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We present a simple generic model which reproduces the salient features of the observations of Beauchamp
et al. @Phys. Rev. B52, 13 025~1995!; Phys. Rev. Lett.75, 3942~1995!# on the effect of heavy-ion irradiation
on the local magnetic response and relaxation rate of YBa2Cu3O72d single crystals. The model assumes that
j c vs H, although altered by the irradiation, remains continuous and the decay rate of the critical currents is
diminished below the matching fieldHf . @S0163-1829~97!51310-5#

Beauchampet al.1,2 have recently reported on measure-
ments of the local magnetic response and relaxation rates of
untwinned YBa2Cu3O72d single crystals as the density of
columnar defects is increased. They conclude from their dis-
covery of a peak followed by a valley in the relaxation rate
vs magnetic field that the vortex creep rate is~i! appreciably
enhanced in the dilute range where the magnetic-flux density
B(x),Bf, ~ii ! strongly suppressed in the rangeB(x)
'Bf , and~iii ! insensitive to the density of columnar defects
whenB(x).Bf . HereBf is a flux-line density matching,
hence scaling, with the density of columnar defects gener-
ated by the heavy-ion irradiation of the specimen.
Radzihovsky3 has developed a theoretical framework which
supports these observations. The regimes whereB(x)
,Bf , B(x).Bf , and B(x)'Bf are denoted the strong
Bose glass, weak Bose glass, and Mott insulator phase,
respectively.1–3 By contrast, Baertet al.4 observe a large
peak in flux creep rate when̂B&.Bf in Pb/Ge multilayers
with a square lattice of submicron holes, Haradaet al.5 ob-
serve that the relaxation rate in the irradiated region of
Bi2Sr1.8CaCu2Ox thin films was less than that in the nonirra-
diated region, Konczykowskiet al.6 find that the creep rate
of the remanent flux in YBa2Cu3O72d crystals is appreciably
decreased by Pb ion irradiation, and Prostet al.7 find a sig-
nificant decrease of the relaxation rate below 15 K in single
crystals of Bi2Sr2CaCu2O8 in fields of 0.2 and 0.5 tesla after
irradiation with 5.3 Gev Pb ions along thec axis. The analy-
sis of Khalfin and Shapiro8 predicts a steplike rise of the
magnetic relaxation at high magnetic fields.

In this paper, we present a simple empirical model which
~i! successfully reproduces the observations of Beauchamp
et al.1,2 on the effect of heavy-ion irradiation on~a! the local
magnetic hysteresis and~b! the local magnetic relaxation
rates; ~ii ! is in harmony with the observations of several
workers that~a! the enhanced critical current densityj c vsB
curves are continuous after heavy-ion irradiation,9–12and~b!
the flux creep rates are reduced by the heavy-ion
irradiation4–7 in the rangeB,Bf ; and ~iii ! makes readily
testable predictions.

First, we address the local magnetic hysteresis curves in
the context thatB(x)5m0H(x). For simplicity, as in the
analysis of Beauchampet al.,1 we consider infinite slab ge-
ometry where the applied magnetic fieldHa is directed par-

allel to the surfaces situated atx50 andx52X. By symme-
try, we can focus on the space 0<x<X.

We assume that the field profiles initially exist in a critical
state, hence Maxwell’s equation readsdH/dx
56 j c„H(x)…. Beauchampet al.

1 exploited a modified Bean
model where the structure observed in the local magnetic
hysteresis of the irradiated specimens corresponds toBf . In
their model, the critical current densityj c5 j c1 whenB(x)
,Bf , j c5 j c2 when B(x).Bf , and j c rapidly descends
from j c1 to j c2 in the vicinity of Bf .

In crucial contrast with their model, we assume thatj c vs
H is continuous both before and after irradiation. For pur-
pose of illustration, we choose the well-known Kim
expression13 in the form

j c5
j 0H ref

$H~x!1H0%
n, ~1!

where the current density parameterj 0 and the parameter
H0 are viewed as quantities which can be dramatically af-
fected by the heavy-ion irradiation, whereas the reference
fieldH ref and the exponentn characterizing the specimen are
taken to be insensitive to this process.

We note that Eq.~1! with n51 emerges from the data of
Krusin-Elbaumet al.,12 the simulation experiment by Reich-
hardt et al.14 on the dynamics of vortices interacting with
columnar defects, and the Bose-glass theoretical analysis of
Nelson and Vinokur.15 Also, Eq.~2! with n52 fits the mea-
surements of Gerhau¨ser et al.10 on the effect of heavy-ion
irradiation onj c .

We visualize critical states where the induced persistent
currents are unidirectional in the half-space 0<x<X and
focus on the field profiles whereHa is positive ascending or
descending in magnitude~see Fig. 1!. Introducing Eq.~1!
~where to fix ideas, we letn51! into Maxwell’s equation
and integrating leads to

H~x!5$~Ha1H0!
262 j 0H refx%1/22H0 , ~2!

where the1 sign applies whenHa is descending in magni-
tude and the2 sign in the space whereH(x) is positive
whenHa is ascending in magnitude. In the spacex0<x<X
whereH(x) is negative~see Fig. 1!,
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H~x!52$2 j 0H ref~x2x0!1H0
2%1/21H0 , ~3!

where H(x0)50 in Eq. ~2! leads to x05$(Ha1H0)
2

2H0
2%/2j 0H ref .
Figure 2~a! displays the evolution of the hysteresis curves

at the center of the specimen as the heavy-ion irradiation
modifies the dependence ofj c onH as shown in the inset by
altering the parametersj 0 andH0 . Figure 2~b! displays hys-
teresis curves for different distances from the surface for the
outermost hysteresis curve and uppermost inset of Fig. 2~a!.
Clearly, the families of calculated hysteresis curves pre-
sented in our Fig. 2 reproduce the major features of the cor-
responding data of Beauchampet al.1,2 We stress that~i! the
j c(H) curves introduced in this analysis are continuous, and
~ii ! the matching fieldHf plays no explicit role in the struc-
ture of j c vsH, hence in the structure ofH(x) vsHa . ~i! and
~ii ! therefore differ radically from the assumption of Beau-
champet al.1 that j c vs H exhibits an abrupt descent when
H'Hf .

The steep slopes in theirH(x) vsHa curves
1 are directly

associated withHf . In our model, @dH(x)/dHa#x5x0
5@H* (x0)1H0#/H0 becomes very steep asH0 is made to
diminish by irradiation.H* (x0)5Ha5(H0

212 j 0H refx0)
1/2

2H0 . Note also the symmetry and relationship of the four
points in the hysteresis curves of Fig. 2 whereH(x) crosses
the vertical and horizontal coordinate axes, i.e.,H(x)
5H* (x0) whenHa50, andHa5H* (x0) whenH(x)50.

We now turn to the effect of the irradiation on the local
magnetic relaxation rates. We apply the normalized relax-
ation rate of Beauchampet al.2 in the form

Sn5H 21

M ~x! J dH~x!

d lnt
5H 21

M ~x! J dH~x!

d~ j / j 0!

d~ j / j 0!

d lnt
, ~4!

whereM (x)5H(x)2Ha . Adopting the approach of several
workers,18–21 we assume that,~i! only the parameterj 0
changes with time in Eq.~1!, hence in Eqs.~2! and ~3!,

and ~ii ! d( j / j 0)/d lnt does not depend onH. We focus
on the initial values of the decay rates,Rn

5udH(x)/d( j / j 0)/M (x)u.
The insets of Figs. 3 and 4 displayRn vsHa and vsH(x)

for the three cases already illustrated in Fig. 2. The dramatic
peaks of height,Rnpeak5 j 0x/H0H* (x0), occurring atHa

5H* (x0), hence atH(x0)50, arise from the feature that
j c vs H of Eq. ~1! is convex downwards whenn.0. Other
dependences ofj c on H with this property such asj c
5 j 0e

2H/H0, and j c5 j 0$12(H/Hc2)%
m wherem.1, also

give rise to such a peak in our framework. We stress that in
our modelHf plays no explicit role in the existence of this
local relaxation peak.

To account for the valley in the local relaxation rates
discovered by Beauchampet al.,2 we now amend the above
assumption thatd( j / j 0)/d lnt is independent ofH(x). In
harmony with the observations of several workers,427

we envisage thatd( j / j 0)/d lnt is smaller in the regions
whereH(x),Hf than in the regions whereH(x).Hf . For
simplicity, we assume an abrupt change in this quantity
at H(x)5Hf . Consequently we writed( j 1 / j 01)/d lnt
5fd(j2 /j02)/d lnt wheref is a temperature-dependent param-
eter lying between 0 and 1. Here, for bookkeeping clarity,

FIG. 2. ~a! Displays hysteresis curves ofH(x), the magnetic
field at the center of the specimen vsHa , the applied magnetic
field, calculated usingj c5 j 0H ref /@H(x)1H0# shown in the inset
with j 0X/H ref51.5, 0.6, and 1.8, andH0 /H ref51.0, 0.12, and 0.10
for j c5 j c8 , j c9 , and j c- . Takingm0H ref'1.5 T gives a good fit to
Fig. 1 of Ref. 2.~b! Displays local hysteresis curvesH(x) for dif-
ferent distances from the surface (x/X51/3, 2/3, and 1 for the inner,
middle, and outer curves! calculated usingj c- .

FIG. 1. Displays critical field profiles withHa increasing~solid
lines! and decreasing~dashed lines! in magnitude. The profiles were
calculated usingj c5 j 0H ref /@H(x)1H0# with the parameters listed
in the caption of Fig. 2 underj c- . The profiles should be compared
with Fig. 3 of Ref. 1 and Fig. 1 of Refs. 16 and 17.
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j 01 denotesj 0 whereH(x),Hf , and j 02 denotesj 0 where
H(x).Hf . We stress however thatj 015 j 025 j 0 .

For the field profiles whereH(x),Hf for 0<x<X,
we now write Rn5Rnf5u f dH(x)/d( j 1 / j 01)/M (x)u. The
field profiles which intersect the field boundaryHf now
read, in the space,xf,x<X ~see Fig. 1!, before the relax-
ation begins

Hi~x!5$~Hf1H0!
272 j 0iH ref~x2xf i !%

1/22H0 , ~5!

x0i5$6~Ha1H0!
27~Hf1H0!

2%/2j 0 jH ref , ~6!

where forHa ascending in magnitude,i51 and j52 and the
upper signs apply, while forHa descending in magnitude,
i52 and j51 and the lower signs apply. The decay rate
Rnf in the spacexf,x<X for these two situations, now
reads

Rnfk5U 1

M ~x!

dHk

d~ j / j 0!
U

5U 1

M ~x! H f ]Hk

]~ j 1 / j 01!
1

]Hk

]~ j 2 / j 02!
J U, ~7!

where now the subscriptk51 denotesH1(x) and k52 de-
notesH2(x).

The ensuing relaxation rates vsHa andH(x) ascending
and descending in magnitude are displayed in the main parts
of Figs. 3 and 4. Clearly, these theoretical curves reproduce
the salient features of the corresponding data curves of Beau-
champet al.2 We note that our model generates a ‘‘rise’’ or
‘‘drop’’ in the vicinity of Hf whetherHa and H(x) are
ascending or descending in magnitude. These structures are

FIG. 3. Displays the initial local decay rates defined in the
text, where d( j / j 0)/dlnt for the field profilesH(x),Hf is a
fraction f51/3 of that whereH(x).Hf vs Ha , increasing~a!
and ~b! decreasing in magnitude. The curves are calculated using
j c- for x/X51 and 1/2. The lower and upper boundaries of the
nearly linear slope are situated atHf and Hamax5$(Hf1H0)

2

12 j 0H refxm%1/22H0 for ~a!, and at Hamin5$(Hf1H0)
2

22 j 0H refxm%2H0 and Hf for ~b!. The peaks appear at
Ha5H* (x0)5H* (xm)5(H012 j 0H refxm)

1/22H0 with height
Rnfpeak5 f j 0xmH ref /H0H* (x0). Here xm denotes the position of
the field measuring probe. The upper inset displays the local decay
rate Rn at x5X calculated using j c8 , j c9 , and j c- when
d( j / j 0)/d lnt is the same whetherH(x):Hf , hence f51. The
lower inset complements the upper inset by displayingRn(x)
calculated atx5X51/3, 2/3, and 1 forj c- . The curves in~a!
and ~b!, takingm0H ref'1.0 T,Hf /H ref52.5, should be compared
with that of Fig. 2 of Ref. 2~note the crystal here is different
from that of their Figs. 1 and 3!. Also compare~b! with Figs. 2~b!
and 3~b! of Ref. 4 @our model does not show a descent nearHc2 ,
since this quantity has not been introduced into our formula for
j c(H)].

FIG. 4. Complements Fig. 3. In the main figures, the decay
rates calculated usingj c8 , j c9 , and j c- and with f51/3 are displayed
vs H(x) increasing in magnitude in~a!, and decreasing in mag-
nitude in ~b!. Figure ~a! with m0H ref'1.5 T, Hf /H ref50, 1.25,
and 2.5 should be compared with Fig. 3 of Ref. 2. The lower
and upper boundaries of the nearly linear slope are situated at
H(xm)min5Hamin andHf for ~a! and atHf andH(xm)max5Hamax

for ~b!. The peaks at H(x)50 have a height, Rnfpeak

5 f j 0xmH ref /H0H* (x0) as in Fig. 3. The insets complement
the corresponding main figures by displaying the decay rates vs
H(x) with d( j / j 0)/d lnt the same whetherH(x)"Hf ~hence
here f51!.
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illustrated in the main parts of Figs. 3 and 4 and their bound-
aries are given in the captions of these figures. In the
framework of our model, the data of Beauchampet al.2 in-
dicate thatd( j / j 0)/d lnt in the range ofH(x).Hf is in-
sensitive to the irradiation since we obtain agreement with
their measurements of the evolution ofSn vs irradiation al-
though our model addressesRn5Sn /d( j / j 0)/d lnt @compare
the high-field region of our Fig. 4~a! with that of Fig. 3 of
Ref. 2#.

We have proposed a simple generic empirical model
which reproduces the local hysteresis curves observed by

Beauchampet al.1,2 and provides an account of the peak and
valley they found in the local magnetic relaxation rates of
their specimens subjected to heavy-ion irradiation. Our
analysis predicts that a peak in local magnetic relaxation will
appear atHa5H* (x0) in graphs of the rate of decay vsHa
and atH(x)50 in all specimens which exhibit a convex
downwards curve forj c vs H. We note that our model
also applies to idealized cylindrical geometry simply by re-
placingx/X in our formulas by@12~r /R!#. Finally, we rec-
ommend that workers displayS5dH(x)/d lnt rather than
the compositequantitySn .
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