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We compare x-ray fluorescence holography~XFH! and multiple-energy x-ray holography~MEXH!, two
techniques that have recently been used to obtain experimental three-dimensional atomic images. For single-
energy holograms, these methods are equivalent by virtue of the optical reciprocity theorem. However, XFH
can only record holographic information at the characteristic fluorescence energies of the emitting species,
while MEXH can record holographic information at any energy above the fluorescent edge of the emitter, thus
enabling the suppression of real-twin overlaps and other aberrations and artifacts in atomic images.
@S0163-1829~97!51006-X#

I. Introduction. Nearly a half century ago, Gabor pro-
posed a holographic solution to the classic phase problem in
crystal diffraction.1 Whereas only the intensity of the wave
fronts scattered by atoms in a crystal are measured in a con-
ventional diffraction experiment, Gabor suggested that the
phases of these diffracted wave fronts could be referenced to
a coherent source that simultaneously illuminates the detec-
tor as well as the crystal. This technique has successfully
imaged nanometer-scale structures with electrons from field-
emission tips,2 but these sources lack the necessary source
size and wavelength resolution to image atomic structure on
the angstrom scale. However, Szo¨ke noted about a decade
ago that photoexcited atoms within the sample itself may
serve as highly coherent sources of outgoing electron or fluo-
rescent x-ray waves.3 This ‘‘inner-source’’ implementation
of Gabor’s holographic solution to the phase problem has by
now enabled three-dimensional atomic images with subang-

strom resolution to be directly obtained from photoelectron
diffraction, for example.4–17 However, it is also well recog-
nized that electron scattering is highly nonideal, with angular
anisotropies in scattering amplitude and phase that can dis-
tort images, and multiple scattering effects that can compli-
cate analysis. Since x rays scatter much more ideally than
electrons, inner-source x-ray holography represents a poten-
tially promising approach as well.18,19

Two experimental approaches have recently obtained ho-
lographic atomic images using x rays: x-ray fluorescence
holography18–20 ~XFH! and multiple-energy x-ray hologra-
phy ~MEXH!.21,22 For a given single energy, holographic
measurements made by these methods are equivalent by vir-
tue of the optical reciprocity theorem, and will result in
equally resolved atomic images. However, MEXH is capable
of recording holographic intensities at arbitrary energies,
which can suppress twin image effects, as well as other ab-
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errations and artifacts in reconstructed images, as we illus-
trate below in theoretical simulations for several imaging
strategies.

II. Optical reciprocity of MEXH and XFH.We first dis-
cuss the creation of holographic diffraction patterns from
atomic scattering, in Gabor’s original scheme, as shown in
Fig. 1~a!.1 Here, a convergent beam is brought to a point
focus near an atom, where it begins to diverge as it illumi-
nates both the nearby atom and a far-field screen. The wave
front scattered by the atom will reach a given position on the
screen and interfere with the direct, unscattered wave front.
The intensity pattern will depend on the phase difference
between the scattered and unscattered wave fronts,which for
ideal pointlike scatteringis solely due to the difference be-
tween their path lengths~l and l 0, respectively!. Thus the
phase of the scattered wave front is visible in the holographic
diffraction patternI (k) on this screen, as it is referenced at
each point to the direct wave front.

In the simplest implementation of XFH as first suggested
by Szöke,3 the point focus of the coherent beam is replaced
by an ~ideally pointlike! atom that is photoexcited to emit a
spherical fluorescent x-ray wave front@Fig. 1~b!#. Similar to
Gabor’s original scheme, the wave fronts scattered by atoms
neighboring the emitter will reach a far-field detector, where
they will interfere with the direct, unscattered portion of the
emitted wave front. Moving the detector over a large solid-
angle range will then generate a holographic interference pat-
tern I (k) over different emission directionsk, due to the
changing differences in the path lengths between the scat-
tered and direct wave fronts.

MEXH can be thought of as a time-reversal implementa-
tion of XFH,21,22 in which the directions of all the paths in
the XFH case are reversed, together with the locations of the
wave source and detector@Fig. 1~c!#. A far-field point source
illuminates the sample with x rays having an energy higher
than a particular absorption edge of a specific emitter of in-
terest. This emitter will then be excited by a wave field that
is a superposition of wave fronts scattered by neighboring
atoms, and the direct, unscattered wave front. The interfer-
ence between the scattered and direct wave fronts at the lo-
cation of the fluorescing atom depends solely on the differ-
ence between their path lengths, as traced back to the far-
field source, and the resulting wave field strength at the
emitter determines the amount of fluorescence generated.
Now moving thesourcerelative to the sample over a large
range of solid angle with the detector fixed in direction and
averaging over a large solid angle enables recording a holo-
graphic intensity patternI (k) over different directions, again
due to the changing difference in path lengths between the
scattered and direct wave fronts.

Note that we have assumed the presence of only one fluo-
rescing atom, whether it acts as the coherent wave source, or
the path length difference detector. Realistically there will be
many fluorescing atomic sites, but if each photoemitter has
an identical neighborhood, then this presents no problem, as
the reconstructed atomic images will merely be the superpo-
sition of each identical neighborhood.3 If there exist a small
number of inequivalent emitter sites, then the reconstructed
image intensities will be a superposition of the neighboring
environments surrounding each emitter.22

For all three experimental schemes, the phases of the scat-

tered wave fronts are referenced to the differences in path
length that they have relative to the direct unscattered wave
I 0(k). If the j th scatterer is at positiona, relative to the
emitter, then these path length differences generate a phase
of k•aj2kaj , which overk space are unique for eachaj
scatterer. Thus, a sufficient data set throughoutk space and
involving the resulting phase factorei (k•aj2kaj )will uniquely
identify each scatterer at relative positionsr5aj from the
point focus or emitter. Holographic intensitiesx~k! are now
generated by subtracting and then dividing out the unscat-
tered waveI 0(k) from the measured holographic intensities
I (k), and these will be given by

x~k!5 @ I ~k!2I 0~k!#/I 0~k! . ~1!

In a simple single scattering model of the scattering process,
we can also write3

x~k!}(
j

@ f ~Qaj
k !/kaj # e

i ~k•aj2kaj !1c.c., ~2!

where f (Qaj
k )[u f (Qaj

k )ueic(Qaj
k )is the atomic scattering fac-

tor, andQaj
k is the angle betweenk andaj . Inverting such a

hologram at a single energy via

U~r !5E E
V
ds k̂e

2 ik•rx~k! ~3!

shows that the first term inx~k! will reconstruct holographic
real images atr5aj , while the complex conjugate term will
result in holographic twin images atr52aj . Extending Eq.
~3! so as to simultaneously invert images at multiple energies
produces intensity peaks only at the real locations of the

FIG. 1. Three experimental holographic schemes for recording the
phases of atomically scattered wave fronts by referencing them to a direct,
unscattered wave front.~a! Gabor’s original proposal, where an external
coherent beam is brought to a point focus near the scattering atoms, and the
resulting scattered and unscattered wave fronts are collected on a far-field
screen.~b! X-ray-fluorescence holography~XFH!. The point focus of the
coherent beam in~a! is replaced by a fluorescing atom, while a far-field
detector is moved in order to collect the scattered and unscattered wave
fronts over a range of different directions.~c! Multiple-energy x-ray holog-
raphy ~MEXH!. The time-reversed version of XFH, in which a far-field
coherent plane-wave source is moved over a range of different directions,
while the fluorescing atom senses the superposition of the scattered and
unscattered wave fronts, and a remotestationary detector collects the
amount of fluorescence from the emitter. The incident waves in MEXh can
be of any energy above the absorption edge of the emitter.

R3324 55P. M. LEN, T. GOG, C. S. FADLEY, AND G. MATERLIK



atoms (r5aj ).
4 This is a transform over some volume ink

space with a kernel (e2 i (k•r2kr), which produces a stationary
phase with the path length difference factor and yields image
intensities located at relative positionsr via

U~r !5E
k
k2dkE E

V
ds k̂e

2 i ~k•r2kr !x~k!. ~4!

If the scattering factor in Eq.~1! is weak and fairly isotropic
~as is the case with x rays!, then the resulting holographic
images will be located very close to the actual atomic posi-
tions, and will be much freer from undesirable aberrations
and artifacts.10–12,19Various modifications to the basic recon-
struction transforms of Eqs.~3! and ~4!,13,15 as well as en-
tirely different reconstruction algorithms,16,17have been pro-
posed to account for the anisotropic emission and scattering
processes inherent in electron holography.

The above discussion has emphasized the equivalence of
XFH and MEXH due to the optical reciprocity theorem,
where the two methods can be thought of as time-reversed
cases of each other. However, this symmetry is broken when
the manner in which atomic fluorescence is used to measure
the path length differences between scattered and unscattered
wave fronts is considered. Thus, in XFH the fluorescent x
ray of a definite energy is used as the source of the direct and
scattered waves, whereas in MEXH the same fluorescent x
ray is used as a detector of the exciting x-ray wave field,
which can be at any energy above the fluorescence thresh-
old. Thus, despite the reciprocal equivalence of XFH and
MEXH, as discussed in the previous section above, there are
significant differences between them, including the fact that
XFH and MEXH holograms cannot be recorded at the same
energy.

III. Theoretical holographic images for Fe bcc.This sec-
tion discusses theoretical images for XFH and MEXH, de-
rived for choices of photon energies that would be accessible
and/or selected for optimum image formation in experiments
on a real system~bcc Fe!.

In XFH, because a fluorescing atom is used as the wave
source, one may only record holograms at the characteristic
fluorescent energies of the emitting atom species. Figure
2~A! show the expected atomic images reconstructed via Eq.
~3! from a theoretical XFHx~k! calculated for FeKa emis-
sion (k53.245 Å21 or E56.40 keV!. This hologram was
calculated on a 5°35° grid in polar and azimuthal angles
from a model 189-atom Fe~001! bcc cluster, using a single
scattering model that includes the full complex atomic scat-
tering factor for x rays.19,23 Some of the Fe atoms in these
images are clearly imaged, but they are only modestly re-
solved, a major reason being the long wavelength of the x
rays at this energy~l51.937 Å!. While higherZ atoms in
general have more energetic fluorescence energies, and thus
could produce higher resolution atomic images, reconstruc-
tions from XFH holograms from lowZ emitters will be
much less practical. Of note here is that of the neighboring
sites immediately surrounding the emitter, only the 001 and
100 atom ~and their symmetry-related sites! are visible,
while the 200 and 110 atoms are missing@see Fig. 2~B! for
the locations of the latter atoms#. This is due to a well-
recognized problem with single-energy holography:18,19 at
this 6.40 keV energy the real and twin images of both the
200 and 110 atoms overlap out of phase, suppressing the
image intensity at these locations. These real-twin image
overlaps are an inherent problem in reconstructing cen-
trosymmetric atomic-structure images from single-energy

FIG. 2. ~A! Theoretically generated atomic images for single-energy XFH with FeK-a fluorescent radiation (k53.245 Å21 or E56.40 keV!, obtained
from a model 189-atom Fe~001! bcc cluster. Cross-section cuts are shown for~a! a vertical~11̄0! plane and~b! a horizontal~001! plane. The actual locations
of the atoms are indicated as circles. The location of the emitter, which is not imaged, is indicated by the dashed square at the origin. The bcc unit cell is
indicated by the dashed lines.~B! As ~A!, but for single-energy MEXH (k53.902 Å21 or E57.70 keV! images.~C! As ~A!, but for multiple-energy MEXH
~seven energies spanningk56.081 to 9.122 Å21 or E512.00 to 18.00 keV! images. Note the image cancellations for different atoms in~A! and~B!, while
all near-neighbor atoms surrounding the emitter in~C! are visible.
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holograms, but using more than one energy promises to
solve this problem.19 The 001 and 100 atoms in Fig. 2~A! are
also shifted slightly outwards~by ;0.05 Å! from their actual
locations due to the angular dependence of the small scatter-
ing phase shift at this energy. This is found to be of the form
c(Qaj

k )}b(12cosQaj
k )1g, with b'0.09 and g'0.19,

which is expected to cause position shifts ofDr'b/k
'0.03 Å in the reconstructed images.10

In MEXH, the unscattered and direct wave fronts are gen-
erated by a coherent far-field source, which can be tuned to
any desirable x-ray energy above an absorption edge~7.11
keV at FeK!, with the fluorescence serving only as a detec-
tor for the resulting path length differences between the scat-
tered and direct wave fronts. Figure 2~B! shows the expected
Fe atomic images reconstructed via Eq.~3! from a theoretical
single-energyMEXH hologram atk53.902 Å21(E57.70
keV, chosen to be just above various near-edge effects!, for
the same model Fe bcc cluster as in Fig. 2~A!. The resolution
of the Fe images is slightly improved, due to the slightly
shorter wavelength of x rays used (l51.610 Å!. But note
that the 111 and 110 atoms are now visible, while the 001
and 100 atoms are suppressed due to changes in the real-twin
overlap at this choice of hologram energy. The relative
brightness in intensity of the 111 atomic image, compared to
the 110, 001, and 200 atomic image in Fig. 2~B!, indicates
that these latter atomic images are almost real-twin image
suppressed. The 111 image intensities are also shifted out-
wards by 0.04 Å, again due to the phase~b'0.12 and
g'0.19, makingDr'b/k'0.03 Å! of the complex atomic
scattering factor at this hologram energy.10

Ideally, one could record single-energy holograms at vari-
ous energies, and simply superpose their reconstructed im-
ages in order to override the real-twin image suppression
conditions for different centrosymmetric atomic pairs at dif-
ferent energies. However, it is much more advantageous to
reconstruct images from a single data set of multiple holo-
gram energies via Eq.~4!, such that the holographic data
points used in the image reconstruction span ak-space vol-
ume. This improves the resulting atomic images, as the trans-
form of Eq. ~4! breaks the symmetry between the real and
twin terms in Eq.~2! when extended over a finite energy~or
k! range.4,19 The use of multiple-energy holograms in recon-
structing atomic images is in fact commonplace in electron
emission holography~e.g., due to the tunability of the pho-
toelectron energy of the source atom!, where it has been
shown to suppress the presence of undesirable twin images,
and to increase image fidelity.5–9,14–17

Figure 2~C! now shows the expected Fe atomic images
reconstructed from a theoretical seven-energy MEXH data
set, spanningk56.081 to 9.122 Å21 (E512.00 to 18.00
keV!, with dk50.507 Å21 ~corresponding to an energy in-
terval of dE51.00 keV!, for the same model Fe bcc cluster
as in Figs. 2~A! and 2~B!. These atomic images are better

resolved than Figs. 2~A! and 2~B!, due to the shorter-range
x-ray wavelengths used~l51.033 to 0.689 Å!, and are more
resolved than any single-energy holographic image within
this range of energies.4 All near-neighboring atoms surround-
ing the emitter are furthermore clearly imaged with no real-
twin cancellations present. The presence of faint aberrations
and artifacts visible in the single-energy holographic of Figs.
2~A! and 2~B! have also been further suppressed. In XFH it
would be possible in principle to measure holograms at the
different fluorescence energies of a specific emitter type in
order to suppress real-twin image overlaps. However, the
limited number and varying intensities and spacings of these
characteristic energies would present severe constraints on
the reconstruction of multiple-energy holograms in XFH.19

IV. Conclusions.The evolution of Gabor in-line hologra-
phy into XFH and MEXH has been discussed, as well as the
equivalence of XFH and MEXH for single-energy holograms
by virtue of the optical reciprocity theorem. However, XFH
and MEXH holograms cannot be recorded at the same en-
ergy. XFH data can only be recorded at the characteristic
fluorescence energies of an emitting atom, and thus XFH
images may suffer from the unavoidable effects of real and
twin images overlapping~including out of phase overlap,
producing image cancellations!, as well as undesirable aber-
rations and artifacts inherent in single-energy holographic
images. In XFH, however, a whole single-energy hologram
can in principle be instantaneously imaged by a large parallel
detector array. This can be advantageous if time-resolved
XFH using x-ray laser excitation sources will be attempted.
MEXH data can be recorded at any energyabovethe absorp-
tion edge of an emitter. Thus, single-energy MEXH data can
be taken at those energies where real and twin images will
interfere in phase at atomic locations of interest~cf. Fig. 3!.
More importantly, multiple-energy MEXH data sets can be
used to suppress real-twin image overlaps, and thus generate
atomic images with better resolution and higher fidelity than
any single-energy hologram within the same energy range
@cf. Fig. 2~C!#.
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