
PHYSICAL REVIEW B 15 APRIL 1997-IVOLUME 55, NUMBER 15
Laughlin liquid to charge-density-wave transition at high Landau levels
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~Received 24 September 1996!

We compare the energies of the Laughlin liquid and a charge density wave in a weak magnetic field for the
upper Landau-level filling factorsnN5

1
3 and

1
5. The charge-density-wave period has been optimized and was

found to be.3.3Rc , whereRc is the cyclotron radius. We conclude that the optimal charge density wave is
lower in energy than the Laughlin liquid for the Landau-level numbersN>2 at nN5

1
3 and for N>3 at

nN5
1
5. This implies that the13 quantum Hall plateaus cannot be observed forN>2, in agreement with the

experiment.@S0163-1829~97!03916-7#
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The fractional quantum Hall effect~FQHE! was first dis-
covered at the lowest Landau level~LL !.1,2 This remarkable
phenomenon occurring at certain unique values of the fill
factorn5 1

3,
1
5, . . . has been associated with the formation

a uniform incompressible quantum state, or the Laugh
liquid.3 The traditional alternative to the Laughlin liquid is
charge density wave~CDW!, which does not exhibit the
FQHE. The FQHE occurs because the Laughlin liquid
lower in energy than the optimal CDW, which at the lowe
LL ~LL index N50) has the same spacial periodicity as t
Wigner crystal.4

Later, the FQHE was observed at the next LL~LL index
N51) and then studied theoretically.5–9 Except for the first
of these works, the exact diagonalization of small syste
~typically with six particles! was used. Since already a
N51 the FQHE energy gap is rather small, it has been s
gested in these works that atN.1 the FQHE is absent.10 To
prove this statement, however, it is imperative to increase
system size to keep it larger than the cyclotron radiusRc ,
which is the characteristic spread of electron wave functio
Such a calculation does not appear to be feasible at pre
Another method, used by MacDonald and Girvin,5 is to com-
pare the energies of trial liquid and crystalline states. M
Donald and Girvin proposed the following wave function f
the liquid state at theNth LL:

uCL
N&5)

i

~ai
†!N

AN!
uCL

0&. ~1!

Hereai
† is the inter-LL ladder operator, raising thei th elec-

tron to the next LL, anduCL
0& is the Laughlin state at the

lowest LL.
Although the failure of the Laughlin liquid to be th

ground state atN.1 has been conjectured,5–9 until recently
no alternative candidate has been proposed. Indeed
N52 the 1

3 Laughlin liquid is still lower in energy than the
conventional Wigner crystal.5 Recently such a candidate wa
identified as the ‘‘bubble’’ phase,11 or the state where the
guiding centers of the cyclotron orbits fill the large doma
~bubbles! forming a triangular lattice@Fig. 1~a!#. A quasiclas-
sical image of a single bubble is shown in Fig. 1~b!. The
optimal number of electrons in a bubble was estimated
be11

M̃.3nNN, ~2!
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which corresponds to the separation.3.3Rc between neares
bubbles.

Our goal is to identify the LL indexN at which the tran-
sition from the Laughlin liquid to the CDW occurs. We sho
that for, e.g., the13 FQHE state, this transition indeed take
place atN52.

At smallN the quasiclassical picture is too crude, and
have to describe the bubble phase by a trial wave funct
To elucidate its structure, we will construct such a wa
function in several steps. First, we define the wave funct
of a single bubble withM electrons at thelowestLL:

C0$rk%5)
i, j

~zi2zj !3expS 2(
i51

M uzi u2

4l 2 D . ~3!

FIG. 1. The quasiclassical image of the bubble phase.~a! Top
view. The bubbles~dark circles! are the places where the accum
lation of the guiding centers occurs.~b! The enlarged view of one
bubble. The dark region shows the guiding center den
n(x,y)/2p l 2, while the toroidal figure illustrates the charge dens
distributionrN(x,y) around the bubble~half of the charge density is
removed!. This charge density is created by electrons moving in
cyclotron orbits centered inside the bubble. One such cyclotron
bit is shown by the arc.
9326 © 1997 The American Physical Society
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Herezj5xj1 iy j is the complex coordinate of thej th elec-
tron, andl is the magnetic length. Second, we construct
wave function of a bubble at theNth LL centered at point
R. This is achieved with the help of the magnetic translat
and inter-LL ladder operators,

C$rk%5)
i51

M
~ai

†!N

AN!
expS bi†R̄2biR

lA2 D C0$rk%, ~4!

wherebi is anintra-LL ladder operator. To finally obtain the
wave function of the CDW, we build an antisymmetric com
bination of the bubbles centered at the triangular lattice s
Rl ,

CCDW5(
P

sgn~P!)
l

C l$P~rk!%. ~5!

HereP’s are the permutations of electrons between bubb
For the caseM51 this trial state coincides with the Wigne
crystal wave function.13 It can be easily seen thatCCDW is of
the Fock type, and that the overlap between the wave fu
tions of different bubbles~for M53nNN) is negligible.

It proves to be useful for further calculations to introdu
the guiding center density

n̂~r!52p l 2(
i

d~r2R̂i !. ~6!

The summation here is carried over the electrons at the
sidered LL, andR̂i5r i1(1/vc)@ ẑ3 v̂i # is the guiding center
operator, withv̂i andvc being the velocity of thei th particle
and the cyclotron frequency, respectively.14 It can be shown
that for the state defined by Eq.~5!,

^n̂~q!&5
nNA

M
FMM21~q!, FMK5LK

M2KS q2l 22 De2q2l2/4,

~7!

whereA is the area of the system, andLM
K (x) is the Laguerre

polynomial.
Now we would like to find the cohesive energyEcoh

CDW of
our trial state. The calculation is quite similar to the case
the lowest LL,4

Ecoh
CDW5

1

2nN
(
qÞ0

uHF~q!U ^n̂~q!&
A

U2 ~8!

~see Ref. 11 for details!. The summation in Eq.~8! is carried
over the reciprocal vectors of the triangular lattice. T
Hartree-Fock interaction potentialuHF(q) is defined as fol-
lows ~cf. Ref. 11!:

uHF~q!5uH~q!2uex~q!,

uH~q!5
v~q!

2p l 2e~q!
FNN~q!,

uex~q!52p l 2E d2q8

~2p!2
eiqq8 l

2
uH~q8!.
e

n

s

s.

c-

n-

f

Heree(q) takes into account the screening of the Coulom
interaction among the electrons at the upper LL by lowe
LL’s. It is given by12

e~q!511v~q!P~q!, ~9!

P~q!5
2

p l 2 (
m,N<n

~21!n2m

\vc~n2m!
Fnm~q!Fmn~q!, ~10!

where v(q)52pe2/kq is the Coulomb potential. This di-
electric function tends to unity in the limitsq→0 and
q→`, and reaches its largest value of 11A2Nrs at
q;Rc

21 . Here r s5A2e2/k\vF is the gas parameter. Ac-
counting for the LL mixing by means of the dielectric func-
tion was shown to be accurate providedr s!1 andNrs@1
~Ref. 12!. Moreover, the results obtained within the frame
work of this model remain correct to the leading order in
r s even forNrs!1. In the latter limit e(q).1, which is
consistent with the fact that the LL mixing can be ignore
completely.

Using Eqs.~7! and~8!, the cohesive energy for any given
nN can be calculated numerically. The result is, of cours
different for different values ofM ~see Fig. 2!. Therefore,
one has to findM̃ corresponding to the lowest energy. The
energies of the CDW optimized in this way are summarize
in Tables I and II. Notice that the energy unit used in th
tables,r s\vc , differs from e2/k l traditionally used in the
case of the lowest LL. The reason for this difference is tha
at high LL’s, the relevant length scale is not the magnet
length l but the cyclotron radiusRc5A2N11l . Hence the
natural energy scale ise2/kRc , which coincides with
r s\vc up to a numerical factor.11

In Table I we present the results for the caseNrs!1,
when the LL mixing can be ignored completely, i.e.
e(q)[1. Table II contains the results for the caser s5A2,
which corresponds to the practical range of electron densiti
in GaAs heterostructures. One can see that the optimal nu
ber of electrons per bubble is the same both with and witho
the screening, and is in perfect agreement with Eq.~2!.

FIG. 2. The cohesive energy of the CDW as a function ofnN for
different numbers of electrons in a bubbleM . The calculations are
made forN55 andr s5A2. The crosses mark the Laughlin liquid
energies.
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The above results have been tested by the self-consi
Hartree-Fock procedure, similar to that described in Ref
Starting from the initial approximation given by wave fun
tion ~5!, this procedure finds the optimal set of^n̂(q)& for a
given periodicity of the CDW. The obtained corrections a
of the order of 1025r s\vc , and do not affect the significan
digits displayed in Tables I and II. We associate the corr
tions with a slight nonorthogonality of the wave functions
different bubbles.

Let us now discuss the Laughlin liquid at high LL’s. A

TABLE I. The cohesive energies of the Laughlin liquidEcoh
L and

the CDWEcoh
CDW in the limit r s→0. M̃ is the optimal number of

electrons per bubble. The energy unit isr s\vc . The energy per
electron in the uniform uncorrelated stateEUEL is provided for ref-
erence. Correlated crystalEcoh

CDW520.2473r s\vc .

nN5
1
3

N M̃ EUEL Ecoh
L Ecoh

CDW dE/Ecoh
CDW

0 1 20.0853 20.0820~1! 20.0733 211.9%
1 1 20.1692 20.1831~3! 20.1726 26.1%
2 2 20.1970 20.1925~4! 20.2163 11.0%
3 3 20.2135 20.2073~5! 20.2433 14.8%
4 4 20.2251 20.2226~6! 20.2480 10.3%
5 5 20.2341 20.2340~7! 20.2767 15.4%

nN5
1
5

N M̃ EUEL Ecoh
L Ecoh

CDW dE/Ecoh
CDW

0 1 20.0396 20.0638~1! 20.0622 22.7%
1 1 20.0986 20.2110~4! 20.2043 23.3%
2 1 20.1164 20.2473~6! 20.2454† 20.75%
3 2 20.1267 20.2458~8! 20.2811 12.6%
4 2 20.1340 20.2481~9! 20.2990 17.0%
5 3 20.1395 20.2569~9! 20.3187 19.4%

TABLE II. Same as Table I, butr s5A2, which corresponds to
the electron density of 1.631011 cm22 in GaAs-AlxGa12xAs het-
erostructures. The energies are now given in the units of\vc .

nN5
1
3

N M̃ EUEL Ecoh
L Ecoh

CDW dE/Ecoh
CDW

0 1 20.1206 20.1159~1! 20.1037 211.8%
1 1 20.1297 20.1519~3! 20.1424 26.7%
2 2 20.1136 20.1141~3! 20.1188 4.0%
3 3 20.1034 20.0946~3! 20.1018 7.1%
4 4 20.0965 20.0824~3! 20.0896 8.0%
5 5 20.0914 20.0733~3! 20.0805 8.9%

nN5
1
5

N M̃ EUEL Ecoh
L Ecoh

CDW dE/Ecoh
CDW

0 1 20.0560 20.0903~2! 20.0880 22.6%
1 1 20.0765 20.1727~7! 20.1692 22.1%
2 1 20.0677 20.1420~9! 20.1396 21.7%
3 2 20.0618 20.1139~9! 20.1202 5.2%
4 2 20.0577 20.0963~9! 20.1050 8.3%
5 3 20.0547 20.0849~9! 20.0946 10.3%
ent
.

-

Haldane pointed out in Ref. 1, the interaction of electro
confined to a single LL is described by means of a discr
set of pseudopotentialsVm defined by

Vm5
1

2pE d2quH~q!Fmm~A2q!. ~11!

In particular, the cohesive energy of the Laughlin liquid c
be written in the following form:

Ecoh
L 5

nN
p (

m51

`

cmVm . ~12!

In this formulacm are the coefficients in the expansion15

h~r !52(
m51

`
cm
m! S r

2

4l 2D
2m

e2r2/4l2 ~13!

for the density-density correlation functionh(r ) of the
Laughlin liquid at thelowestLL,

h~r ![
^r̂~r !r̂~0!&2^r̂&2

^r̂&2
. ~14!

The coefficientscm have been found from a fit to our Mont
Carlo data onh(r ). Although the problem of finding such
fit is a nontrivial one, we are unable to give the details h
because of space limitations. The results are summarize
Tables I and II.

At this point we can compare the energies of the Laugh
liquid and the CDW. As one can see, atN50 and 1, the
Laughlin liquid is lower in energy. At largeN, however, the
CDW wins. The transition to the bubble state both with a
without screening takes place atN52 for nN5 1

3 and at
N53 for nN5 1

5. The difference in the energies of these tw
states atN52 andnN5 1

5 is very small. For this reason w
attempted to improve the trial state~5! further by introducing
the magnetophonon correlations.16 The optimal CDW at this
point has only one electron per unit cell, and so only fe
modifications to the original method of Lam and Girvin16

were necessary here. Our computations show that the di
ence between the energies of thecorrelatedWigner crystal
and the Laughlin liquid is smaller than the numerical er
~see Table I!. Hence it is still unclear which phase is th
ground state atn541

5.
So far, we have considered a somewhat idealized sys

In order to make contact with the experimental practice,
will briefly discuss the effects of disorder and the finitez
extent of the wave functions. In regard to the former, it
rather clear that an external impurity potential will favor th
CDW state. Indeed, the CDW can lower its energy by a
justing to the external potential, while the incompressib
nN5 1

5 liquid state cannot.17 We have also studied the effec
of the finitez extent of the wave functions. To this end w
used the Fang-Howard form factor18 with the thickness pa-
rameterb as large asb52kF

21 . Qualitatively, the result is
that the finitez extent diminishes the energy difference b
tween the CDW and the Laughlin liquid. However, the tra
sition point remains the same.

Finally, another comment is in order here. Although t
FQHE at the lowest LL has been unambiguously identifi
with the formation of the Laughlin liquid, at higher LL’s
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some other liquid state may exist. One can speculate,
example, that the tendency to form many electron group
generic for high LL’s, and instead of the Laughlin liquid on
has a liquid of bubbles. A similar idea was put forward
Halperin19 to explain the FQHE atn5 2

5,
2
7, etc., at the lowest

LL. Despite the attractiveness of such an idea, we doubt
existence of either Laughlin or even more sophisticated
uid states at high LL’s for the following reason. The liqu
state can be thought of as a CDW melted by the zero-p
vibrations. For such a melting to occur, the amplitude
these vibrations must be comparable to the lattice cons
~the Lindemann criterion!. This amplitude is determined b
the magnetic barrier, since the interaction energy per elec
is smaller than the cyclotron gap. Hence it does not exc
the magnetic lengthl . Now an important difference betwee
the low and high LL’s becomes clear. At low LL’s the CDW
contains only one electron per unit cell, and the lattice c
stant decreases with increasing filling factor. At some va
of nN it becomes of the order ofl , and the crystal melts into
the Laughlin liquid. At high LL’s, however, the lattice con
stant does not change much as one increases the LL fil
.
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but remains of the order ofRc@ l . Hence it is highly unlikely
that the CDW would be melted by the quantum fluctuatio
at high LL’s.

In conclusion, we have compared the energies of
Laughlin liquid and the CDW with the optimized perio
(;Rc) at the upper LL filling factorsnN5 1

3 and
1
5. We found

that the1
3 liquid state is unstable forN>2, while the1

5 state
loses to the CDW atN>3. Our result implies that the13
quantum Hall plateaus cannot be observed at filling fact
n.4. This conclusion is in agreement with the existing e
perimental data.2 The difference between the energies of t
CDW and the Laughlin liquid atN52 andnN5 1

5 is so small
that more work is needed to distinguish them unambi
ously.
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