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Generalized London free energy for highd. vortex lattices
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We generalize the London free energy to include fourfold anisotropies that could arisd-fn@we pairing
or other sources in a tetragonal material. We use this simple model to study vortex lattice structure and discuss
neutron scattering, scanning tunneling microscopy, Bitter decoration, and muon-spin-rotation experiments.
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The London free energy provides a very simple way of  ¢_ , 1524 arg|d|2+ |ﬁs|2+y |ﬁd|2+f +h2/8r
studying the vortex lattice in an extreme type-ll supercon- s d s d 4

ductor. The conventional isotropic moderedicts a hexago- + ¥, [ (ILys)* (I1,d) — (I18)* (I1d) +c.c.]. D)
nal vortex lattice with an arbitrary orientation relative to the R R
ionic lattice. Recent neutron scatterfrand scanning tunnel- Hereli=—iV—e*A/#c and f, contains the quartic terms.

ing microscopy (STM) experiments on high-, compound  We shall consider a case of drwave superconductor in
YBa,Cu30;_ 5 (YBCO) revealed vortex lattices with cen- which s identically vanishes in zero magnetic field. In finite
tered rectangular symmetry and a specific orientation Wit_me|d (H>H¢;) a smalls component with a highly aniso-
respect to the ionic lattice. It has been proposed that thigopic spatial distribution is nucleated in the vicinity of a
effect can arise from additional quartic derivative terms iny,qrtex giving rise to nontriangular equilibrium lattice
the Ginzburg-LandauGL) free energy” or, alternatively,  grycture€1°Our strategy will be to simplify free enerdg)
from including two or more order parametéssich asd and e qrating out this component in favor of higher-order
§) in the GL free energy with derivative mixing terms re- derivative terms ird. In this process some short length-scale

. . . . —_11 .
flectlng _the lonic "'?‘tt'ce symm(_atl‘%/. such f.“Ode'S predict information on the order parameter is lost but the magnetic-
interesting effects in the behavior of the various order param;

eters in the vortex lattice. However, these models contain eld d|str|but|on is described accurately. Usmg Its Eule'r-
large number of unknown parameters and are rather cumbe agrange equation can be expressed to the leading order in

some to work with numerically. Another appro&&ffto the (1~ T/Tc) as
macroscopic effects af-wave pairing takes into account the 9 o
generation of quasiparticles near the gap nodes due to current s=(7y/ag) (I~ 11})d. @
flow and thermal excitation. This leads to a nonlinear rela—S
tionship between supercurrent and superfluid velocity Whicfb
becomes singular &t—0.

The purpose of this paper is to present a simple and gen-
eral approach to these effects based on a generalization of the

London free energy to include anisotropy of fourfold sym-y/5rigus additional corrections to the free energy are obtained
metry, characteristic of a tetragonal ionic lattice. The numbeg, ., integrating outs more accurately, taking into account

of new parameters is far smaller than in the GL apprdach = 1o : .
reasonable model contains only one new paramare nu- the y¢/I1s|® term and quartic terms. However, these all in-

merical simulations are considerably easier. It provides &0Ive higher powers ofl or other terms that will not con-
useful model to study vortex lattice structure, pinning byCcern us. The coefficient of the second term has dimensions of
twin boundaries, and the magnetic-field distribution mea-{length?, _we will write it in the form e&%/3 where
sured in muon-spin-rotation«SR) experiments. The model €=3(aqyZ/as¥3) is a dimensionless parameter which con-
is suitable to study the intermediate field regiontrols the strength of the-d coupling andé=\y4/|ay| is the
H.1<H<H, which is experimentally most relevant but tra- GL coherence length. We henceforth assuerel. As we
ditionally difficult to handle within the GL theory. Further- remark below, neutron scattering and STM experiments
more, this approach can be extendedTte 0 where GL  probably support this assumption. We note that a term of the
theory breaks down and the supercurrent becomes singulaform |(H)2(—H§)d|2 could arise without invoking-d mixing

We now present a derivation of the generalized Londorfrom a systematic derivation of higher order terms in the GL
model, starting from a GL free-energy density with bath free energy starting with a BCS-like model and taking into
ands order parameter$!4*® account the square symmetry of the Fermi surfafe®

ubstituting this intdf gives the leading derivative terms in
of the form

f= 7d[|ﬁd|2—(yilydas)|(l'[)2(—1'[§)d|2]+ (3
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The free energy of Eq3) is not bounded below, exhib- anisotropy is first possible in the fourth derivative terms. In
iting runaway behavior for rapidly varying fields. Thisisin  principle, we should also include all isotropic terms to order
fact cured by keeping additional higher derivative terms thaB* and V4. However, assuming that these have small coef-
also arise from integrating ous. Stability occurs for ficients, they will not be important. This result can also be
y§< vsYq. In fact, the approximation of Eq3) will be suf-  obtained from considering generation of quasiparticles near
ficient for our purposes, yielding a local minimum which we gap nodes in a-wave superconductdf,in a range of tem-
expect would become a global minimum upon including theperature and field where the supercurrent can be Taylor ex-
additional terms. panded in the superfluid velocity More generally, the qua-

We now assume that the penetration depthé. We may  dratic and quartic terms in Eq(10) have independent

then assume thatd(r)|~d,, the zero-field equilibrium CO€fficients. . o _
value, almost everywhere in the vortex lattice, except within  1he corresponding London equation is obtained by vary-

a distance ofD(£) of the cores. This gives the London free ing | with respect taB(r). For B along thez direction one

energy, obtains
fL=(1/8m)(B)2+ ygd2(02— (e£2/3) [1-AV2+4eNjE%(9,0,)°]B—€Q[B]=0, (11
X[(v2=02) 2+ (dyvy— 50,021}, (4 Where
written in terms of the superfluid velocity, Q[B]=2\5¢2By [ (95— 05) B+ dxBdy— 3, Bdy ]
v=V6—(e*/hc)A, (5) X[(3B)?*=(4,B)?] (12)

where  is the phase ofl. is the nonlinear term arising from the last term in EtQ).

The corresponding London equation, obtained by varying To get a feeIing for the effect of the extra terms, consider
: > a weak field which depends only ox or else only on
f_ with respect taA, is

(X+Yy). The solution of the linearized London equatighl)

c . . e* ) without the last termgives an exponentially decaying field
7.V XB= %) yadi{v — 5 €& (Juy—Xvy) (v5—v%) with A=\o for ;/ariza'iilczan along the x axis but
N=NoV[1+(1—4€e&2ING)Y?]/2, for variation at 45° to the
— (yay—&ax)(ayuy— v} (6) crystal axis. The penetration depth is longer along the crystal
. axis.
For many purposes it is very convenient to expres To determine vortex lattice structure we insert source

terms of B and its derivatives, and then substitute this ex-terms sz(F_ FJ.) at the vortex core posi[iongﬁj, on the

pression fow back intof, , giving an explicit expression for right-hand side of Eq(11). The source terms reflect the to-

f,_ as a functional oB only. Fore=0 this gives pological winding of the phase angle and the reduction of the
order parameter in the cotéA commonly used phenomeno-
0=V xB/B,, (77 logical form is®
whereBo= ¢o/2m\? is of orderH., (¢o=2mhcle* is the p(F) = (pol2me?)e 128, (13)

flux quantum and _ _ . .
It is straightforward to solve these equations numerically for

0= (1/8m)[B2+\3(V X B)2]. (8 the vortex lattice by an iterative method. We find that the

guartic term makes a negligible contributiofContrary to

Here  the penetration depth, for e=0 is najve expectation, it does not become more important with

Ao 2=8myy(e*dy/fic)?. It is presumably not possible to increasing applied field because the field becomes nearly

solve Eq.(6) in closed form forv as a function of8 for e ~ constant in the vortex lattice when the applied field is Iarge.

#0. However, this can be done readily in a perturbativeThus to an excellent approximation one may neg@{d] in

expansion ine. The first order correction is the London equatior{11) and the magnetic field may be
written explicitly as

T(1)— 2 3., (0) 3. (0) (0)y2__ (,,(0)y2
v P=(2e¢ /3){(yvy Xvy )[(Uy )= (vy)7] eiIZ-Fe—k2§2/2

~ G, =Ri) (a0 = 500} © BB Trm ettt Y

with v© given by Eq.(7). The London free-energy density, Here the sum is over all wave vectors in the reciprocal lattice
up to O(e) is then andB is the average field. The lattice constant is determined
67\352 by the condit_ion thaB() = qsq where() _is the area o_f t_hg unit
[4(o7xo7yB)2+((aXB)Z—(ﬁyB)Z)Z/Bg]. cell. The lattice symmetry is determined by minimizing the
(10) Gibbs free-energyy, =f, —HB/47. We find that the flux
lattice has centered rectangular symmetry, with principal
Note that we could have arrived at a similar conclusion byaxes aligned with the ionic crystal lattice, with an angle
simply writing down all terms allowed by symmetry fp, between unit vectors which depends emand the magnetic
expanding in number of derivatives and power8oSquare field. An example of such a centered rectangular lattice is

fL:fE+

8
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- axis of the centered rectangle is aligned with eitherxtar
@ £ L/\J && y axis. The degeneracy is much larger o+ 0, when the
flux lattice may have an arbitrary orientation relative to the
ionic crystal lattice.
Dependence o8\, on the applied field for various val-
ues of € is displayed in Fig. h). Clearly the anisotropic
term becomes more important at larger fields. Our perturba-

tive elimination ofy in favor of B breaks down wher and

H are sufficiently large thaBy, differs significantly from

60°. Furthermore, we might expect higher-order corrections

to Eq.(4) to be important in this regime. By fitting Fig(l2

/ to experimental data on tetragonal materials such as
a Tl ,Ba,CuQg, 4 (once such data become availght@me can

directly assess the magnitudeafthe only unknown param-

T eter in the model.

Our analysis can be easily extended to take into account
effective mass(i.e., penetration depthanisotropy. In a
simple one-component GL model, the derivative term is gen-
eralized to

(b)

P(B)

f= >  ld>2 (15)
i=X,y,z

We restrict our attention to fields along theaxis. Then the
N ! PR o anisotropy can be removed by a rescaling ofxtteordinate
6790 6795 6.800 6.805 6810 6.815 and a corresponding rescaling of the magnetic field. The co-
H[T] herence length and penetration depth anisotropies are the
same$, / &=\, /\,. We will make the simplifying assump-
FIG. 1. (a) Distribution of magnetic field in a vortex lattice for tion that the higher derivative and mixed derivative terms in
€=03 andH=6.8 T, leading to an angle of=74°. We use f gre also simply modified by a rescaling by a common fac-
No=1400 A and k=\,/£=68. (b) CorrespondinguSR line  tor |t then follows that the flux lattice shape is obtained by
shape. stretching along thex axis by the factor,/\,. We now
obtain two possible vortex lattices, both of centered rectan-
shown in Fig. 18). In agreement with earlier results within gular symmetry, aligned with the ionic lattice, with different
GL (Ref. 10 and Eilenbergéf formalisms, individual vorti-  angles, 3. (Relaxing our simplifying assumption may split
ces are elongated along the crystalline axes. Figye® 2 the degeneracy between these two lattic€n the other
shows the dependence of Gibbs free energydar various  hand, whene=0, we may rotate the hexagonal lattice by an
values of e at fixed applied fieldH=400B,=6.8 T. For arbitrary angle before stretching. This gives an infinite set of
e=0 minimum occurs forB,y=60°, corresponding to a oblique lattices with arbitrary orientation.
hexagonal lattice. Ase increasespB),n continuously in- To compare theory with YBCO we should take into ac-
creases and for sufficiently large the flux lattice becomes count twin boundaries which may also tend to align the vor-
tetragonal withBy,y =90°. For B\, #90°, there are always tex lattice by pinning vortices to the twin boundaries, at
two solutions, related by a 90° rotation, in which the long = 45° to thex axis. This effect competes with alignment to
the ionic lattice which we have been discussing. Only in the
special case of a square vortex lattice does a line of vortices
(b) occur at=45°. If this is not the case, and if pinning by twin
boundaries is significant, then we should expect that the vor-
tex lattice will align with the ionic lattice far from twin
boundaries but will be deformed in the vicinity of a twin
boundary in an effort to align itself with the twin boundary.
On the other hand, foe=0, the vortex lattice would remain
7 aligned with the twin boundaries everywhere except within
vortex lattice domain boundaries which necessarily exist
6.0 . } 60 - ‘ , roughly midway between the twin boundaries.
40 50 60 70 80 90 00 3.0 60 9.0 120 Neutron-scattering experiments on YBQ®ef. 2 sug-
Bldeg] HIT] gest that the vortex lattice is well-aligned with the twin
boundaries and is close to being centered rectandthear
FIG. 2. (a) Gibbs free energy as a function f for the same ~ ratio of lattice constants is about 1)0dith g~73°, with
parameters as Fig. 1 and various valuesoArrows indicate po- Weak dependence dt. This corresponds to a rotation away
sitions By Of the minima andGy=—H?%8m. (b) Equilibrium  from alignment with the ionic lattice by 9°. Four different
angle By as a function oH for several values oé. orientational domains, related by reflection in the (1,1,0)

BMlN[deg]

GB)-G,
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axis and 90° rotation were reported. These results can bments that may have resulted in partial washing out of the

rather well fitted® by the basic London modelk&0) with

mass anisotropy. Foxr,/\,=1.5, a value roughly consistent

a-b plane anisotropy*

uSR experiments measure the field distribution

with infrared and microwave experiments, this lattice hasp(g)=(1/0)[s[B—B(r)]dxdy. This is shown in Fig. ().

about the right shape. Taking into account the two crystallo-F

graphic domaingrelated by interchanging, and\,) there

are all together four vortex lattice domains, as seen exper
mentally. The experimental fact that the vortex lattice ap-
pears to be well aligned with the twin boundaries suggest
that the tendency to align with the ionic lattice is small. No

evidence for a bending of the vortex latti€by 9°) into

alignment with the ionic lattice far from the twin boundaries

has so far been found.
STM imaging of the YBCO vortex latticealso suggests

that the (highly disordered lattice has approximately cen-

tered rectangular symmetry wifB~77°. However, no evi-

dence for the 9° tilt into alignment with the twin boundaries
was reported. Considering the observed anisotropy of th
vortex cores it has been concluded that the mass anisotro
alone cannot account for the measured 77° angle of the vo
tex lattice. It has been suggested that a mechanism related

the internal symmetry of the order paramearch as the one

discussed in the present wonkeeds to be invoked in order

to reconcile these observations.
Low-field Bitter decoration data on YBC@Ref. 20 show

vortex lattice geometry with a very small distortion from

or B#60°, B(F) has two inequivalent saddle points leading
to two peaks inP(B). P(B) is unaffected by effective-mass
Ié\nisotropy, as can be shown by the rescaling transformation,
mentioned above. Existing SR experiments show only a
Ringle peak? but broadening due to the finite muon lifetime
or other effects might possibly obscure the second peak.

The weak-field dependence 8f the alignment with twin
boundaries in the neutron-scattering experiments, and the
single peak inP(B) suggest that is small in YBCO and
that the normal London model, together with twin boundary
pinning, provides a good fit to the data. STM and Bitter
decoration data on the other hand seem to favor finided
weak pinning to twin boundaries. Further experimental work,

referably on untwinned YBCO or other tetragonal super-

nductors, will probably be necessary to clarify the impor-
E’:\nce of square lattice anisotropy in high-superconduct-
?s. It is our hope that the present model will serve as a
useful tool for interpretation of such experiments.

The general approach to vortex lattices introduced here
may be extended to low temperatures, but then the free en-
ergy takes a quite different form which is nonanalyti@irat

hexagonal, consistent with a much smaller anisotropy

A/Ny=1.11-1.15. One may be tempted to attribute this ap- We would like to thank A. J. Berlinsky, R. E. Kiefl, and J.
parent field dependence @f to the effects discussed above E. Sonier for helpful discussions. This research was sup-
in connection with Fig. &). An alternative explanation is a ported by NSERC, the CIAR, and NSF Grant No. DMR-
poor guality of samples used in the Bitter decoration experi9415549(M.F.).
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