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Elastic scattering of excitons by excitons in semiconducting quantum-well structures:
Finite confining-potential model
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We have calculated the cross sections of excitons due to elastic scattering by other excitons in semicon-
ducting quantum-well structures of various widths using a finite confining-potential model. In quantum wells
whose widths are comparable to the exciton Bohr radius, the behavior of the elastic-scattering cross sections
shows trends similar to predictions based on a two-dimensional~2D! model. However, interesting quasi-3D
features are revealed in narrow quantum wells.@S0163-1829~97!08916-9#
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As an important feature of the optical spectra related
excitonic transitions, the exciton linewidth in quantum-w
structures has been extensively studied both theoretically
experimentally.1–3However, the linewidth broadening due
scattering of excitons by free carriers and excitons has
been adequately addressed, even though these mecha
contribute significantly to the linewidth broadening in situ
tions where high densities of free carriers and excitons
generated, and when the scattering of excitons by optical
acoustic phonons is reduced.4–7

Theoretical calculations have been carried out to inve
gate the exciton scattering problems using two-dimensio
~2D! models,8,9 and quasi-2D models with infinite10 and
finite11 confining potentials for the free-carrier–exciton sc
tering problem. Since the exciton linewidth and the scat
ing cross section are strongly correlated, the obtained c
section is useful in understanding the linewidth broadeni
In the present work, we extend our study to exciton-exci
~exc-exc! elastic scattering, using the finite confinin
potential model~FCPM!. We confine our calculation to a
simple two-body problem, treated within the Born’s appro
mation, the validity of which has been discussed befor10

For a typical well width about the order of the exciton Bo
radius (aB), the excitonic properties are dominated by t
in-plane masses of the carriers. Therefore, in the pre
study of quasi-2D exciton collisions, though we have
sumed an isotropic effective mass~in both the well and bar-
rier regions! for simplicity, it should be approximately inter
preted as the in-plane mass of the carrier. Follow
Elkomoss and Munschy12 in their treatment of exc-exc sca
tering in bulk semiconductors, we will consider only th
symmetry effect when the two excitons involved are iden
cal, and neglect the exchange of carriers. While excha
effects have been shown to be unimportant in bulk exci
scattering,13 one would expect the enhancement in excit
binding energy and reduction in exc-exc correlation14 in the
quantum-well structure to further reduce the probability
interexciton carrier exchange, especially for exc-exc ela
scattering.

The wave functions used for the excitonsA(1,a) and
B(2,b) ~where 1,2 are electrons,a,b are holes! are
550163-1829/97/55~15!/9271~4!/$10.00
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cni~rWni ,zn ,zi !5
1

ANni

fn~zn!f i~zi !fni~rWni ,zn ,zi ! ~1!

in a well of width L, where (n,i )5(a,1) for excitonA and
(b,2) for excitonB,

f i~zi !5H cos~kizi !, uzi u<L/2

Aiexp~2qi uzi u!, uzi u.L/2
~2!

for i5a,b,1,2, and

fni~rWni ,zn ,zi !5exp~2aniAr ni2 1gni~zn2zi !
2!, ~3!

where ani, gni are variational parameters, and therW ’s are
in-plane vectors. The interaction potential can be written

Vi5
e2

e S 1

urW abu
1

1

urW 12u
2

1

urW a2u
2

1

urW b1u
D , ~4!

where the rW l i ’s are 3D vectors between the particlesl
(5a,1) andi (5b,2).

Using the quasi-2D formalism,10,11 the wave functions
~1!, and interaction potential~4!, the elastic scattering ampli
tude can be written as the sum of contributions due to
interaction between thei th andl th particles :

f ~u!5(
l ,i

f l i ~u!, ~5!

where

f l i ~u!56
me2exp~ ip/4!

e\2A2pk
E dRW exp@ i ~kW02kW !•RW #K 1

urW l i u
L ,

~6!

and^ & denotes integration over internal coordinates of b
excitons.kW0 andkW are the relative wave vectors between t
excitons before and after collision, respectively, andm is the
reduced mass of the two-exciton system.

The differential cross section is then given by
9271 © 1997 The American Physical Society
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s~u!5
k

k0
U(
l ,i

f l i ~u!U2 ~7!

for two excitons that are distinguishable and

s~u!5
k

k0
U(
l ,i

f l i ~u!1 f l i ~p2u!U2 ~8!

if the two excitons are identical. The total elastic cross s
tion is obtained by summing the differential cross sect
over all scattering angles numerically.

The differential cross section for scattering of identic
excitons of electron-to-hole mass ratio (me /mh) of 0.15, is
shown in Fig. 1. When the symmetry effect is neglect
large-angle scattering dominates at low energies, and
higher energies, the differential cross section increases
increasing center-of-mass scattering angle (u) until a peak is
reached, after which it decreases with further increase inu.
The peak in the differential cross section shifts towa

FIG. 1. The differential elastic cross sections without~a! and
with ~b! account of the symmetry effect, for scattering of identic
excitons of mass ratio 0.15, are shown as a function of cente
mass scattering angleu and the initial relative wave vectork0, for a
well width of 1.0aB .
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smalleru as the initial energy increases. When the symme
effect is considered, the differential cross section is symm
ric aboutu5p/2 and are generally larger than that witho
the symmetry effect.

The corresponding total elastic cross sections are sh
in Fig. 2, as functions of well widthL and initial relative
wave vectork0. The total elastic cross sections are genera
larger by a factor of;3–4 when the symmetry effect i
considered. The behavior of the total cross section as a fu
tion of L andk0, however, remains the same as in the ca
without the symmetry effect, except that the peak in the to
cross section is slightly shifted towards higher incident en
gies. These characteristics of excitons under confinemen
similar to that of bulk excitons.12

For typical well widthsL;(0.521.6)aB , a trend similar
to previous calculations using the 2D model9 is found for the
total elastic cross section as a function ofk0. However, in the
present FCPM, the position of the peak in the elastic cr
section is found to be also dependent onL, and shifts to-
wards smallerk0 asL is increased.

The total cross section decreases withL until it reaches a
minimum. At smaller well widths, the total cross sectio
increases sharply with any further decrease inL. Such a phe-

l
f-

FIG. 2. The total elastic cross sections without~a! and with~b!
account of the symmetry effect, for scattering of identical excito
of mass ratio 0.15, are shown as a function of well widthL and
initial relative wave vectork0.
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nomenon was also seen in the elastic cross section of e
tons due to scattering by free carriers.11 This is due to the
fact that in very narrow wells, the exciton wave functio
penetrates into the barrier regions, allowing it to assu
characteristics similar to that of bulk excitons in the barri
It is also interesting to note the change in behavior of
total cross section, as it approaches a finite value w
k0→0 and thus a minimum in the total cross section gra
ally emerges in the low-energy range, which is typical of 3
exc-exc elastic scattering.12 We thus attribute these feature
in very narrow wells to the quasi-3D behavior of the ex
tons.

The exc-exc elastic cross section also depends on
electron-to-hole mass ratio. It was shown in the calculat
based on the 2D model9 that the cross section is a minimu
when the mass ratio approaches unity, and is larger when
difference between the electron and hole masses is la
Using the FCPM, the calculated cross sections for ela
scattering of identical excitons of mass ratio 0.8, includ
the symmetry effect, are shown in Fig. 3. Similar behavi
but smaller total cross sections are obtained for the scatte
of excitons of mass ratio 0.8 when the symmetry effec
neglected, and thus not shown here. Comparisons of
cross sections shown in Figs. 2 and 3 reveal that the m
ratio plays an important role in exc-exc scattering. For sc
tering of identical excitons, the total cross section for a m
ratio of 0.15 is about 4 orders of magnitude larger than t
for a mass ratio of 0.8. Also, the peak position in total cro
section is found to shift to lower energy for the larger ma
ratio. The cross section obtained for scattering of two ex
tons with mass ratios of 0.15 and 0.8 is intermediate in tre
and magnitude between those for scattering of identical
citons, and is not shown here.

To better understand the behavior of the total cross s
tion and the emergence of the quasi-3D behavior, we n
that each term in the scattering amplitude given in Eq.~6!
can be further written as
th
t
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f l i ~u!}
1

DkAk
x l i

i x l i
' , ~9!

whereDk is the change in the relative wave vector andx i

andx' are obtained by integrating over the in-plane coor
nates andz coordinates, respectively. For example,

xab
i 5

4aa1ab2

~ka1kb2!
3/2 ~10!

and

FIG. 3. The total elastic cross sections, with account of
symmetry effect, for scattering of identical excitons of mass ra
0.8, are shown as a function of well widthL and initial relative
wave vectork0.
xab
' 5E dz1dz2dzadzbf1

2~z1!f2
2~z2!fa

2~za!fb
2~zb!@11Aga1ka1uz12zau#@11Agb2kb2uz22zbu#

3exp$2Aga1ka1uz12zau2Agb2kb2uz22zbu%exp~2Dkuzb2zau!, ~11!
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wherekni5@4ani
2 1(Dkmi /(mi1mn))

2# ( i51 or 2).
The expressions for the other terms are similar, with

only differences being the mass factors and the argumen
the last exponential factor inx'. Therefore,x i can be re-
garded as the contribution to the scattering amplitude du
the motion of the particles in the plane of the well, andx'

due to the interactions and behavior of the particles in
growth direction. For typical well widths;(0.521.6)aB ,
the exciton is confined almost entirely in the quantum w
and its behavior is essentially two dimensional. The eff
due to interactions along the growth direction is theref
less important. In the extreme case, we may ignore the
ferences in thex' terms such that they will contribute to th
scattering amplitude only a multiplicative factor. Then t
scattering amplitude for identical exciton scattering, negle
ing the symmetry effect, can be written as
e
of

to

e

ll
t
e
if-

t-

f ~u!}
1

DkAk
x'$ke

23/22kh
23/2%2, ~12!

whereki5@4a21(Dkmi /(me1mh))
2# ( i5e,h). This is ac-

tually equivalent to approximating the confinement of t
particles by an infinite well, such that no penetration of wa
functions is allowed into the barrier regions and the partic
can be characterized by similar wave functions along
direction of confinement.10We note that Eq.~12! is function-
ally similar to the elastic scattering amplitude in the 2
model,9 differing only in the units used forDk. This explains
the similar behaviors in the total cross sections obtained
ing the 2D model and the FCPM forL;(0.521.6)aB .

For very narrow wells in the quasi-3D range, the excit
wave function penetrates appreciably into the barrier regi
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along the direction of confinement, and thex' terms are no
longer neccessarily the same. In the 2D model, thex i terms
cancel, leading to a vanishing total cross section wh
Dk→0. However, in the FCPM, the significant differenc
in thex' terms could surface when the effect of thex i terms
diminishes at smallk0, leading to increased cross sectio
and the emergence of a minimum in the total cross secti
We also see that in the case of scattering between exciton
larger mass ratios, due to the close values of the electron
hole masses, the difference in thex' terms becomes les
significant. This results in a much smaller increase in to
cross section at smallk0, and hence the minimum is no
prominent.

When the present total cross section is compared with
y
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n
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due to scattering by free carriers,11 it is found that the cross
section for identical exc-exc scattering~both with and with-
out the symmetry effect! is larger than that for electron
exciton scattering, but smaller than that for hole-exciton sc
tering, for a mass ratio of 0.15, in agreement with predictio
from the 2D model.8,9 The smaller exc-exc scattering cro
sections compared to hole-exciton scattering could be cau
by cancellation of the scattering amplitudes between
electron and hole within the incident exciton. For the case
scattering of identical excitons of mass ratio 0.8, the can
lation in the scattering amplitude is more severe, due to
close values of the electron and hole masses, and thus l
to much smaller cross sections.
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