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Spectral properties of quasiparticles in a semiconductor
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~Received 24 June 1997!

The one-electron excitation spectrum of the prototype semiconductor Si has been obtained from a first-

principles calculation of the spectral-weight functionA(qW ,v) of the interactingone-electron Green’s function.
The Dyson equation has been solved with the self-energy operator obtained in theGW approximation, where
the bare propagatorG and thev-dependent screening matrixW, without ~random-phase approximation! and
with ~time-dependent local density approximation! vertex corrections, have been computed within Kohn-
Sham–local-density-approximation theory. Positions of quasiparticle peaks~i.e., the ‘‘band structure’’!, their
lifetimes, and satellite ~plasmaron! spectral structures are extracted in a broad energy range.
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The momentum- and frequency-dependent spec

weight functionA(qW ,v) for single-electron excitations is, a
least ideally, what is measured by a direct or inverse angu
resolved photoemission experiment in solids: assuming
final states of the emitted photoelectrons are plane waves~an
assumption controlled by the energy of the applied photo!,
neglecting the electron-phonon coupling and extracting fr
experimental results extrinsic effects~energy losses of the
electron on its way to and through the surface! the remaining
primary photoemission spectrum could be directly inte

preted in terms of the spectral functionA(qW ,v) for single-

electron excitations. ThekW dispersion of well-defined al
though broadened~via lifetime effects! quasiparticle peaks
gives theband structureof a solid. In addition, the function

A(qW ,v) contains other peaks of~usually! smaller spectral
weight than the quasiparticle peaks, called the satelli
These structures are also seen in photoemission~PE!
experiments.1

In this paper we present first-principles results for t
spectral-weight function obtained within the lowest-order a
proximation in the expansion of the self-energySxc in the
screened Coulomb potentialW, i.e., theGW approximation,2

for the prototypical semiconductor Si. The motivation com
both from experiment and theory: on the one hand, the
sibility of such calculations should have an impact on ph
toemission experiments, motivating the angular-resolved
termination of line shapes and detailed structures~lifetimes,
stellites! of the quasiparticle spectrum. On the other ha
first-principles calculations of various physical quantities,
which theinteractingone-particle Green’s function is an in
put, such as precise extraction of two-particle~optical, etc.!
excitations, require the knowledge of both real and ima

nary parts of the self-energy and, therefore, ofA(qW ,v).
The dynamics ofN→N61 excitations, whereN is the

number of electrons in a solid, is described by the o
electron Green’s functionG(r ,r 8;E), which can be obtained
from the solution of the Dyson equation:2
560163-1829/97/56~16!/10228~5!/$10.00
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2Vext~r !2VH~r !

2E d3r 8Sxc~r ,r 8;E! DG~r ,r 8;E!5d~r2r 8!. ~1!

This equation has a form similar to the Kohn-Sham eq
tions of the density-functional theory,3 provided the self-
energy Sxc is replaced by the Kohn-Sham exchang
correlation potentialVxc . However, in contrast with the
Kohn-Sham potentialVxc , the self-energySxc is a nonlocal,
complex, and energy-dependent operator. Due to the com
cated self-consistent dependence ofSxc on G, solving Eq.
~1! is a difficult task even for the simplest model system
e.g., jellium. The self-consistency is provided by a closed
of coupled equations~see, e.g., Ref. 2!, which in the simplest
approximation that includes dynamical polarization pr
cesses~RPA!, are decoupled by neglecting the vertex corre
tions. In this caseSxc can be written

Sxc~r ,r 8;E!5
i

2p E dve2 ivdG~r ,r 8,E2v!W~r ,r 8,v!,

~2!

whereW(r ,r 8,v) is the dynamically screened Coulomb p
tential, i.e.,W5e21vc , with e21 the inverse screening ma
trix. This is the so-calledGW approximation.

Application of the GW approach in the framework o
first-principles calculations for real solids still remains
computationally extremely demanding task. Despite the f
that theGW method was applied many times to obtain ba
structures of various materials,4–7 the main goal of most
these calculations has been to explain the observed di
ences between the energies of experimental PE peaks an
Kohn-Sham eigenvalues. With a few exceptions,4,6,8 the en-
ergy dependence of the dynamically screened Coulomb
tential W has been modeled by one of the plasmon-p
schemes proposed in the literature5 and only the real part of
10 228 © 1997 The American Physical Society



i
ci

d

ca
n
en
on

-
dt

ed

nc
in

-
m

o
c

er
i

or

xi

c
en
e
u

t o
n
eV
rg
an
th

-

nd-
e-

do-
d to
8
he
ergy
-

d.
rete
0.5
ac-

e
is
y a

0

cu-
h as
he
the
cu-

nk
con-

n
y
b-

ied
ion
s in

of
f a

the

nic
e

56 10 229SPECTRAL PROPERTIES OF QUASIPARTICLES INA . . .
the self-energySxc in the energy region close to the Ferm
level has been calculated. Some work has included spe
forms of the vertex function,4,9 such as excitonic
corrections,4 or calculated in a simplified manner the secon
order terms in the expansion ofSxc in W.10

In this paper, we present new results for the prototypi
and most studied semiconductor, silicon. We calculate
only the quasiparticle shifts, but rather the full energy dep
dence of the quasiparticle spectral-weight functi
A(r ,r 8;v), which is defined by the equation

G~r ,r 8;v!5E
2`

` A~r ,r 8;v8!

v2v8
dv8, ~3!

where G(r ,r 8;v) is the interacting Green’s function. The
spectral-weight functionA(v) contains experimentally ac
cessible informations through the energy position and wi
of the main quasiparticle peak. The additional structures~sat-
ellites! also belong to the experimentally observ
spectrum.1

General properties of quasiparticle spectral-weight fu
tions in silicon and diamond have been recently studied
model calculation by Bechstedtet al.11 Also recently, Rojas,
Godby, and Needs12 proposed a ‘‘real-space/imaginary
time’’ scheme of calculating the self-energy in solids. Fro
the self-energy obtained at theimaginary-energy axisthey
derive the spectral-weight function of silicon at thereal-
energy axisvia an extrapolation procedure. Here we do n
use this method, but instead calculate the self-energy dire
on the real-v axis and project the screened Coulomb int
action W into reciprocal space. The self-energy operator
obtained in theGW approximation, with the bare propagat
G and the dynamically screened Coulomb potentialW, with-
out @in random-phase approximation~RPA!# and with vertex
corrections@in time-dependent LDA~TDLDA !#, being com-
puted within Kohn-Sham theory in the local-density appro
mation~LDA !. The self-energy and the functionA(kW ,v) are
calculated for a number ofkW vectors across the Brillouin
Zone ~BZ!. In this way, a plot of the ‘‘band structure’’ in
silicon in terms of the dispersion of the spectral-weight fun
tion is obtained. In addition, we extract the energy dep
dence of many-body shifts and quasiparticle inverse lifetim
for states ranging up to 70 eV above the Fermi level. O
results indicate that the simple model of a constant shif
quasiparticle bands with respect to the Kohn-Sham ba
~the scissor operator! becomes inadequate beyond a few
range from the Fermi level and that beyond this ene
range, the behavior of the quasiparticle self-energy shifts
of the inverse lifetime resembles qualitative features of
behavior of these quantities in the jellium model.2,13

Using in Eq.~2! the noninteracting Green’s function, ex
pressed in terms of Kohn-Sham–LDA orbitalsckn and ener-
gies«kn ~the subscripts ‘‘k’’ and ‘‘ n’’ denote the wave vec-
tor kW and the band indexn, respectively!, one has the
following expression for the correlation part ofSxc ~the re-
maining part is the pure exchange self-energy!:
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Sc~r ,r 8;E!5(
kn

ckn~r !ckn* ~r 8!FW̃~r ,r 8;«kn2E!

3@u~E2«kn!2u~«F2«kn!#

2
1

p E
0

`

dv
E2«kn

~E2«kn!
21v2 W̃~r ,r 8; iv!G ,

~4!

where«F is the Fermi energy andW̃5W2vc , with vc the
Coulomb interaction. We have evaluated expression~4! in
the space spanned by the Bloch functions of the correspo
ing LDA Kohn-Sham Hamiltonian using the exchang
correlation potential of Ceperley and Alder.14 The interaction
with the ionic cores was replaced by the non-local pseu
potential as in Ref. 15. A plane-wave basis set was use
solve for the LDA Bloch functions. The applied cutoff of 1
Ry corresponds to;340 plane waves and describes well t
occupied and the unoccupied states in the excited-en
range relevant for Eq.~4!. The v-dependent inverse dielec
tric matrix e21, necessary to build up theW operator, was
calculated at the uniform mesh ofkW points in the BZ from the
LDA bands.16 No plasmon-pole approximation was applie
Instead, the screening matrix was calculated at the disc
mesh of energies ranging from 0 to 100 eV with a step of
eV. An interpolation between energy-mesh points to the
tual energy argument«kn2E was applied for each matrix
element of the operatorW̃. The integral over energies on th
right-hand side of Eq.~4!, where the screening operator
taken along the imaginary-energy axis, was performed b
Gaussian quadrature. We note in passing thatSc converges
rather slowly with the number of bandsn in Eq. ~4!. Here we
use 100~conduction! bands and find that taking only 5
bands results in an upwards shift of;0.2 eV in the energy
position of the topmost occupied state atq50. This is an
important point, as the energy position of the topmost oc
pied state determines various physical observables, suc
the ionization potential, work function at the surface of t
solid, or the band offset at the interface. Interestingly,
value we obtain for the energy position of the topmost oc
pied quasiparticle peak at theG point is about 0.2 eV lower
than all previously published results known to us. We thi
this discrepancy is caused by the above mentioned slow
vergence inSc .

In Fig. 1 the dispersion of the spectral-weight functio
A(kW ,v) for kW alongL-G-X directions is shown. The quantit
displayed is TrA(kW ,v), where the trace is taken in the su
space of Bloch functions with fixed wave vectorkW . The zero
point of the energy is at the energy of the topmost occup
LDA–Kohn-Sham eigenvalue. There is an energy reg
around the absolute gap for which the quasiparticle peak
the GW approximation become a renormalizedd function
Zkd(v2Ek), with Zk5(12]S/]v)21. The imaginary part
of the self-energy is then strictly zero due to the absence
electron-hole excitations, which can absorb the energy o
decaying quasiparticle. The size of this region is given by
smallest possible excitation energy contained inW(E),
which is equal to the absolute gap~in our case the LDA gap!,
if one assumes the RPA in screening, i.e., no excito
effects.4 Since the LDA gap is much smaller than th
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10 230 56A. FLESZAR AND W. HANKE
‘‘true,’’ or ‘‘ GW’’ gap, we obtain a nonzero width for qua
siparticle peaks close to the topmost occupied state, w
should bed-function-like peaks in a fully self-consistentGW
calculation. For example, the energy shift with respect to
LDA value for the topmost occupied state is20.63 eV,
which therefore falls below the LDA electron-hole excitatio
threshold ~Auger treshold!, which is 0.51 eV. A self-
consistency cycle in the calculation of theGW self-energy
would restore thed-like shape for this and other states with
the Auger threshold. One should remember, however,
for states near the Fermi level the width of experimen
peaks must be much larger than theGW theory can predict.
One~technical! reason is the fact that experiments are alwa
done with a certain instrumental accuracy, which contribu
to the width of measured peaks. Another~physical! reason is
the fact that close to the Fermi level other mechanisms
included in the purely electronic and perfectly periodic bu
Hamiltonian, such as scattering on crystal imperfections
interaction with phonons, could be more efficient in broa
ening the quasiparticle linewidth. We expect, however, t
beyond a few eV above and below the Fermi level, i.e.,
the energy region where the electron-electron interaction
dominant relaxation mechanism, our predictions are qua
tatively correct. An interesting many-body feature of t
quasiparticle spectral lines is the presence of plasmon s
lites. They are clearly seen in Fig. 1 as broad peaks below
lowest occupied quasiparticle band. In our calculation
energy position of the satellite peaks comes out to be ab
1.5 of the plasmon energy below a given quasiparticle pe
This seems to be an overestimation of the binding ener
of plasmon satellites and a feature of theGW approximation.
Experimentally, at least for core spectra and some availa
valence spectra of simple metals, plasmon satellites
shifted by the plasmon energy.1 Ways of correcting for this
overestimation have been proposed, which go beyond

FIG. 1. The spectral-weight function for quasiparticles in
alongL-G-X directions calculated within the RPA approximatio

The qW vector is given in units of 2p/a, wherea510.261 a.u. The
energy zero is fixed at the energy of the topmost occupied L
state at theG point. Arrows indicate quasiparticle peaks, which a
renormalizedd functions.
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GW approximation.17 Unfortunately, to the best of ou
knowledge, angular-resolved photoemission experiment
the valence-band region of silicon do not extend thus
below the Fermi energy. We hope to motivate with our
sults new high-resolution experiments focused on the de
mination of the detailed fine structures of the quasiparti
spectrum: the plasmon satellites and the line shapes.

Full circles in Fig. 2 display the many-body shifts of qu
siparticle energies as a function of the corresponding L
single-particle energies, calculated for states along
L-G-X lines. The shifts were obtained from the positions
peaks in the spectral functions projected onto each Bl
state.18 A few important points should be noted. First, it
seen that beyond a small region of 3–5 eV around the Fe
level the many-body shifts are far from being constant.
particular, a clear dip in the value of shifts is visible fo
quasiparticle energies between 10 and 30 eV above
Fermi level. Such a dip, which has been obtained also for
self-energy in jellium,2,13 arises as the result of the enhanc
probability of plasmon emission, when the quasiparticle
ergy is high enough. At and beyond this energy reg
quasiparticle-energy shifts grow rapidly. There exists a rat
large scattering of the shift values for quasiparticle sta
with similar ~LDA ! energies. This scattering reflects the sp
tial behavior of the self-energy in a real material: a project
of Sxc on different Bloch functions with different spatial an
symmetry properties gives quite different results.

In contrast to previously published results, almost all
the contribution to the increase of the LDA absolute g
stems in our calculation from the downwards shift of occ
pied states. While the topmost occupied state is shifted do
by 0.63 eV, the lowest unoccupied state moves only up
0.05 eV. Since the position of the topmost occupied st
should be exactly given by the~exact! Kohn-Sham formal-
ism, the question arises as to whether, for silicon, the LD
approximation used in the Kohn-Sham equations stron
overestimates~moves up! the energy of the topmost occu

i

A

FIG. 2. The shift of quasiparticle energiesEqp2ELDA as a func-
tion of the corresponding Kohn-Sham–LDA energyELDA . Eqp is
the energy position of the quasiparticle peak. Full circles are
result of the standard~RPA! GW calculation@Eq. ~2!#, the empty
circles have the TDLDA vertex function included. The shifts we
calculated along theL-G-X lines.
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56 10 231SPECTRAL PROPERTIES OF QUASIPARTICLES INA . . .
pied state, or whether theGW approximation to the full
many-body self-energy strongly underestimates~moves
down! this energy. The latter possibilty would point to th
importance of vertex corrections in the calculation of t
self-energy. The fact that the work function in silicon
rather well described within the LDA19 indicates that the
inclusion of vertex corrections is required.

Treating vertex corrections systematically, i.e., respec
conservation laws, is extremely difficult even for the sim
plest homogeneous electron-gas system. As first shown
Hanke and Sham20 and later again by Del Sole, Reining, an
Godby,9 taking into account screening with the induc
exchange-correlation field within the LDA approximatio
~the adiabatic TDLDA approach21! leads to a many-body
vertex function, which in effect ‘‘renormalizes’’ the screene
Coulomb interaction: W85@12x0(vc1 f xc)#21vc , with
f xc5dVxc

LDA/dn.22 As in Ref. 9, we will call this approach
the GWG approach. The physical interpretation of this p
ture is appealing: the bare Coulomb interaction of the ‘‘e
tra’’ particle injected into the solid is screened not with t
test charge–test chargedielectric function, but with thetest
charge–electrondielectric function,23 although the induced
exchange-correlation field is described only approximate
Empty circles in Fig. 2 show many-body shifts obtained
this case. As already noted in Ref. 9, the quasiparticle
LDA energy of the topmost occupied state almost coincide
this case. Table I summarizes some results obtained in
work for quasiparticle energies at various states.

Figure 3 gives the energy dependence of the imagin
part of the self-energy calculated at the quasipart
energy.24 The imaginary part ofSc originates from the first
term in the square bracket in Eq.~4! @W̃(r ,r 8; iv) in the
second term in Eq.~4! is real#, This term provides a clea
physical interpretation for the lifetime of a quasiparticle: t
presence of the difference of the two-step functions in
~4! allows the quasiparticle to decay to thoseemptystates
only, whose energy is between the quasiparticle energy

TABLE I. The positions of the main quasiparticle peaks in t
spectral function in silicon for some states in eV. The energy zer
put at the topmost occupied LDA–Kohn-Sham energy.GW refers
to results obtained with Eq.~4!, GWG when vertex corrections wer
included according to Ref. 9.

LDA GW GWG

G1v 211.93 212.20 211.78
G258v 0.00 20.63 20.06
G15c 2.55 2.60 3.16
G28c 3.26 3.33 3.93
X1v 27.77 28.20 7.74
X4v 22.83 23.46 22.94
X1c 0.65 0.72 1.28
L28v 29.58 29.98 29.53
L1v 26.96 27.41 26.94
L38v 21.19 21.83 21.28
L1c 1.50 1.55 2.12
L3c 3.33 3.43 3.99
Absolute gap 0.51 1.19 1.19
Occupied-band width 11.93 11.57 11.72
g
-
by

-

.

d
n
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e

.
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the Fermi level~in the case of a hole the empty state mea
a state occupied by an electron!. Energy and momentum re
leased in the transition are absorbed by excitations of
system present in Im(W̃), which is connected to theloss func-
tion. It is interesting to note that the overall shape of bo
plots in Fig. 2 and Fig. 3 is quite similar to correspondi
plots for the case of jellium.2,13 Apart from the lack of full
rotational symmetry in a real solid and the effects of t
crystal potential, which give rise to a certain scattering
results for states close in energy, and apart from the obv
differences in the behavior of the real and imaginary parts
self-energy in the energy region around the Fermi level,25 the
similarity is rather striking. In particular, as in the case
jellium, the imaginary part of the self-energy reaches a k
of a ‘‘saturation’’ region for quasiparticle energies hig
enough to decay with the emission of a plasmon. As in F
2, the full circles in Fig. 3 show results obtained with th
standard~RPA! GW approximation, while empty circles re
fer to the case in which the vertex function is included with
the TDLDA theory. While inclusion of the vertex correction
decreases the value of the imaginary part of the self-ene
for quasiholes, it increases it for quasielectrons in the ene
region up to;30 eV above the Fermi level. This was to b
expected: within the adiabatic TDLDA approach thereal
factor f xc in W8 leaves the imaginary part ofW8 almost
unaffected for small energies, but contributes to the incre
of the real part. As a consequence, the positions of quasi
ticle peaks are shifted by about 0.6 eV to higher energies
seen in Fig. 2. This means that they are shifted to the reg
of smaller ImS for occupied states and to larger ImS for
unoccupied states. For quasiparticle energies higher tha
eV there is already a pronounced difference in the imagin
part of self-energy whenf xc is included in the screening. Th
net effect is to increase the quasiparticle lifetime in this e
ergy region.26

In conclusion, we have presented the ‘‘band structure’’
a real solid in terms of the spectral-weight function, with

FIG. 3. Diagonal matrix elements of the imaginary part of t
self-energy between Kohn-Sham–LDA orbitals, calculated at
energy of the corresponding quasiparticle peak. The full circles
the result of the standard~RPA! GW calculation @Eq. ~2!#, the
empty circles have the TDLDA vertex function included. The se
energy is calculated along theL-G-X lines.
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10 232 56A. FLESZAR AND W. HANKE
ab initio account of electron-ion and electron-electron int
actions. Plots, as shown in Fig. 1 for silicon, correspond
what is usually called theprimary photoemission spectrum
and should prove useful for the detailed analysis of pho
emission measurements. The feasibility of first-princip
calculations of the spectral-weight functionsA(qW ,v) should
have an impact on direct and inverse PE experiments
motivate new, high-resolution measurements focused on
determination of detailed spectral features, quasiparticle
times, and the satellite structures. In accordance with gen
expectations it was demonstrated that, beyond a small re
of a few eV around the Fermi level, the energy depende
of the quasiparticle shifts and of the widths of spectral pe
i
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very much resemble the jellium results. The often used c
cept of the ‘‘scissor operator’’ becomes particularly inacc
rate there and the quasiparticle shifts have rather strong
ergy dependences. Our calculation of the energy depend
of the lifetime due to electron-electron interactions is, to o
knowledge, the first such calculation with fullyab initio
methods for a real solid.27 This result shows that the com
monly used empirical optical potential can be replaced b
fully ab initio calculation of the self-energy.
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