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The effects of interchain coupling on solitons and soliton lattice structures in CuGeO3 are explored. It is
shown that interchain coupling substantially increases the soliton width and changes the soliton lattice struc-
tures in the incommensurate phase. It is proposed that the experimentally observed large soliton width in
CuGeO3 is mainly due to interchain coupling effects.@S0163-1829~97!51022-8#

The inorganic spin-Peierls~SP! system, CuGeO3, has at-
tracted much attention1 recently. Pure CuGeO3 has a SP
transition atTsp.14.3 K. Below Tsp, the system is in a
dimerized spin singlet state, and the gap to spin triplet exci-
tations isD;24.5 K.2,3 It has been argued4,5 that the spin
susceptibility measurements in this system can be understood
only if the nearest-neighbor Heisenberg Hamiltonian is aug-
mented by a substantial next-nearest-neighbor~NNN! cou-
pling, J2;0.2J, whereJ is the nearest-neighbor coupling.
The NNN coupling has been shown to be important in other
experiments6 as well. Recently, the soliton lattice structure in
CuGeO3 was studied using neutron and NMR
measurements.7,8 An important observation is that the soliton
width j;13.6a, where a is the lattice spacing, is much
larger than the theoretical prediction9 for the unfrustrated SP
chain,j05Jap/(2D);8a.

The soliton width in CuGeO3 can be changed by inter-
chain coupling and frustrationJ2. Without interchain cou-
pling, the soliton width is generallyj} v̄ /D, where v̄ is the
spin-wave velocity andD is the triplet gap in the SP chain.
From the nonlinear sigma model ~Ref. 10!,

v̄5 v̄ 0A124J2 /J1, and the dimensionless coupling constant
~Ref. 11! gs(J2)5gs(0)/A124J2 /J1. So, the frustration
will decrease the soliton width. One can show that the soliton
width j5Jav̄ /D. The triplet gapD will depend on both SP
coupling and frustration. However, to compare with experi-
ments, the triplet gapD;24.5 K, while v̄ decreases with
increase of frustration, so the frustration will make the soli-
ton width in a CuGeO3 chain smaller than;8a. Thus, the
observed soliton widthj/j0;1.7 is not an effect due to the
frustrationJ2 in CuGeO3.

It is known that the interchain coupling in CuGeO3 is not
small ~Ref. 2!: Jc.120 K, Jb.0.1Jc , and Ja.20.01Jc .
The phase diagram of the unfrustrated SP system in the pres-
ence of interchain coupling was studied by Inagaki and
Fukuyama.12 In the present paper we calculate the effect of
interchain coupling on soliton width. Although the singlet SP
ground state is destroyed by large interchain coupling, in the

strongly dimerized regime weak interchain coupling cannot
affect the spin singlet ground state. Similarly, weak inter-
chain coupling has very little effect on the susceptibility
aboveTsp. From mean-field theory, it can be shown that the
effects are typically of the order of 3%.

The low-energy excitations involving broken spin singlets
are more sensitive to interchain coupling. Once a singlet pair
is broken in one chain, it is energetically less costly to break
another pair in a neighboring chain due to the interchain
coupling. Thus, the interchain coupling will affect the low-
energy excitations in the dimerized phase. For the same rea-
son, the interchain coupling can lead to an increased soliton
width: the local magnetization of a soliton in SP chain is
M (x);cosh21(x/j) ~cf. below!, and the gain in the interchain
coupling energy increases with the increased soliton width
j, hence an increased soliton width.

In this paper, the effects due to the interchain coupling are
studied using bosonization. We consider the Hamiltonian

H5(
i , j

@J~11bui , j !SW i , j•SW i11,j1a0JSW i , j•SW i12,j #

1gJ(
i , j ,m

SW i , j•SW i , j1m1
K

2(i , j ui , j
2 , ~1!

whereSW i , j (ui , j ) is the spin operator~lattice distortion! of site
i in chain j , andK is the spring constant.b is the spin-lattice
coupling constant.a05J2 /J is the strength of frustration
andg5J' /J is the interchain coupling constant. Note that
we have used the adiabatic approximation for the phonons.

The interchain coupling is treated in the mean-field ap-
proximation ~Refs. 12 and 13!: SW i , j•SW i , j1m5Si , j

z ^Si , j1m
z &.

Thus, the Hamiltonian is transformed into a single chain
model and the interchain coupling term transforms into

2( igJZ̃hiSi
z1 1

2 gJZ( ihi
2 , where hi5^Si , j1m

z &52( Z̃/
Z)^Si , j

z & is the effective field. We have introduced the notion

of an effective coordination numberZ̃ to account for

^Si , j1m
z &Þ2^Si , j

z &. In the soliton lattice phase,Z̃ is site de-
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pendent. The effective Hamiltonian is then transformed to a
fermionic Hamiltonian using the Jordan-Wigner transforma-
tion, and the fermionic model is bosonized. The resulting
continuum Hamiltonian is14

H
Ja

5
v̄

2pKr
E dx@Kr

2~]0f!21~]xf!2#1E dx
Ku2~x!

2Ja2

2
g3
2a2E dxcos~4f!2

b

a2E dxu~x!sin~2f!

2
g Z̃

a2 E dxh~x!cos~2f!1E dx
gZ

2a2
h2~x!, ~2!

wherea is the short distance cutoff,u(x)5(21)iui /a and
h(x)5(21)ihi /a are slowly varying variables. The bare
value of the Umklapp term isg35123a0 and we shall as-
sume that the renormalizedg3 has approximately the same
a0 dependence.

Here v̄ is the spin-wave velocity andKr is a critical ex-
ponent. For the unfrustrated antiferromagnetic~AFM!
Heisenberg spin chain, the following renormalized values
should be used~Ref. 15!: v̄5p/2 andKr51/2. However,
the values ofv̄ andKr in the frustrated Heisenberg model is
dependent ona0. With increase of frustration, the spin-wave
velocity decreases. In the nonlinear sigma model~Ref. 10!,

v̄5v0A124a0 for smalla0. In a recent numerical calcula-
tion, it is shown that the variation ofrenormalizedv̄ with
a0 is approximately~Ref. 16! rv52 v̄ /p.(121.12a0). Al-
though we do not knowKr at finite a0 precisely, it is
known17 thatKr>1/2 at small frustrationa0,a0

c;0.3. De-
fine rK52Kr21, thenrK!1 andrv&1.

For the ground state,u(x)5u0, h(x)5h0, and Z̃5Z. If
there is no Umklapp interactiong3, the model~2! is exactly
soluble by Bethe ansatz.18 Due to theg3 term, an approxi-
mation has to be employed. We use the self-consistent
Gaussian approximation, which was previously shown to be
reliable9 for the SP chains. To this end, we write
f(x)5fs(x)1f̃(x), wherefs is the semiclassical solution
andf̃ is the fluctuation aroundfs . We retainf̃ to quadratic
order in the action. The first-order term vanishes at the
saddle point. Then,

]x
2~4fs!1

1

j2
sin~4fs!50, ~3!

where

1

j2
5

1

j0
2 2

4g Z̃2

a2Z
s2, ~4!

and

1

j0
2 5

4b2J

a2K
s22

8g3
a2

s4. ~5!

The quantitys is given by

s5e22^f̃2&. ~6!

s describes the renormalization ofg1 andg3 due to fluctua-
tions of f̃ aroundfs . Note the derivation is appropriate for
systems with a finite gap, otherwise,s has infrared diver-
gence. In deriving these equations, we have used the self-
consistent equations

u~x!5~bJ/K !ssin~2fs!, ~7!

h~x!5~ Z̃/Z!scos~2fs!. ~8!

The ‘‘uniform’’ ground state @i.e. ui5(21)iu0a and
hi5(21)ih0a] calculated from Eq. ~3! corresponds to
sin(4fs)50. Therefore, eitherfs50 or p/4. Whenfs50,
u(x)50, h0Þ0, the system has long-range AFM order;
when fs5p/4, h(x)50, u0Þ0, the system is dimerized.
The spin-lattice coupling and interchain coupling strengths
dictate the solution that has the lowest energy. It is clear that
on symmetry grounds these two homogeneous solutions are
mutually exclusive.

The calculation of ground-state energy and excitation
spectrum in the self-consistent Gaussian approximation is
straightforward and can be found in Ref. 9, so we will just
state the results. The excitation spectrum corresponding to
uniform fs is

vq5Jav̄Aq21q0
2 . ~9!

In the dimerized phasefs5p/4 andf050, and it can be
easily shown thatq051/j0. From Eq. ~9!, the spin triplet
excitation gap isD5Jav̄q0. The scaling of the spin triplet
excitation gap is

S D

2pJ v̄
D 12rK

}d~222rK!/~32rK!, ~10!

where d5bu is the bond alternation induced by lattice
dimerization. For the unfrustrated SP chain,Kr51/2,
rK50, and we obtain the correct scaling relation19 D}d2/3.

Comparing the ground-state energies between dimerized
phase (fs5p/4) and AFM phase (fs50), we get, for
rK!1, that the crossover fromfs50 to fs5p/4 is deter-
mined by

CK[
JgZ

Drv
S D

p2Jrv
D rK

51. ~11!

If CK,1 thenfs5p/4, d5bu, h50, and the system is
dimerized; otherwise,d5gZh, u50, and the ground state
has long-range AFM order. A similar critical value of the
interchain coupling for the unfrustrated SP model was de-
rived by Inagaki and Fukuyama.12 Using D.24.5 K and
J.120 K, we find thatCK;0.98rv(0.021/rv)

rK,1, which
is consistent with the fact that CuGeO3 is dimerized at zero
temperature. Sincerv (rK), which is less~greater! than 1~0!,
decreases~increases! with increase of frustration, the frustra-
tion pushes the SP-Ne´el transition to stronger interchain cou-
pling. If rv&1 andrK!1, the interchain coupling is close to
the critical value for the long-range AFM order to be real-
ized. This is probably significant, as materials with only 3%
Zn exhibit long-range AFM order.

Consider the nonuniform solutions of Eq.~3!, which cor-
respond to the solitonic excitations of the dimerized phase.
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In zero magnetic field, the soliton solution has lower energy9

than the spin-triplet excitation with the gapD. In this case,
we can continue to assume thatZ̃/Z is a constant, and the
soliton solution from Eq.~3! is

u~x!}sin~2fs!56tanh
x

j
, ~12!

with the half-width

j5
Jav̄
D YA12~ Z̃/Z!2CK. ~13!

The corresponding magnetization,M (x), is

M ~x!5cosh21~x/j!/~2pj! ~14!

and the staggered magnetization,N(x), is

N~x!5~2 !xAq0a

2p
cosh21~x/j!. ~15!

From Eq.~13!, we can see that the soliton width is increased
by interchain coupling, while the effects of frustration
a05J2 /J appear only inD and v̄ .

Without interchain coupling, the soliton width is
j05Japrv /(2D)&8a for CuGeO3. With Z̃5Z,
^Si , j1m

z &52^Si , j
z &, the soliton excitation described by Eq.

~12! is an array of antiferromagnetically coupled solitons in a
direction perpendicular to the SP chains. As discussed in the
introduction, the spins are antiferromagnetically ordered in-
side the soliton, therefore increased soliton size will lead to a
gain in the interchain coupling energy. This is the physical
origin of the increased soliton width in the presence of inter-
chain coupling. When the interchain coupling is so strong
that the soliton width diverges, i.e.,CK51, the system
crosses over to the long-range antiferromagnetically ordered
phase. This criterionCK51, derived from consideration of
the soliton size, is the same as that derived from Eq.~11! for
small rK .

If the solitons are excited locally without forming a regu-
lar array,^Si , j1m

z &Þ2^Si , j
z &, and Z̃/Z is smaller than unity.

The soliton size will still be increased with the increased
interchain couplingg, and AFM domains will form and in-
crease in size. We propose that for the solitonic excitations
due to magnetic or nonmagnetic impurities similar AFM do-
mains will form. The percolation of these AFM domains
must be relevant to impurity induced AFM ordering in the
doped CuGeO3 systems.

20,21

In a high magnetic field, there will be a transition from the
zero-field commensurate dimerized phase to the incommen-
surate soliton lattice phase.22 The ground state of this soliton
lattice phase corresponds to the self-consistent periodic solu-
tions of the coupled nonlinear equations similar to Eq.~3!.
Here, we consider only the qualitative aspects of the effect of
the interchain coupling in the soliton lattice phase. To this
end, we assume a constantj in Eq. ~3! for each chain. The
effect of the interchain coupling is to renormalizej, as in Eq.
~13!. The periodic solution of Eq.~3! is

u~x!}snS xkj
,kD , ~16!

M ~x!5
1

2pkj
dnS xkj

,kD , ~17!

N~x!5~2 !xAq0a

2p
cnS xkj

,kD , ~18!

wherej is the soliton width defined in Eq.~13!, and sn, dn,
and cn are the Jacobi elliptic functions.23 The intersoliton
distance is 2K(k)kj @see Fig. 1#, where the modulusk of the
elliptic integral K is related to the total magnetization in-
duced by the external magnetic field that can be derived from
the minimization of the energy.22 These equations are the
same as those of the soliton lattice without interchain
coupling.24 Close to the commensurate-incommensurate
transition, M (x);0!uN(x)u, we can assume that these
equations still approximately describe the soliton lattice in
the presence of interchain coupling: each chain has a mag-
netizationM (x), and the neighboring chains have staggered
magnetizationsN(x) and2N(x). The effective coordination
numberZ̃/Z is smaller than unity. Thus,Z̃/Z5constant is a
reasonable approximation close to the commensurate-
incommensurate phase transition, where most of the experi-
ments are carried out.

In the experiment of Kiryukhinet al.,7 the value ofj is
measured in the soliton lattice phase. The measured value of
j is j5(13.660.3)a, which is substantially larger than the
value j0;8a without interchain coupling. If we use an av-
erageZ̃/Z, from j5(13.660.3)a we estimateZ̃/Z;0.8 at
a050. With finite a0, the estimatedZ̃/Z will be larger. In
these experiments the intersoliton distance is 40270a, so
k;0.720.9. The magnetizationM (x) and staggered magne-
tization N(x) are shown in Fig. 1 fork50.8. The ratio
^M (x)&/A^N2(x)&;0.1, which is the right order of magni-
tude to give effective~Ref. 25! Z̃/Z;0.821.0. In the NMR
experiments,8 the maximal value of the effective local spin is
measured to beSmax;0.065, which is smaller than the value
corresponding to a single chain given by
AD/(Jp2rv)*0.14. However, because the solitons in the
neighboring chains are antiferromagnetically coupled, the ef-

FIG. 1. The lattice distortion and magnetizations in the soliton
lattice phase withj513.6,k50.8. The scale ofu(x) is arbitrary.
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fective local magnetization at each site is reduced by the
interchain effects; a reduction factor of the order of 2–3 of
Smax is quite reasonable.

In conclusion, we have studied the combined effects of
the frustration and interchain coupling on solitons and
soliton-lattice excitations in CuGeO3. We find that the inter-
chain coupling can substantially increase the soliton size,
while the NNN frustration will decrease it. When the inter-
chain coupling strength is close to the SP-Ne´el transition, the

size of the soliton diverges. The analysis of the soliton struc-
ture presented here is consistent with experimental
observations.7,8
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