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Using density-matrix renormalization-group techniques, we have studied the ground states of the four-leg
t-J ladder doped near half-filling. Depending uponJ/t and the hole dopingx, three characteristic types of
ground states are found:~1! a state containingdx22y2 pairs,~2! a striped charge-density wave~CDW! domain-
wall state, and~3! a phase-separated regime. The CDW domain walls consist of fluctuating hole pairs and this
state has significantdx22y2 pair field correlations.@S0163-1829~97!51222-7#

The observation of spin gaps1,2 in the two-leg SrCu2O3
and four-leg La2Cu2O5 ladder compounds and the recent re-
port of superconductivity in a hole doped
~La,Sr,Ca!14Cu24O41 compound containing CuO2 chains and
two-leg Cu2O3 ladders

3 has brought renewed interest in the
properties of even-leg metal-oxide ladders. Here, using
density-matrix renormalization group~DMRG! techniques,4

we study thet-J model of a four-leg ladder for a range of
J/t values and dopings near half-filling. We have observed
three types of ground states:~1! a state containing a dilute
gas ofdx22y2-like pairs; ~2! a striped charge-density wave
~CDW! domain-wall state, where each domain wall consists
of four holes; and~3! a phase-separated regime. Here we
show examples of each type of state and discuss the interplay
between CDW and pairing correlations appearing in these
states.

The Hamiltonian for thet-J model is

H52t (
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whereci ,s
† andSW i5ci ,a

† sW abci ,b are electron creation and spin
operators respectively,ni is the occupation number operator,
PG is the Gutzwiller projection operator which excludes con-
figurations with doubly occupied sites, and^ i j & denotes
nearest neighbor sites. Here we report results for ladders with
open boundary conditions for hole dopings of 0<x<0.25
and variousJ/t values. Our calculations for the four-leg lad-
ders were carried out using a DMRG method in which trans-
formation matrices were stored and used to construct the
initial state for each superblock diagonalization.5 Of order
103 states were kept per block, and the final transformation
matrices were used to calculate the ground state expectation
values of the desired operators at the end of the calculation.

The types of ground states which we have found are il-
lustrated in Fig. 1. The results shown in Fig. 1 are for a
2034 lattice with from 8 to 16 holes. These figures represent

the most probable configuration of holes in the system, ob-
tained by maximizing the ground-state expectation value of a
hole projection operator

P~ l 1 ,l 2 , . . . !5)
i51

p~ l i !, ~2!

wherep( l )5(12nl↑)(12nl↓) is the hole projection opera-
tor for the l th lattice site. The results shown in Fig. 1 were
obtained by maximizinĝP( l 1)& over l 1, then maximizing
^P( l 1 ,l 2)& over l 2 with fixed l 1, etc., until all the holes have
been located. Although this procedure is not guaranteed to
give the maximum of̂P( l 1 ,l 2 , . . . )& over all $ l i%, we have
not observed any cases in which it appears to fail. The posi-
tions of the holes are shown as the solid circles in Fig. 1.

These pictures of most-likely hole configurations are rep-
resentative of the three types of ground states which we have
found for dopings 0,x,0.25, with 0.25,J/t,3. Figure

FIG. 1. Maximum-likelihood hole configurations obtained by
maximizing the expectation value ofP( l 1 ,l 2 , . . . ), Eq. ~2!, for
various ground states of the doped four-legt-J ladder.~a! A gas of
pairs withJ/t50.35 and a filling ofx50.1. ~b! ‘‘Diagonal’’ ~1,1!
domain walls withJ/t50.5 andx50.15. ~c! ‘‘Zigzag’’ domain
walls with J/t50.25 and x50.15. ~d! Phase separation with
J/t52.0 andx50.2.

RAPID COMMUNICATIONS

PHYSICAL REVIEW B 1 JUNE 1997-IIVOLUME 55, NUMBER 22

550163-1829/97/55~22!/14701~4!/$10.00 R14 701 © 1997 The American Physical Society



1~a! shows a gas of pairs, which occurs at low doping levels
for a wide range ofJ/t, in this casex50.1, J/t50.35. At
higher doping levels, four-hole clusters~or two-pair clusters!
form, giving what we will call the domain-wall states shown
in Figs. 1~b! and 1~c!. Figure 1~b! shows a diagonal domain-
wall state forJ/t50.5, x50.15, where the most probable
hole configuration has four holes along a diagonal. For
smaller values ofJ/t, the most probable hole configuration
consists of a zigzag pattern along the two center chains, as
shown in Fig. 1~c! for x50.15, J/t50.25. Although it ap-
pears that there are two different types of domain walls
shown in Figs. 1~b! and 1~c!, as we discuss below, fluctua-
tions in the walls lead us to consider these to be the same
type of state. Phase separation, as shown in Fig. 1~d!, where
the holes have all moved to either end of the ladder, occurs
for J/t greater than about 1.5–1.9, in this caseJ/t52. For
J/t;3, the holes become closely packed at the ends of the
ladder.6

In order to obtain a clearer picture of the nature of these
pair-gas and domain-wall states, we have examined various
local correlations. Figure 2~a! shows the probability of vari-
ous hole configurations near the most likely configuration for
the system shown in Fig. 1~a!, focusing on the second pair

from the left. The diameter of the dots is proportional to the
probability of the last hole being on that site, when all the
other hole positions are fixed. In this case the last hole is the
left-hand hole of the second pair in Fig. 1~a!. Although the
maximum point shown in Fig. 1~a! has this pair as nearest
neighbors, the probability of the last hole being on either the
site above or below the maximum point is nearly as large.
The results are consistent with Lanczos calculations for two
holes on a periodicA263A26 lattice, in which for
J/t50.35 the holes are about 20% more likely to be found
across a diagonal than on near-neighbor sites.7,8 Figure 2~b!
shows the expectation value of the kinetic energy on each
bond when the location of all but one of the holes@the same
hole as in Fig. 2~a!# has been specified by the projection
operator.

The expectation value ofSW i•SW j near the paired holes in
the two most likely configurations of Fig. 2~a! is shown in
Figs. 2~c! and 2~d!. In these plots, the width of the lines is
proportional to the bond strength2^SW i•SW j&. In addition to
showing the nearest-neighbor correlations, we show next-
nearest-neighbor correlations when both sites are adjacent to
the same hole, but only when these correlations are antifer-
romagnetic,̂ SW i•SW j&,0. Antiferromagnetic correlations cou-
pling next-nearest-neighbor sites across dynamic holes is an
almost universal feature of the dopedt-J model,9 and pre-
sumably other doped antiferromagnets. These frustrating cor-
relations develop in order to minimize the kinetic energy.9

The strong diagonal singlet correlation crossing the hole pair
in Fig. 2~d! is a striking example of this effect. The kinetic
energy term strongly favors a singlet bond connecting these
sites since for four of the eight hops available to the holes in
this configuration, this bond becomes a nearest-neighbor ex-
change bond. This diagonal singlet is characteristic of a
dx22y2 pair.

9

A closer view of the domain walls in Figs. 1~b! and 1~c! is
shown in Fig. 3. The probability of finding at a given site the
fourth hole making up a diagonal domain wall is shown in
Fig. 3~a!. This shows that while the~1,1! direction is fa-
vored, the domain wall is fluctuating strongly. At larger val-
ues ofJ/t ~e.g.,J/t;1! the ~0,1! direction becomes favored.
The expectation value of the exchange fieldSW i•SW j for this
wall is plotted in Fig. 3~b!. A number of its features are
similar to those of the hole pair in Fig. 2~d!, such as the
presence of diagonal singlets. However, in a diagonal do-
main wall the undoped spin background is broken into two
unconnected parts by the wall, eliminating the frustration.
The kinetic energy of a wall is not as low as that of two
isolated pairs, making the walls unstable at low hole densi-
ties for moderate values ofJ/t.

The kinetic energy favors hole configurations that avoid
the edge sites and near-neighbor sites, while the exchange
energy favors these, leading to competition. An example of
this competition is seen in the most probable location of a
pair in the pair-gas state. ForJ/t50.5, pairs are found pri-
marily on outer chains in order to form undoped two-leg
ladder structures.9,10For J/t50.35, the tendency of the holes
to avoid the edge sites is slightly stronger, and pairs are more
likely to be found on the two middle chains, as shown in
Figs. 1~a! and 2~a!. For smaller values ofJ/t, this tendency
of the holes to avoid the edge sites affects the structure of a

FIG. 2. A pair in the pair-gas state, withJ/t50.35 and
x50.1. We show the second pair from the left in Fig. 1~a!. ~a! The
diameter of the black dots shows the probability of finding the
second member of a hole pair at that site when the first hole has
been projected out at the gray shaded position. All of the holes in
other pairs have also been projected out.~b! The width of the lines
indicates the magnitude of the hopping kinetic energy of one mem-
ber of a pair when the other is projected out at the shaded site.~c!

The expectation value ofSW i•SW j between various sites when the
holes are nearest neighbors and~d! when they are next-nearest
neighbors.
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domain wall, and a zigzag domain-wall configuration be-
comes more likely than the diagonal configuration. In Fig.
3~c! we show the exchange field near a zigzag domain wall.
Again, diagonal singlet correlations are present. In this case
singlets are frustrating only near the ends of the wall.

So far we have characterized the states of thet-J model
using the most probable hole configurations for typical sys-
tems. However, representing a system by a single hole con-
figuration suggests that the holes are nearly static, which for
small or moderate values ofJ/t is very far from the truth. A
complementary viewpoint is obtained by studying ‘‘typical’’
hole configurations, chosen randomly from the probability
distribution^P( l 1 ,l 2 , . . . )&. In Fig. 4~a! we show 12 typical
configurations for a 1434 system with 8 holes and
J/t50.5. These configurations were generated using a clas-
sical Monte Carlo algorithm to wander randomly through
hole-configuration space, with acceptance probabilities
^P8&/^P& calculated at each Monte Carlo step using DMRG.
The first configuration in the upper left is the initial, most
probable one, showing two diagonal domain walls. Moving
downward, successive configurations are separated by 240
Monte Carlo steps, enough to make them nearly uncorre-
lated. We see that in most of the configurations, there are no
recognizable domain walls. From these configurations the
holes appear to make up a strongly correlated gas, made up
of clusters of two, four, and sometimes three holes. It is not
obvious that the wave function represented by these configu-
rations should exhibit the charge-density wave~CDW! struc-
ture expected from a set of domain walls.

In Fig. 4~b! we show the total average hole density per

rung nr( l ) for the system shown in Fig. 4~a!. We see that a
strong CDW density variation is present, as one would ex-
pect from the maximum probability domain-wall pictures:
the domain walls take up four rungs, and are separated by
two rungs, which form a low-energy undoped two-leg lad-
der. These CDW domain-wall structures are subtle correla-
tions built into the ground-state wave function, and are dif-
ficult to see in a limited number of hole-configuration
snapshots, as in Fig. 4~a!. The lattice sizes and dopings

FIG. 3. A section of a 2034 lattice showing a domain wall,
with J/t50.5 andx50.15, as in Fig. 1~b!. ~a! The probability of
finding the fourth hole when the others have been projected out, and

~b! the expectation value ofSW i•SW j when all holes have been pro-
jected out in their most likely configuration.~c! Same as~b!, but for
the system shown in Fig. 1~c!, with J/t50.25.

FIG. 4. ~a! Typical hole configurations of a 1434 lattice with
J/t50.5, and 8 holes.~b! The total average hole density on a rung
as a function of the rung location. The upper curve is for the system
shown in ~a!. The lower curve is for a 2434 system with
J/t50.35 and 6 holes.~c! The equal timedx22y2 pair-field corre-
lation functionD( l ) at a separation ofl510 rungs versus doping
x, for 2034 and 1634 systems andJ/t50.35 and 0.5. The number
of holes in each of the systems shown is a multiple of four.

RAPID COMMUNICATIONS

55 R14 703GROUND STATES OF THE DOPED FOUR-LEGt-J LADDER



shown have been chosen to match and enhance commensu-
rate density variations, in which there are pronounced two-
rung low-doping regions separating hole-rich domain-wall
regions. It is not clear from the results we have so far
whether there is commensurate long-range CDW order at
special fillings~such asx51/6), or a simple power-law de-
cay of CDW correlations. We have not been able to study
long enough lattices to characterize the behavior at incom-
mensurate fillings: the system tends to adjust the filling at the
two ends in order to lock up at a commensurate filling in the
center. Also shown in Fig. 4~b! are results for a 2434 sys-
tem withJ/t50.35 and 6 holes, showing CDW correlations.
In this case there are three separate pairs which give rise to
these ‘‘4kF’’ CDW correlations, as opposed to the two-pair
~four-hole! domain-wall structures of Fig. 1~b!.11 This be-
havior in the pair-gas state is similar to the pairing-CDW
correlations observed in two-chain ladders.12

In Fig. 4~c! we show results for the equal-timedx22y2

pair-field correlation function, D( l )5^Dd( i )Dd
†( i1 l )&,

whereDd( i ) destroys a nearest-neighbordx22y2 pair at site
i .9 The figure shows13 D( l510) as a function of dopingx,
with i x and i x1 l x chosen symmetrically about the center of
the lattice, and withi y5 i y1 l y52. This quantity is useful as
a measure of the overall strength of the pairing correlations.
The pairing correlations forJ/t50.5 initially rise with dop-
ing, reaching a maximum betweenx50.15 andx50.20, and
then decrease. Extendeds-wave pairing correlations~not
shown! are much smaller in magnitude. ForJ/t50.5 the
magnitude of the correlations near the maximum is similar to
that seen in a two-leg Hubbard ladder withU58t ~corre-
sponding toJ;4t2/U50.5).12 For J/t50.35 the peak is re-
duced in magnitude and occurs at somewhat reduced doping.
For J/t50.25 the correlations~not shown! are less than
1024. The behavior ofD( l ) versusl near the maximum~not
shown! is consistent with a power-law behavior. Remark-

ably, the pairing correlations are larger in the domain-wall
states than in the pair-gas states. The domain-wall states ap-
pear to exhibit ‘‘supersolid’’ behavior, with simultaneous
pairing and CDW correlations. From the hole-configuration
snapshots, we see how this can happen: the domain walls
appear as an unbound resonance of hole pairs. There are also
weaker resonances involving three-hole structures. These
resonances are not strong enough to significantly weaken the
pairing, and, in fact, the increased density of pairs in the
domain-wall state leads to an increase in the pairing correla-
tions relative to the more dilute pair-gas state, as seen in Fig.
4~c!.

The domain-wall states we have found resemble in some
respects the singlet striped phase proposed by Tsunetsugu,
et al.14 In addition, various Hartree-Fock calculations,15–18as
well as Gutzwiller variational Monte Carlo calculations19

have found evidence for the formation of domain walls in the
two-dimensional Hubbard model. The possibility that a
CDW domain-wall state occurs prior to phase separation was
suggested by Prelovsek and Zotos7 based on studies of four-
hole correlation functions on smallt-J clusters. Our present
calculations show that domain-wall CDW ground states can
occur in four-legt-J ladders. The domain walls should be
thought of as highly fluctuating resonances of pairs. These
CDW domain-wall states have significantdx22y2 pair-field
correlations, which are substantially stronger than in the low-
doping pair gas.
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