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Integrabilities of the long-range t-J models with twisted boundary conditions
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The integrability of the one-dimensional long-range supersymmetiienodel has previously been estab-
lished for both open systems and those closed by periodic boundary conditions through explicit construction of
its integrals of motion. Recently the system has been extended to include the effect of magnetic flux, which
gives rise to a closed chain with twisted boundary conditions. Whiletthenodel with twisted boundary
conditions has been solved for the ground state and full energy spectrum, proof of its integrability has so far
been lacking. In this paper we extend the proof of integrability of the long-range supersymim&imodel
and its SU(|n) generalization to include the case of twisted boundary condit[@®163-182@07)51606-7

Solvable models have attracted attention from both thenal flux caseé® Subsequently, this was generalized to the
high-energy and condensed-matter communities. These modase of the long-rangé-J model with twisted boundary
els provide important examples where it is possible to deagonditions?®?* In particular, it was shown that the irrational
with many degrees of freedom without having to resort toflux case can be treated identicatfyindicating that there is
perturbation theory. Interesting models in condensed-mattd}® €ssential difference between rational and irrational flux.

physics that have been solved include the short-range sp ased on the exact solutions, it is natural to expect that the
model! delta-function Bose gds,delta-function electron 0ng-fange models remain integrable despite the twisted

gas>* the Hubbard model,the Luttinger modef, the mag- ggugd:rr]y %Bfgﬁnﬁmfﬁ E]?:ve;ere’rum n%vVitg(ias ;‘asrcrglfn;i':ﬁg
netic impurity model and the Anderson impurity modél. inte Fr)abiIiFt) of thé lon -raﬁ E_J’ modgl and its gu@ln)
In one dimension, ever since Haldane and Shastry ind 9 Y 9 9

e- ! . . . ", /.
: ) 10 generalization with twisted boundary conditions by explicitly
pendently introduced the (¥ spin modef'® there has been constructing an infinite number of simultaneous constants of

considerable interest in the model and its generalizationgygtion This construction is a straightforward extension of
such as the long range supersymmetritmodet'**and its  the methods used in the absence of fit’ and is moti-
multicomponent SUfn) version (wherem andn denote  yateqd by the mapping of the closed ring onto an equivalent
the number of bosonic and fermionic species, respectively gppen system where the flux is manifested in twisted bound-
All of these models are characterized by having a groundary conditions. A further consequence of this mapping is that
state wave function which takes on a Jastrow product formit yields a unified treatment of the integrability of both the
and by having quasiparticle scattering matrices of a Venppen and closed chains.

simple form, as in the continuous Calogero-Sutherland sys- Because of the subtleties involved with introducing mag-
tems describing nonrelativistic quantum particté$n par-  netic flux into a model with long-range interactions, we fol-
ticular, the Haldane-Shastry spin model can also be identifieghy the procedure of Ref. 19, and start with an open chain
as a free system composed of identical particles obeyingich is subsequently closed through appropriate boundary
Haldane's generalized Pauli principfeand obeying a gen-  congditions to form a ring oN sites. The Hamiltonian of the

eralized statistical ~ distribution  function at finite 5y(1/2) t-J model on this open lattice takes the form
temperaturé! In 1992, Gebhard and Ruckenstein introduced

the long-range Hubbard model, in which the electrons are H —EP 2
described by the t/Hubbard model. It is noteworthy that 07" G
this 1 Hubbard model is integrable for any on-site energy;
the full energy spectrum and thermodynamics have been
solved explicitly*® At half-filling and in the limit of large

interaction, this model reduces to the SU(2) Haldane- . _ L :
Shastry spin chain. For less than half-filling, but still in the wherePg is the Gutzwiller projection onto single occupancy

limit of U=, the system remains characterized by eigen—and the operators and c’ are the usual fermion operators
functions of a Jastrow product form that satisfy standard fermionic anticommutation relations.

Recently there has been considerable interest in addirghe summation ovew is to sum over all the spin compo-
magnetic flux to the Haldane-Shastry-type models. For &ents of the electronsy=1,| for SU(1|2). The spin ex-
one-dimensional ring threaded by flux, this reduces to th&hange operatoP,, g is given by

problem of incorporating twisted boundary conditions. A

twisted version of the long-range integrable Haldane-Shastry ﬁavﬁzg E CLUCM,CLU,CBU, 2
spin chain has been introduced, and was solved in the ratio- o g
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c The lat-

aog*

and the electron density operatomis== .c,,,

tice permutation form of this Hamiltonian may be made ex-

plicit by introducing the graded permutation operator

HZZZ’ which exchanges particles of speciesand v’ at lo-
cationsa andg (wherev,v'=0,1,] with 0 denoting a hole
Written in terms oflI, the Hamiltonian becomes

1

ey
21

H,= _—
O 258 5 (da—dp)

)

where the Gutzwiller projection is no longer necessary since
the graded permutation operator does not generate doubly

occupied states. In this form, the Su|n) generalization is
immediately obvious.

For a finite open chain withL sites, integrability is
achieved when the lattice positiogg lie at the roots of the
Lth Hermite polynomiaf? In the limit L— these roots

become equally spaced, and translational invariance is re-

stored. It is precisely in this limit that it is possible to close

the chain by demanding twisted boundary conditions. We

allow a separate twisp, for each independent speciesso
that the twisted boundary conditions for a ringhvsites may
be encoded by the requirement that

(4)

wherez is the primitiveNth root of unity. Note that the basic
period for the spectral flow correspondsdg running from

v JIN(p,— b v
HZ,ZHN_Z (¢,— ¢, )HZ,Z-
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uniform long-range t-J model with open boundary
conditions?®?’ which were generalizations of the spin chain
results?2~2% Proof of the integrability proceeds by first map-
ping the species-exchange Hamiltonian, Eg), to a lattice
permutation equivalent using slave-boson techniques. The
resulting Hamiltonian then acts on wave functighsvritten

in the formy(q,v,,d,v5, - . . Onvn), Whereq; andy; label

the position and Sut|n) “spin” of particle i. Acting on
such wave functions, and using the fact that} span the
lattice due to single occupancy, the Hamiltonian becomes

1

H=
21<{Fj=N

J¢Vi_¢yj(qi_qj)Mij ) (7)

where the particle exchange operaky; is defined by
Mijl//(...,in'i,... .)

Elﬂ(...,qj'a'i,...,in'j,...). (8)
Note that the fermionic and bosonic nature of the individual

,qJ'(T]', ..

species is fully encoded in the wavefunctiogis: * ¢ under
simultaneous interchange of position and spin. This indepen-
dence of the exchange operator from the particle statistics
ensures that the proof of integrability holds faall
SU(m|n) extended t-J models, and not just for the
SU(1]2) case.

Based on the integrability proof for the open chain and for
the ring closed by periodic boundary conditions studied in

0 to 1. Since the resulting closed system is translationallyX€fs. 22 and 23, we introduce the generalized operators
invariant, we single out one period and reexpress the Hamil-

tonian, after gauge transformation, ldg=E,+H wherée®

1 . Z(ifj—|N)(¢,;¢,,r)Hi,,yj,,/
H=—-3 — —
21<{Fj=N ;1 157w (i—j—IN)
1 r
=-3 Iy g (i—pIIPy 5
ZléigjéN E, ?, d)vr( J) i, ( )

v,V

now defines the long-range supersymmetrit model on a
periodic ring. The offseE,= 72/3N accounts for exchanges
IN units apartwhich is present ifH, but not in the periodic

H), and may be interpreted as a shift in the ground-state

energy from finite-size effects. The sum oveensures the

Wj:ilgj U¢V17¢yk(q1'_Qk)Mjk, 9
whereu ,(n) is the (twisted periodic version of ¥/
Z(n+IN)¢
u¢(n)=§|: m (10)

As in the case fod,(n), this sum may be performed, yield-
ing
Aen

1-z"

2i

uy(n =" ay

appropriate periodicity of the ring under translations, andfor nonintegrale). Note that¢ enters discontinuously, with

yields the inverse trigonometric potential

Z(N+IN) 6

J¢(”):E| (n+IN)2

i

This expression is piecewise linear and continuouspin
leading to many remarkable features of this mddet! In
the case of periodic boundary conditions=0), the physi-
cal properties of the supersymmettid model on a uniform
closed chain have been studied previodsiy*

To provide a proof for the long-rangeJ model with

221+ (¢~ B (2"~ 1)]
sirf(na/N)

(6)

a jump inu,(n) at integral values o. A careful treatment

of convergence issues for integkalindicates that the actual
value of the infinite sum in Eq(10) is the average of the
values ofu ,(n) before and after the discontinuity. Neverthe-
less, for a consistent treatment of the invariants, we take Eq.
(11) as the definition oti,(n) for all values of¢. A conse-
guence of this asymmetry is to pick a preferred ordering,
thus breaking the parity symmetry_ ,(—n)=—uy(n),
which otherwise holds for nonintegrgl. Nevertheless, this
particular choice of ordering gives

2i 1

uo(n):Tﬁ,

(12

twisted boundary conditions, we are motivated by the previin agreement with previous results in the absence offdx.
ous results on the integrabilities of the uniform long-rangeOverall, this subtle treatment of integral twists indicates that,

t-J model with periodic boundary conditions, and the non-

surprisingly enough, it is actually theeroflux case that is
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exceptional; this case corresponds to working on top of the _

locations of the cusps in the spectral flow itself. [Ho,mo a]ZZIBz @=a.°" 17
a e}

Explicit evaluation of the commutators brings out a dis-
tinction between integral and nonintegral twists:
However, in making the system periodic, the odd exponent
in Eqg. (17) allows the cancellation of terms exchanging to

2
— %% M..( 7 — 77 - . .
N 2 IGM;j (i — ;) for ¢ijeZ the left and right. As a result, we find

[mi,m]= (13
0 otherwise,

[H,m]=0 (18)

where ¢;; =¢,,i—¢vj and gj;=q;—q;. Using the relation
(z%i%iM;;) 7= mi(z%1%M;), valid wheneverg;; e Z, the
above commutator may be reexpressed in a form similar t
that of Ref. 23,

60r the periodic case, regardless of the relative twist angles. It
iIs now clear that the mutually commuting set of operators,
{Im} for M=0,1,2,. .., provide explicit constants of motion

of the HamiltonianH, and hence proves the integrability of
the long-range Suf|n) t-J model on a ring(for either

2T
W[Z¢IJqIIMij!Wi] for ¢ijEZ
twisted or untwisted boundary conditions

[m,m;]= (14

(19

0 otherwise. In conclusion, we have provided a proof for the integra-
From here it is obvious that the commutation results ofPility Of the long-ranget-J models with twisted boundary
Fowler and Minahaf? are easily generalized to the presentconditions by explicitly constructing an infinite set of mutu-
case. Therefore the infinite set of Hermitian operators ally commuting constants of motion. This proof generalizes
previous results for rings without flux, and makes use of the
M viewpoint that the closed chain is simply a periodic version
|M=2i i of the open system. A consequence of this similar treatment
for both closed and open chains is the demonstration that the
(whereM=0,1,2,...), provides a set of mutually commut- key property behind the integrability of these models is sim-
ing operators[ 1y ,Iy]=0, regardless of the individual spe- ply the permutation nature of the system. These results have
cies twists. Note that the commutation is trivial for noninte-filled a gap in that the integrability condition for the twisted
gral relative twists, and is basically a consequence of thé-J model was as yet unknown, in spite of the fact that sev-
simple open chain resulsrg , , 7 5]=0, where
77-Ocv:i 2 !
BFa qa_

Mo (16

s
is the corresponding open chain operdmmpare with Eq.
9)].

For a finite open chain, it is known that thg, operators
do not commute with the Hamiltonia,

eral thorough studies of the long-range model in the presence
of flux have been provided.
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