PHYSICAL REVIEW B VOLUME 56, NUMBER 17 1 NOVEMBER 1997-1

Nonlinear response of composite materials containing coated spheres:
Giant enhancement due to the particle structure and distribution

Liang Fu and Lorenzo Resca
Department of Physics, the Catholic University of America, Washington, D.C. 20064
(Received 13 September 1996

We derive the exact third-order polarizability of a nonlinear coated sphere. We then study the effective
third-order nonlinear susceptibilityﬁf) (Kerr coefficieny of a composite containing such coated spheres,
including the interparticle interactions within mean-field theory. We show that the coated particle structure can
significantly enhance the nonlinear response of a particle near resonance. Furthermore, we show that the
interparticle interaction can further increase or decrease the nonlinear resonance peak by more than one order
of magnitude, depending on the particle concentration, distribution, and structure, while shifting the resonance
frequencies. Therefore, the spectrumyd? can be sensitively tuned by varying a concentration-distribution
parameter[S0163-18207)06438-2

I. INTRODUCTION sponse by several orders of magnitude, while the interpar-

ticle interactions can further modify the nonlinear resonance

Virtually any dielectric material will exhibit some nonlin- peak of the isolated particles by more than one order of mag-

ear behavior when a sufficiently strong electric field is ap-hitude, while shifting the resonance frequency. The precise

plied. The nonlinear part of the response at optical frequeneffect is determined by the concentration and the distribution

cies has proved to be essential in optical communication an@f the particles, combined with their structure. We consider
laser technologies. Since the invention of the laser, nonlinedf€ general case of a coated sphere of core radargd outer
optics has thus developed into an important and independef@diusb, where both the corél) and the coatind2) mate-
field of research. Materials with a large nonlinear optical'@!s can be nonlinear, and are described by a response

response have been developed and found numerous applica-

tions in optical switching, photoelastic, and phase-conjugate

devices.” o o _ ___Such particles are then embedded in a linear host medium
In most applications, it is crucial that a large nonlinear, i, 5 gielectric functiones. As customary, we consider the

response occurs in a desired frequency range. The ”Onli”eﬁfng-wavelength limit, so that the problem can be treated

optical response of a material is determined by both its i”'quasistatically. In this paper, we consider a simple aniso-

trinsic properties and the electric-field distribution in the SYS-tropic pair distribution, with azimuthal and reflection sym-

tem. Correspondingly, in order to obtain a large nonlineaimetry in thez direction, assumed parallel to the applied elec-

response, one may attempt to directly engineer a materiafic field E,. That is

with a large intrinsic nonlinear optical response in the de-

sired frequency range. Alternatively, one may design a com- 0, r<2b,

osite material with an appropriate linear response such that n(r)= 2

fhe resulting optical field I?smeo)re concentrateg in the nonlin- NLhy(r)+ha(r)Po(cosd)], - r=2b,

ear component, or the component with the largest nonlineahere N is the average number density of the particles,
response. Recently, using such a local-field effect, Fisher P,(cos) is the second-order Legendre polynomial, and

al.” have succeeded in producing a composite of alternating, (ry andh,(r) are arbitrary functions of the radial distance,
layers of titanium dioxide and a nonlinear polymer, such thakagisfying the conditions

the effective third-order nonlinear susceptibilipf> is en-
hanced by about 35%. Similar enhancements have also been hi(r=Rp)=1, hy(r=Ry)=0, 3
obtained in granular composite systems of uniform spferes
and coated spherésVarious calculations for systems with outside the correlation rand®,. Thus, Eq.(2) defines arL
uniform and coated sphefasave previously indicated that a =1 pair distribution’
strong enhancement of the nonlinear response is quite pos- The nonlinear response of a composite system containing
sible. However, the exact nonlinear polarizability of coatedparticles of arbitrary structure can be determined exactly,
spheres and their interparticle interactions have not been précluding fully the multipolar interactions among the
viously obtained. particles® That requires in the first place the determination of
In this paper, we derive the exact first-ordéinear) and  polarization coefficients which describe the complete linear
third-order(nonlineay polarizabilities of coated spheres. We and nonlinear response of the isolated particles, depending
then determine their interparticle interactions in mean-fieldon their structure. Secondly, it requires knowledge of the
theory. Both have dramatic effects on the nonlinear responssystem microscopic configuration. For disordered systems, in
Namely, the coated structure can enhance the nonlinear réhe mean-field approximation, it has been shown that the

Di=eE+xY|E’E, (i=1,2). (1)

0163-1829/97/5@.7)/109637)/$10.00 56 10963 © 1997 The American Physical Society



10 964 LIANG FU AND LORENZO RESCA 56

effective third-order susceptibility for an=1 pair distribu-  The solution is not trivial, hence, we outline it in adequate

tion is given by[cf. Eq. (30) in Ref. §| detail.
We begin by expanding the total potentidlas
10101
@ _[47) (vig ™) (4) (1 33 5
Xe =2\ 3 | [1—(4n/3N(1+KH(AID]* U=uEg+u¥Ey+0*(Ey). @)

Out of all the first-ordexlinean and third-order(nonlineay ~ In Eq.(7), only odd orders ok, appear, due to the reflection
polarization coefficients of thédentica) particles\|:™ and ~ Symmetry '”Z—’_Z-f Shubsntutmg Eq(7) into EQ-b (6) a”r?
Jamilamalams £o () requires knowledge of only the  COMPANg terms of the same power fiiy, we obtain the

Im o ) . boundary-value problems far®):
=1m=0 polarizabilities, and their averages over orienta- y P

tions, denoted by). Furthermore, Eq(4) requires knowl- v2uV=0
edge of '
D (1)
* R Ju Ju
Kl:iw /4_7Tj n(r)YZO(r)d3r:§J th(r)dr Ul o=u]a 0, €1 | T a0
L 2aN V 5 Ji<g, r 5Jp 1 a-0
(5
which is a dimensionless parameter describingLtkel pair U _o=uY)pi0, € > = €30,
distribution [cf. Eq. (21) of Ref. 7]. In particular,K}=0 M 1o r
corresponds to an isotropic distribution. In geneKai,<0
" I ) p=
represents_a_ prolate_ dls_trlbutlo_n, where th_ere is less E /—rYlo(r), b<r: ®)
chance of finding a particle in thredirection than in a trans- 3 :

verse direction. The opposite calsé>0 corresponds to an

“oblate” distribution. We have previously considered spe-and foru®®:

cifically a model of ellipsoidal inclusion%whereKi ranges @)

from —1 to 2. We emphasize that although only the dipolar v2u®=— X—Vu(l>-V|Vu(1>|2
polarizabilities appear in Eg4), that is not the result of € '
making the dipole approximation. Rather, the theory includes

all orders of multipoles. However, within mean-field theory u®,_0=u®| 440,
and forL=1 pair distributions, the higher multipoles do not
produce any contribution to the effective dielectric function. au® . ouD
a—|  HPIVUYP——,
Il. BOUNDARY-VALUE PROBLEM FOR A1JAND 7300 a-o0
(3) (1)

In order to determine the first-order and third-order polar- =e, &u + x| vud)? - ,
izabilities A 13 and »15'%%° needed in Eq(4), for the coated a |.o I o
particles considered in this paper, we have to immerse a
single particle in a uniform external fiell,, and find the u®p_o=u®¥|p40,
induced dipole moment up to the third-order . This
poses the following boundary-value problgderived from ou® Ju® ou®

—N)- 3) (1)]2 _
V-D=0): €2 + x5 Vu'd| =€ :
b—-0 b—-0 b+0
eV2U + y3[(V|U]?)- VU +|VU|2V2U]=0, (€)
2 From Eq.(8), we obtain
T
U==\73EoYudn), b=r, —ArY 1), r<a,
C
Ula-0=Ula+o, —Br+—|Y; 1), a<r<b,
(3) 29U Am 4\ qi
ei——| +xi|VU[F— =\ 5 Yd+| = |~7 Yudr), =D,
ar ar 3 3/r
a-0 a-0
(10
U
=€ - +X(23)|VU|2(9— : (6)  where
a+0 r a+0

A=6\/3776263b3/A,

B=2\3 +2 b3/A,
U ) 2‘?U m(€e; €;) €3
€2 oot X2 |VU[*—-

U
b—0~ €3 ar

bio C=2\3m(e,— €,)eza%bYA,
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3
ais' =\ gl (a1 €) (26, + eg)a’

+(El+262)(62_63)b3]b3/A, (11)
with
A=2(61—62)(62—63)a3+(61+262)(62+263)b3.
12)
From Eq.(10), we obtain
(1),V|Vu(1)|2
0, r=a,
27(4BC? 5C3
e AR A

9y21/58°C 8BC? 5C°
35w | rf + =3t 10| Ysdr), asr<b.

13

Therefore, only in the regioa<r <b, the differential equa-
tion for u®® is not homogeneous. Using E@.3), we obtain
a particular solution of Eq(9), namely

(3)

U= = 2oy (1) Y1 D)+ o5(r) Yad1)],  a<r=b,
2
(14
where
1 (12BC? 5C3
Ul(r):m 5 T
B 9J2—1/ 12B2C . BC? s 5C3 15
o3(r)= 357\  2r? r5 " 448" (19

10 965

From Eg.(10), we also obtain

[?u(l)
(1))2
[Vuld)| pr
3 A3Y; (T)
- ry, r=a,
=1 47 )
—B1(r)Y1or)=Bs(r)Ysdr), asrs<b,
where
.. . BC BC? ¢C®
Bu(r)= 55| 5B°+ 18— +30—5 +285 |,
9ﬂ B2C BC? C3
Ba(r)= < 355 +2r_9) (18)

Substituting Egs(16)—(18) into the boundary conditions in
Eq. (9), and comparing the coefficients ¥ o(r), we obtain

(3)

1 X2
aDl—aFl—¥G1=—e—201(a),
2¢, 3 doy(r)
€.D1—eF,+ 3C51_4_)((3)A3 Xzs)T
~x5B1(a),

Superposing to that a general solution of the homogeneous

equationV2u®=0, we obtain the complete solution:

DirY1o(r)+Dar3Ya(r), r<a,
G (3)
r €y !
u(3)=< G (3)
Far®+ 22— o oy(r) [Yagr),  a=r=b,
2
4w\ sy | 5o
(?)TTY]_‘O(T)‘F ? — Y30(r) b=r.
\
(16)

3 \o
| o] Ssesctatotncs

47 A

a1(b)

—[2(€1—

fz)a

Explicitly,

€ 4ar 263 Ul(r)
€F, b3 G, (?) b3 O=x5 ar b+X(23),31(b)-
(19
From Eq.(19), we then obtain
3 \xyY oi(a)  doy(r)
- _b3 3a3 €1 — € dr —62,81(6\)
doq(r)
_62)33_(51+2€2)b3][ dlr +,31(b)”- (20)
b
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3
43 = 3 (3e3b)
10 47 A4

1
[X(lg)(362)4a3b9— £X5[8(e1— €2)*a?+ 8(e1~ €2) €1+ 2€,)%0°+ 36( €1~ €2)(€1+ 2€5) 20"

— (476} —8€3e,— 204e5€5— 296¢, €3+ 56€5)a°h® — 5( €1 + 2€,) *b*?] } . (21)
Then, the induced dipole moment on the coated sphere is given by
d10= 0y Eo+ 5o Eg+ O (EQ), (22
and the first-ordérand third-order polarizabilities are, respectively,

(1~ &) (26,1 €3)(alb)°+ (€11 2€;) (€2 €3)

477(9qu
10 /7" _ 3— 13
Mo= V3 9E, . P €1 e))(€p—e2)(alD)3T (€14 26y) (€ 25 0~ 407 @3
-
yoon 477G 2 o€ e e+ L5 e+ 260
10 3 ES |, el2e— (e ea)(alb)*H (e 26))(ep+ 2¢5) | X112 gX2 2laTee
-

+ (471 —8e3e,— 20462 €2 — 296¢, €3+ 56€5) (alb)3— 36( €1 — €,)%(€1+ 2€,)2(alb)®—8(e1— €,) (e, + 2€,) (alb)®

—8(e1— 52)4(a/b)12]] b

2 3

These are exact results. The third-order polarizabil&) spheres with only one nonlinear component, which is either
has not been previously obtained. One can easily verify thatp the coating or in the core. We compute the effective Kerr
for b—a, Egs. (23) and (24) reduce to those for uniform coefficient normalized by both the volume fraction and the

spheres that have been previously obtaifeidEgs.(35) and ~ Kerr coefficient of the nonlinear component of the particles.
. This normalized quantity depends only on the concentration-
(36) of Ref. 8. q y daep y

distribution parametef, and represents the enhancement of
4 the Kerr coefficient. We use various values ofbetween
) a®. (25 0.15 and 0.75. These valueskofcorrespond, for example, to
a volume fractionv =0.3, with Ki varying between—0.5
These results can also be obtained by taking the limitand 1.5. The effect of the interparticle interaction is shown
€— €1 andX(23)—>X(l3) in Egs.(23) and (24). by comparison with the results in the low-concentration
limit, where F=v=0.

363

_ (3)
10_ €17 .3 101010 pX1
€11+ 2€3

=—)a 14
07 ¢ +2e5 10 €3

Ill. GIANT ENHANCEMENT OF THE EFFECTIVE

7x10% T T T T T T
KERR COEFFICIENT
i F=0.75 J
Now, substituting Eqs(23) and (24) into Eq. (4), one 6x10°
obtains the effective third-order nonlinear susceptibility sui0® b )

(Kerr coefficienj —

“

% 4x10® | -
K 2,
~—

(33—

Xe U (1- Fa)4' (26) % 3x108 F 0.60 -
where v =(47/3)Nb? is the particle volume fraction, and 2x10° F i
F=v(1+Kj) is a crucial concentration-distribution param- 045
eter. In the low concentration limix{®)~v «, and there is a 1x10° |- 030 R
significant enhancement at the linear coated-sphere reso- . . .
nance frequencw, , where the denominators of bothand %.25 03 035 04 045 05 055 06
x in Egs. (23) and (24) reach a minimum in magnitude. w/w,

However, the interparticle interaction, namely, the factor

11-Fal’, mOd'f'eSSbOth the resonance peak and the reso- i, 1. Spectrum of the normalizeg® for various values of
nance frequency 0/(/1(3 ).- The f0||0Wln9.examp|_e_S will show  the concentration-distribution paramekerThe particles have an Al
that such a modification can be quite significant, even atore and a nonlinear dielectric coating shell wigh=1.0, and
moderate particle concentrations. We consider coated/b=0.96.
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7x10% T T T T 3.5x107 T T T T T T
0.00
6x10° X107 + 1
5x10% | 2.5x107 F -
= = 0.15
o~ C”D‘_‘
= ax10® T8 o2a07 F .
2 =
P P
L 3x10% o 1.5x107 F 0.30 4
= =
8 | 7L .
2x10 1x10 0.45
1x108 | 5x108 | 0.60 4
F=0.75 j\
0 1 0 /\ 1 1 1 1
0 02 0.4 0.6 0.8 1 025 03 035 04 045 05 055 06
a/b w/wyp

FIG. 4. Same as Fig. 1, but for particles having a nonlinear core

FIG. 2. Peak value of the normalized® for the system of Fig. and an Al coating shell

1, with varyinga/b.

In a first example, we consider particles with a metal corethe peak by a factor of 20, and shifts it Byw=0.24w, to a
of radiusa and a nonlinear coating of outer radinsFor the ~ lower frequency. In this case, an oblate distributidf (

metal response, we assume tlieean Drude model >0.3) enhances the nonlinear response, and shifts the reso-
nance peak to lower frequencies, compared with the spheri-
wf) cal distribution €=v=0.3), whereas a prolate distribution
e=1—-—+—, 2 F<0.3) does the opposite.
PP (27 (F<03) pp

The effect of the interparticle interactions and that of the

wherew, and y are the plasma frequency and the dampingparticle structure are in fact interdependent. To provide a
coefficient, respectively. We use the parameters foray: ~ COMPIete picture, we show the peak values and the resonance
=2.28<10 s ! andy=1.45< 10 s~ 1. For simplicity, we frequencies of the normalized Kerr coefficient as functions of
assume that the linear part of the dielectric function of the?/P in Figs. 2 and 3. In particular, Fig. 2 shows that the most
coating material and that of the host medium age= e significant enhancement occurs for very thin nonlinear coat-
—1.0. On the other hand, we must point out that the valued19S- Figure 3 shows that the frequency shift is most signifi-
of €, and e; significantly affect the results in generdhe  C@nt the thinner the nonlinear coating. Lacking interparticle
larger e3/e,, the larger the enhancemgnEigure 1 shows interactions or anisotropic particle distributions, previous
the speactru'm of the normalized Kerr coefficient fatb theories have not predicted the corresponding enhancement
—0.96. In this case. the enhancement due to the particl@nd shift of the nonlinear resonance peak. The second effect,
structure E£=0) is about 3< 10, at the resonance frequency namely, _the frquengy shift, is perh_aps the most signi_ficant
©.=0577w- . This is due to th’e fact that. at. . the linear for practical applications, because it allows one to adjust a
r . p- 1 rs

core repels the field into the nonlinear coating. The interpar=(3"""2t nonllnea:j responTe to the dﬁswed ILequency. q i
ticle interaction, working constructively with the particle S @ Second examplée, we excnange the core and coating

structure, further concentrates the field into the nonlineagatet”a:ﬁ' shov;/_lr:g thte retsults_ In I:Itgh& 4-6. Thedenha;nceme_nt
coating. AtF=0.75, the interparticle interaction enhances ue to the particle structure 1S ot the same order of magni-

0.6 T 3.5x107 T T T T
F=0.0
0.55 | 3x107
0.5 2.5x107
&
s 045 F = 2x107
3 2,
P =
3 04t & 1.5x107
0.35 - 1x107
03 | 5x10°
0.25 L . L L 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
a/b a/b
FIG. 3. Resonance frequency of the normaliz;e@ for the FIG. 5. Same as Fig. 2, but for particles having a nonlinear core

system of Fig. 1, with varying/b. and an Al coating shell.
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1x10% F F=0.75

8x107 | .

1l

3)

~e

S o6x10” b .
S0

~

wr fwyp

Sy 0.60
4x107 | -

0.45
2x107 | B

0.30 15
¥ 0.00
o , , , , 0 \ . . JAVIN

0
0 02 04 06 0.8 i 025 03 035 04 045 05 055 06
a/b w/wy

FIG. 6. Same as Fig. 3, but for particles having a nonlinear core FIG. 8. Same as Fig. 1, but for particles having a Na core.
and an Al coating shell.

n?|
: : —— =—, (28)
tude as in the previous example. However, in this case the el
interparticle interaction works destructively arelucesthe wheren(ez)l, I, @, and\, represent the effective nonlinear

resonance peak of isolated particlés<0), while still shift-
ing the resonance peak to lower frequencies. &br=0.48,
the reduction is about 21 times. Also oppositely to the pre
vious example, in this case an oblate distributiéi™=0.3)
reducesthe nonlinear response, while still shifting the reso-
nance peak to lower frequencies, compared with the spher
cal distribution £=v=0.3), whereas a prolate distribution
(F<0.3) does the opposite. These features are similar t
those in uniform spheréswWe have equally computed cases it onl n(,z)l ~ 6.5 10_’5 which is easilv satisfied by ordi-
using Au, Na, Ag, Cu as the linear component, and found the y ny ' ) sy Py oral
same general features. Here, we show in Figs. 7 and 8 ﬂ,‘%ary _nonlmear matengls even at quite Iovx_/ laser intensities.
results for Au and Na cores as further examples. n this exam_ple, the interparticle interaction enhances the
The examples that we have provided have been selectJ@ure of merit by as much as 8.8 times.

for the purpose of illustration. In practice, there are of course It is interesting to note that a r‘.o"‘"”ear intermolecular
nhancement has also been found in two-level quantum sys-

many other factors, such as mechanical, thermal, chemic \f ms with nearest-neiahbor dinole-dinole interactising
and loss properties, that must be taken into consideration i g P poie. "
owever, both the physics and the theoretical treatment in-

the design and operation of actual components. In particula ; ;
one must consider that near the peakyd| the absorption Volved in such systems differ from ours, and the enhance-
ments found there are also much smaller.

is also typically large. This leads to various figures of merit
that have been introduced to estimate the performance of
specific system& For the purpose of a general illustration,
we may consider a typical figure of merit, defined as In summary, coating particles can drastically enhance the
nonlinear response at the resonance frequencies of the linear

refractive index, the intensity of light in the medium, the
effective absorption coefficient, and the wavelength in
‘vacuum, respectively. Figure 9 shows this figure of merit,
normalized byn(zz)l of the coating material, for particles with

an Al core. Despite the absorption, the normalized figure of
ferit remains strongly enhanced at resonance, up to a value

IV. CONCLUSIONS

2.5x10® T T T T T T 18000 T T T T T T
F=0.75 16000 |- F073 T
8 L i
2x10 14000 |- -
= 12000 1
3;:1.5)(108 - E = 10000
B &) r T
= §. 0.60
B = 8000 [ -
= 1x10® | 0.60 7 =
6000 | 045 E
sx107 | 0.45 i 4000 | 0.30 -
0.15
0.30 0.00
0.15 0.00 2000 E
O 1 ) 1 /\I /\ 0 L
0.25 0.3 0.35 04 0.45 0.5 0.55 0.6 0.25 0.3 0.35 04 0.45 0.5 0.55 0.6
w/wp w/wp

FIG. 7. Same as Fig. 1, but for particles having a Au core. FIG. 9. Normalized figure of merit for the system of Fig. 1.
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component, whether the nonlinear component is used as tho achieve an optimal enhancement, both the effects of the
coating shell or the particle core. Several metals and eveparticle structure and the interparticle interactions must be
insulators can be used as the linear component for the eronsidered. This opens the way to a combination of truly
hancement. The interparticle interaction, which is deterpredictive theoretical calculations and experimental design,
mined by the particle distribution, further affects the overallcapable of producing and controlling giant nonlinear re-

response of the composite system. Since the interparticle isponses, and especially to tune them to frequency ranges of
teraction is always preseftot just for certain combinations jnterest in technological applications.

of materials, coated structures, and at some frequencies near
the resonangethe theoretical understanding of this effect is
crucial to correctly predict the response. In particular, the
interparticle interaction can be exploited to enhance and,
more importantly, shift the overall spectrum pf), by ap- This work is supported in part by the U.S. Army Research
propriately selecting a concentration-distribution parameterOffice under Contract No. DAAH04-93-G-0236.
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