. Since the Fourier compon,%gltsf For anisotropic x-ray optics in single crystals, the electric

the periodicy(r) also have tensorial forms, the polarization susceptibility is described by a second-rank tengaich is
phenomena may be explained by the anisotropic structurmvariant against the symmetry transformations of the space

amplitudesF, (proportional to x,) in the framework of ~group and has the symmetgy = x''.° Because all the sus-

kinematic-scattering theories, as demonstrated in some préeptibility elements " are small (typically less than

vious investigation&®° Nevertheless, the kinematic model 10~%) in the x-ray frequency range, the electrically induced

mainly deals with global refracted and diffracted intensities;polarization can be written as

it cannot provide information concerning the wave phase,

propagation, and interaction, though it is such information T (T 11~ 2

that indicates the intrinsic mechanism of x-ray P=D-E=[I=(I*+x) "ID=AD. @

polarization'®!! To fully understand the wave behaviors in . _ _ _ o

anisotropic x-ray refraction and diffraction, therefore, oneWherel is the unit matrix and is the electric displacement.

has to resort to dynamic-scattering theories. Base_d on this relation, Maxwell’s equations have the general
It is known that the dynamic theory can give explicitly the Solutions

properties of propagating x-ray waves by taking into account

all the interactions between the refracted and diffracted 1 .

waves and the crystafsFor anisotropic scattering, the inter- D; =2—2 K X[K;jX(xj-nDn)]s 2

action between the waves and the crysfaépresented by Ke=Kj-Kjn
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whereK is the vacuum wave vector, the, are the Fourier Equations(7a), (7b), (7¢), and(7d) are the wave equations of
components of the susceptibility which have the same tensa@nisotropic x-ray refraction, from which the wave parameters

rial form asy, andD; andK; are the amplitude and wave a,b,p, andd, (ord,) can be obtained.
vector of thejth Bloch wave, respectively. Equati@B) rep-

resents the basic wave equations for anisotropic x-ray [Il. TWO POLARIZATION STATES
scattering'® from which a series of polarization phenomena OF REFRACTED WAVES
can be deduced.

In the case that there are only refracted waves in the crys- The susceptibility tensoko+ixo of a crystal is usually
tal, Eq.(2) reduces to the “one-beam” equation expressed with respect to the conventional Cartesian coordi-

nate systenthere called the Xyyyz, system”) of the related
1 . crystallographic system. In order to deduce the actual form
DOZZ_%(XODO)[KO] J ) of the refracted wave from Eq7), it is convenient to build
up a new Cartesian coordinate systggw in the following
where two steps. First, the, axis is rotated to be parallel to the

wave-propagating directiodiKy (or Kg for inclined inci-

(4) dence, so that an intermediate systetty’z’ is established.
ZKS If the corresponding rotation matrix R, the susceptibility

. . . , tensor in the x'y'Z system becomes
is a small wave vector correction associated with x-ray re-~

i 2 S p-liip Op-1 ; ;
) ~ . . XpTixXq=RixoR; "+iRxgR; ~. It is evident that the
fraction and foDo)k,) is the perpendicular component of 47 tormed susceptibility is still symmetric(i.e.,

XoDo with respect to the wave-propagating directiop. As Xg + i)(iqj = XJ; + ixg). Then one can further rotate thé axis
mentioned in Sec. |, anisotropic x-ray refraction and diffrac-by an angle
tion usually occur near the atomic absorption edges. In such

K3—K?2
o=

frequency ranges, all the elements of the susceptibility are 1 2,12

- . ! 1o 2
complex and the susceptibility tensor may be simply written az—ztan — 1 (8
asxo+ixe. As a consequence, the wave vedtgyis com- Xp ~ Xp

plex and has the form to generate theyz system in which the susceptibility tensor

Ko= 5+iKi), (5) is transformed to have the form

where the small imaginary pakt} is perpendicular to the X0 kB Pl Gl o
entrance plane according to the boundary _condﬁiﬁhere- 0 22 ,23|  .f 12 422 23 9
fore, Egs.(3) and(4) are rigorous only wheKg, is parallel to s X’23 X’33 : Xis XZS X§3 ’
Kg. This actually corresponds to the case of perpendicular Xr Xr Xr Xs Xs Xs
incidence in whichK,=Kg+iKy. For the general cases of . _ . :
0 "0 "0 g with x1?=0. If the transformation matrix corresponding to

inclined incidence, one can prove that, to a good approxima- o ) A
tion, Ko is neary parallel to KL  with the second rotation is written &5, x, +i xs is related to the

K= K[ﬁ‘iKioCOSKB' Kio)- original susceptibility by

As 5, and the susceptibility tensor are complex, the wave A g AP
obtained from Eq.(3) is, in general.elliptically polarized. Xr+ixs=RaRixoR; "Ry "+ RoRixoRy "Ry . (10)
Then the electric displacement of the elliptical wave has the. . ) ) ) .
formLt It is noticeable that for the transformation associated with an

arbitrary propagating directiorK,, the imaginary off-
Do=Dy(d; +ipd,), (6)  diagonal elemeny’? does not necessarily vanish. In the fol-
lowing, we generally assume thgi?#0.
In the xyz coordinate system, bott, andd, are perpen-
dicular toK, (z axig), and they can be represented as

where the unit vectord; andd, are parallel to the major and
minor axes of the ellipse, respectivelg,( d,=0), and the
ellipticity is described byp(|p|<1) which also determines
the rotation direction of the electric displacement. Making

the substitution 2Z,=a+ib (a andb are real numbejsand d; =cospi+singj,
inserting Eq.(6) into Eqg.(3), one can obtain the scalar forms
of Eq. (3) as d,= —sindi + cosj, (11)
a=(xo0d1)[k 1 A1~ P(xod2)[ky - 01, (78 respectively, where, |, andk are the unit vectors along the
X, Y, and z axes, respectively. Introducing the present
bzp(i’odz)[KOJ'd1+(5(6d1)[r<0]'d1, (7b)  di,d,, and susceptibility tensor into E¢7) enables one to

rewrite the equations as

bp=p(x002)K - G2~ (Xod1) k- Oz (70

a= xcog 6+ x?sirt o+ gv sin20— pwcos29,

ap=p(Xod2)iky Aot (X6 kg G2 (79 (123
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b=— gu sin20+ xX'cog 6+ x2%sirf 6+ w sin26),
(12b)

1
bp=p(xi’sirt 6+ x2’cos 6 —wsin26) + S usin2g,

(129
ap=p(x-sirt 6+ x?cog0) — %v sin26+w cos24,
(120
where
u=x;'=x?,
o=t
w=y22. (13

After a andb are eliminated, Eq9123), (12b), (120, and
(12d) reduce to

(u—wP)cos20+ v P sin26=0,

v C0S20+ 2 (4w—uP)sin26=0, (14
whereP is defined as
P=p+ ! (15
p D’
It follows from Eq. (14) that
u?+w?+4w?
P?2— ———————P+4=0. (16)
uw

Foruw# 0, this equation has two real rod® and P, with
|P,|=2 and|P,|<2. In view of Eq.(15), |P,|<2 has no
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FIG. 1. Two elliptical polarization statewo(and e waveg of
anisotropically refracted x rays in crystad{. and di2 represent the
directions of the major and minor axes of thavave, respectively
(i=0,€e). The two ellipses have the same ellipticity and the arrows
indicate the rotating directions of the electric displacements.

waves here are called “ordinary”o) and “extraordinary”
(e) waves, respectively, with their majéminor) axes per-
pendicular to each other:

d9= coss°i +sing?,
d9=d$= —sin¢°i + coxy?,

ds=—dj. (20
However, the two polarized waves have the same ellipticity
p expressed in Eq.18), indicating the similarity of the two
ellipses in shape. Moreover, the electric displacements asso-
ciated with the two waves are rotated in the same direction
during propagation, as represented schematically in Fig. 1.

physical meaning. Therefore, the only solution is expressed Under the condition tha or w approach zero, one can

by

U+ v2+4w?x (U?+ 02+ 4w?) — 16u°w?
P= ’ (17)

2uw

obtain from Eqs(17), (18), and(19) the following results:

where the plus and minus signs before the radical correspond

to the two casesiw>0 and uw<0, respectively. Taking

into account thafp|<1, one obtains from Eq15) the cor-
responding values g for the two cases:

P+ \P?-4
p=—y— (19
As P is known, one can derive from E@l4) two differ-
ent values off:

00—1t _,2wWwP—2u
e
0°=6°+ 7/2. (19

) ) 1 2w

limp=0, lim#°==tan 1—,

u—0 u—0 2 v
limp=0, lim 6°=0. (21
w—0 w—0

In these two extreme cases, the refracted waves are linearly
polarized alongd{ or df .

Using the preseng' andp, one may obtain the other two
parameters' andb' (i=o0 or e) from Egs.(12a and(12b).
Especially, it can be found that is different froma® by

Aa=(u—2pw)cos2°+ puv sin26°, (22
while the difference between® andb® is
Ab=(2w—pv)sin26°+ u cos2°. (23

These two values correspond to two elliptical polarization

states of the waves propagating along the wave ve€tor

The two wave vectors expressed in terms of the derived

within the crystal. Similar to visible-light optics, the two a' andb' are
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K3=K

1
1+ E(a°+ib°)},

1
Kg=K| 1+ E(ae+ib°) ) (24)

It follows immediately that the refractive indices of the two

waves aran®=1+a°/2 andn®=1+a®2, respectively. Ow-
ing to the anisotropy of the susceptibilitp® and n® are

generally not equal, which gives rise to the birefringence o

the crystal alond<:

Aa

An= 5 (25

Meanwhile, the linear absorption coefficients of theand
e waves are represented byu°=—-27K|b° and
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bility ;}O+i)}(’) contains at most six different real elements
(xd) and six imaginary onesyg) in the conventional co-
ordinate systenmxgyozo. According to Eq.(10), the trans-
formed elementsy, in the special systenxyz are linear
combinations of the elemenjg with the transformation co-
efficients determined by the direction Kf, and similar re-
lations exist betweey! andy,'. If the refraction is viewed
in the systenxyy,zq, the anisotropic parameters v, and
w which determine the wave characteristics are generally
related to all the susceptibility elemengg and x4". Mean-
while, the dependence of the three parameters on the direc-
tion of Ky implies that the birefringence and dichroism are
also anisotropic, changing with the variation in wave-
propagating directions. Therefore, the actual forms of the
refracted waves inside the crystal are tunable in experiments.
The other feature of anisotropic refraction is that the pa-

uf=—2mK]|b®, respectively, alond, and the associated
dichroism is

rametersu, v, and w are only related to the energy-
dependent anomalous-dispersion corrections and indepen-
dent of the large isotropic part of the susceptibility which is

Apu=27K|Ab]. (26)  conventionally written &s
In an actual anisotropic refraction case, an incident wave 2 5
. - o . . ) Ae
generally splits into two elliptical waves with the isotropic_ N (29)
Ko-relatedo ande polarization states, respectively, with the mmc

initial amplitudes and relative phases of the two waves de- ) ) )
termined by the boundary condition. For example, when 4N the number of electrons in a unit gelAs the magnitude
linearly polarized plane wave with amplitude of the real anomalous-dispersion correction is, in most cases,

D=D,d%+ D,d¢ is incident on the crystahote that an x-ray comparable to that of the imaginary p&rt:>we believe that

beam in vacuum can always be expanded into a set of suéFLe three parameters can be of the same order near the atomic

waves, the boundary condition is apbsorption edges. Under this condition, E¢k7) and (18)
’ yield definite values folP and p. Only in the special case

thatu or v is extremely small does the ellipticity tend to
zero, but the crystal is still birefringent or dichrdisee Eqg.
(2]

Experimental data for anisotropic x-ray susceptibility are
sparse at present, but the phenomena of x-ray birefringence
and dichroism have been observed in many crystals. For in-
stance, Petcov, Kirfel, and Fiscldrave measured directly
the birefringence and dichroism of lithium niobate with

D.e'“—ipD!f=D,,

ipDye'“+Def=D,, (27

whereD, and D, are the amplitudes of the ande waves
along their major axes, respectivgsee Eq(6)], anda and
B are their relative phases. Solving Eg7) yields

a=tan71pD2 _ —tanflle monochromatized synchrotron beam in the transmission
D,’ D, "’ case. Making the incident beam along {i€.0] direction,

they found that the maximum values of the dichroism and
D2+ p?D?2 D, D2+p?D? birefringence are 53.6 cmt and—0.11x 107, respectively,
Ozl——p2’ e:|D2| 1—p? . (29 in the vicinity of the NbK-absorption edgd.Note that the

birefringence and dichroism termed in Ref. 7 may be slightly

It is interesting that fop+ 0, theo ande waves are always different from that defined in Eqs25 and (26) of the
excited simultaneously by the linearly polarized incidentPresent paperCompared with the isotropic x-ray refractive
wave. Inside the crystal, the two waves propagate indeperiddex(typically several perceptind absorption coefficieita
dently. But as the waves leave the crystal, their amplitudefw hundreds or greater in cnt), the birefringence and
and relative phases are slightly changed due to the smaHlichroism are very small, but the results indeed gave direct

birefringence and dichroism. Consequently, the two wave®roof of the occurrence of anisotropic refraction as well as
couple into an elliptical wave behind the exit surface. the anisotropic interaction between x-ray waves and crystals.

It was also indicated that, for thel0.0] wave-propagating
direction, the maximum values of the anisotropic parameters
u andv are—0.30(8) and 0.7Q) (in electron), respectively.
Based on the dynamic model of x-ray refraction, we haveJdnfortunately, the absolute value af was not provided in
demonstrated that elliptical polarized x rays are the fundaRef. 7, but the results are consistent with our assumption that
mental wave forms in anisotropic x-ray scattering. It shouldu, v, andw are generally of the same order.
be noted that the present theory is valid for all the crystallo- Although the detectable birefringence and dichroism of
graphic systems with a symmetric susceptibility tensor. Fothe transmitted beam are very weak in the transmission ge-
the least symmetric crystal, the energy-dependent susceptimetry, x rays within the crystal are, based on our deduc-

IV. DISCUSSION AND CONCLUSION
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tions, completely polarized even if the anisotropic elementability of highly polarized and tunable synchrotron radiation
of the susceptibility are very small. The problem is that onehas made anisotropic refraction and diffraction an attractive
can hardly separate the two kinds of ellipticallyr at least tool for a broad range of studies of these fields in both trans-
linearly) polarized waves in experiments. In the diffraction mission and diffraction cases. In a later work, we will illus-
case, however, the polarization state of the reflected waviate explicitly the principles of anisotropic x-ray diffraction
may be totally different from that of the incident beam. Es-on the basis of the “two-beam” dynamic scattering model.
pecially in “forbidden” or weak reflections where the iso-
tropic susceptibility associated with the diffracted waves be-
comes insignificant and the resonant scattering is mainly
related to the anisotropic interaction, crystals can act as effi- This work was supported by the National Natural Science
cient x-ray polarizers to change linearly polarized radiationFoundation of China and Beijing Synchrotron Radiation Fa-
into an elliptically polarized one arice versaln fact, highly  cility (BSRP, Institute of High Energy Physics, Beijing,
polarized x rays have many applications in materials sciencé;hina. The authors are indebted to Professor A. Kirfel and
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