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Beat-wave generation of plasmons in semiconductor plasmas
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It is shown that, in semiconductor plasmas, it is possible to generate large amplitude plasma waves by the
beating of two laser beams with a frequency difference close to the plasma frequency. For narrow-gap semi-
conductors~for examplen-type InSb!, the system can simulate the physics underlying beat-wave generation in
relativistic gaseous plasmas.@S0163-1829~97!10206-5#
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Particle acceleration by large-amplitude longitudin
waves excited in an underdense plasma by a propaga
laser pulse~wake-field accelerator!, or by the beating of two
laser beams with nearly equal frequencies~beat-wave accel-
erator!, is an extremely interesting and far-reaching ide1

The efforts to translate this concept into reality, howev
have to surmount two serious problems:~1! The creation of
relativistic plasmas withvE

2/c2;1 ~necessary for these pro
cesses! requires enormous field intensities in excess
1016–1018 W/cm2, and ~2! the plasma has to be extreme
homogeneous.2 These rather daunting requirements ha
made it difficult even to carry out exploratory experiments
test the proposed ideas.

Naturally, an alternative to standard plasma experime
where these severe constraints could be mitigated, will
highly welcome. One could then begin initial experimen
tion to determine the validity of the theoretical framewor
and shed light on the eventual feasibility of these ideas. F
tunately, such an alternative exists; it is provided by cert
special plasmas to be found in the narrow-g
semiconductors.3 It just so happens that in the two-band a
proximation of Kane’s model dealing with narrow-gap sem
conductors, the Hamiltonian of the conduction-band el
trons mimics the relativistic formH5(m

*
2 c
*
2 1c

*
2 p2)1/2.

Here c*5(Eg/2m* )
1/2 plays the part of the speed of ligh

m* is the effective mass of the electrons at the bottom of
conduction band,Eg is the width of the forbidden band, an
p is the electron quasimomentum.

This formal similarity would just be an interesting curi
but for the fact that, in several materials, the characteri
velocity c* that enters in the Kane dispersion law is mu
less than the speed of light~for example,c*'331023c for
InSb!. Because of this, the jitter velocity of the electron flu
in the conduction band can become ‘‘relativistic’’ even wh
modest intensity electromagnetic fields are applied. A re
tivistic jitter is possible because the conduction band is p
tially empty, and as a result the electrons can become ac
erated under the effect of an electric field. Nonparabolicity
the conduction band implies a nonlinear electron veloc
momentum dependence (v5]H/]p) which, in turn, leads to
a nonlinear dependence of the current density on the ele
550163-1829/97/55~15!/9247~4!/$10.00
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field. This nonlinearity dominates the nonlinearity due
electron heating, provided the relevant wave frequencies
considerably higher than the effective collision frequen
Thus the dominant nonlinearity of this system exactly cor
sponds to the nonlinearity which lies at the foundation of
acceleration schemes mentioned earlier.

An expected consequence of this remarkable coincide
has been to use the methodologies of relativistic plasma
develop a pseudorelativistic dynamics for the conduct
electrons in order to delineate the optical properties
narrow-gap semiconductors.4 The plasma physics of Kane
type semiconductors has also been actively investigated
Ref. 5, different kinds of parametric excitations of dens
waves, and parametric amplification of electromagne
~EM! waves are presented, while in Ref. 6, the authors
plore the possibility of finding localized solitonic structure
in addition to studying the nonlinear self-interaction of E
waves in semiconductors.

In a recent publication,7 we suggested that these semico
ductor plasmas could become a veritable laboratory for t
ing the conceptual foundation of particle accelerators ba
on laser-plasma interaction. It was shown that an inte
short laser pulse propagating through a semicondu
plasma generates a measurable longitudinal Langmuir w
in its wake~wake-field! even for very moderate laser power
Whenever the laser pulse durationTL;ve

21 , the plasma fre-
quency, wake-field excitation occurs. This process is na
rally the analog of the expected laser wake-field excitation
the usual relativistic plasma. This mechanism for the non
ear coupling between photons and plasmons is an effic
way to produce finite-amplitude plasma excitations in se
conductors with readily available technology.

The next step in the investigation of relativistic semico
ductor plasmas is to explore if the beat-wave scheme for
generation of fast-moving large-amplitude longitudin
waves is also feasible. In this scheme, the plasma oscilla
of frequencyve ~the electron plasma frequency! is reso-
nantly excited by the ponderomotive force of two propag
ing collinear laser beams with nearly equal frequenciesv1
andv2 (v1;v2), such thatv12v2;ve!v1 ,v2 ~under-
dense plasma condition!. Because the beat-wave generati
9247 © 1997 The American Physical Society
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of plasma waves is a resonant process, large-ampli
plasma waves can develop even for relatively weak las
the laser intensity requirement could be considerably
than what is necessary for the wake-field generation sche
However, experimental observation of beat-wave excitat
in normal gaseous plasmas is difficult because of the inhe
inhomogeneities. Semiconductor plasmas, on the other h
are rather homogeneous, and can be ideal for the experim
tal simulation of the generic beat-wave scheme. Since
nature of the induced longitudinal field will reflect importa
characteristics of the semiconductors, the experiment co
easily lead to an exciting diagnostic as well. Although the
are several materials with a nonlinear velocity-moment
relationship, we concentrate on semiconductors of the K
type because they, in addition, provide us with a laborat
to simulate~with much smaller laser intensities! a relativistic
plasma.

For studying high-frequency oscillations, the semicond
tor plasma can be treated as an ideal electron fluid movin
a fixed ion lattice. The electrodynamics of this system c
then, be described by the set of electron fluid and Maxw
equations4–7

“3B5
e0
c

]E

]t
2
4pe

c
nv, ~1!

“3E52
1

c

]B

]t
, ~2!

e0“•E54pe~n02n!, ~3!

]n

]t
1“•~nv!50, ~4!

]p

]t
1~v•“ !p52eE2

e

c
~v3B!, ~5!

where n is the electron concentration,e0 is the dielectric
constant of the lattice, andp is the quasimomentum of th
conduction-band electrons. This system is augmented by
nonlinear velocity-momentum relation

v5
p

m* ~11p2/m
*
2 c
*
2 !1/2

. ~6!

Equation~6! is valid if v@n, wherev is the characteristic
wave frequency andn is the electron effective collision fre
quency. Using the condition for the absence of generali
vorticity,

B5
c

e
“3p, ~7!

and Eq.~6!, Eq. ~5! can be rewritten in the simplified form

]p

]t
1m* c*

2
“g52eE, ~8!

whereg is the relativistic factor

g5~11p2/m
*
2 c
*
2 !1/2. ~9!
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For simplicity we consider a one-dimensional problem,
which the laser radiation propagates along thez axis, and all
physical quantities depend on only the space coordinaz
and timet. Due to their natural confinement and homogen
ity, the one-dimensional assumption is not very restrict
for solid-state plasmas. For this case, the transverse com
nent of the momentum equation~8! can be written as

]p'

]t
52eE' , ~10!

which, on integration, yieldsp'5(e/c)A' , whereA' is the
vector potential of the EM field. The longitudinal electro
motion obeys

]pz
]t

1m* c*
2 ]

]z S 11
~p'

21pz
2!

m
*
2 c
*
2 D 1/25e

]w

]z
, ~11!

wherew is the scalar potential associated with the exci
longitudinal field.

It is evident from Eq.~11! that the laser radiation, repre
sented by thep'

2 term, always generates a longitudinal r
sponse. The details of the response will surely depend u
the nature of the inducing laser radiation. In order to inv
tigate the resonant processes inspired by the beat-wave
cept, we begin with two linearly polarized beams of freque
ciesv1 andv2, with v12v2;ve!v1 ,v2. The transverse
component of the induced electron momentum can then
written as (p';A')

p'5 x̂p1exp~2v1t1k1z!1 x̂p2exp~2v2t1k2z!1 c.c.,
~12!

wherek1,2 are the mean wave numbers associated with
laser beams, and the amplitudesp1 andp2 are related to the
laser electric fields byp1,25 ieE1,2/v1,2.

Note that the transverse waves satisfy the linear disp
sion relation v1,2

2 5v
* e
2 1e0

21k1,2
2 c2, where v* e

5(4pe2n0 /e0m* )
1/2 is the effective Langmuir frequency. I

v1,2@v* e then the phase velocity of the plasma wa
v* e /(k12k2) is equal tovg5ce0

21/2(12v
* e
2 /v1,2

2 )1/2, the
group velocity of the laser beam. Sincece0

21/2 is the speed of
light ~approximately the phase velocity of the lasers! in the
semiconductor, all relevant phase speeds are nearly e
We can then safely assume that the resultant wave motio
a function of the single variablet5t2z/vg , where
vg'ce0

21/2. The transparent ~underdense! plasma
(v1,2@v* e) assumption offers an additional simplificatio
we may assume that, during the interaction time of inter
the laser fields (p1,2,E1,2) remain unchanged and can be pr
sumed to be constant.7

Using Eqs.~3!, ~4!, and ~11!, and choosing the initial
conditions that there is no longitudinal motion att50, the
scalar potential of excited longitudinal fieldw is found to
satisfy

d2f

dt2
5v

* e
2

ug
2

~12ug
2!F ug~11f!

@~11f!22~12ug
2!~11p'

2 !#1/2
21G ,

~13!

where we have introduced the dimensionless variab
p5p/m* c* , f5ew/m* c

2 , and ug'(c/c* e0
1/2). Equation
*
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~13! is very similar to the equation for the wake fieldw
driven by a single laser pulse.7

In order to demonstrate thatw of Eq. ~13! can be reso-
nantly driven, let us assumep'

2 (p';A')!1. This, along
with the fact thatug(.c/c* e1/2,c@c* )@1, converts Eq.
~13! to (e5ug

22!1),

d2f

dt2
1v

* e
2 f2e

v
* e
2

2
~3f21f3!5v

* e
2
p'
2

2
, ~14!

an equation representing a driven nonlinear oscillator.
The driving force;p'

2 @the right-hand side of Eq.~14!#
contains a term with frequencyV5v12v2, and, if
V'v* e , the plasma wave can be resonantly excited. T
nonlinear terms on the left-hand side of Eq.~14! are due to
the relativistic self nonlinearity of the longitudinal motion
and follow from the nonparabolicity of the conduction-ba
dispersion relation.

If we neglect the nonlinear terms in Eq.~14! ~i.e.,
e→0), the resonant mode will have secular growth.The
relativistic nonlinearity provides a saturation mechanis
without which the model will be quite unphysical. It must b
remarked here that any substantial departure from parab
ity will lead to a nonlinearity which will provide the desire
saturation. Although the details can be quite different
different systems, the same basic physical mechanisms
be operational, and the essence of the following calcula
will be valid for a variety of semiconductors.

By employing simple analytical tools, we can extra
much information from Eq.~14!. Following standard proce
dure, let us seek a solution of the form8

f5f0~t!exp~2 iVt!1 c.c., ~15!

wheref0(t) is a slow time-dependent amplitude. Clear
Eq. ~15! can be an approximate solution only when we co
centrate only on the resonant terms. After simple manipu
tions, the resonant terms lead to the leading-order equat

i
df0

dt
1df01buf0u2f052l, ~16!

whered5V2v* e is the frequency mismatch,b5 3
4ev* e ,

and l5 1
2v* ep1p2

* . To proceed further, we letf0

5A exp(ic), and obtain two coupled first order equations f
A andc.8 Using the obvious initial conditionA(0)50, and
eliminatingc, we find

S dAdt D 25l22S b

4
A31

d

2
AD 2, ~17!

from which, among other things, the steady-state amplit
(dA/dt50) can be easily inferred. For perfect phase mat
ing (d50), the saturation amplitude is

A max5S 4l

b D 1/35S 8

3e
u p1u u p2u D 1/3, ~18!

and the initial growth is linear in time A5lt
50.5v* eup1u up2ut. It is also straightforward to estimate th
saturation time
e

ic-

r
ill
n

t

-
-
n

r

e
-

t sat' 2.8v
* e
21e21/3~ u p1u u p2u !22/3. ~19!

For a finite mismatch (dÞ0), the saturation amplitude
Ad can be obtained solving the cubic@right-hand side of Eq.
~17!#,

Ad
31

2d

b
Ad2

4l

b
50. ~20!

Notice that due to the nonlinear termbuw0u2 in Eq. ~16!, the
maximum amplitude does not correspond tod50. Analysis
of Eq. ~20! shows that the maximum value o
Ad max51.6Amax corresponds to the frequency mismatch

d521.3v* ee
1/3~ up1u up2u!2/3. ~21!

Approximate analytical formulas~18!–~21! can help us
gauge the efficiency of the beat-wave mechanism. Let
take then-InSb plasma for which the required parameters
T577 K, m*5me/74, e0516, and c*5c/253. For the
CO2 laser beams with respective vacuum wave leng
l1510.81mm andl2510.6mm, the resonant Langmuir fre
quency isv* e53.531012 corresponding to a plasma densi
n5831014 cm23, and plasmon wave lengthle50.13 mm.

For these parameters, the electron collision freque
n;1022v* e is negligible. Notice that when the collisio
frequency approaches the plasma frequency, serious da
ing of the wave field can occur. However, for a variety
semiconductors at sufficiently low densities the deleterio
effects of collisions can be avoided. Appropriate conditio
for each semiconductor will have to be individually worke
out.

Assuming that the two laser beams have equal intens
with an electric field E1,25105 V/cm, or equivalently,
p'
2'0.4, the maximum longitudinal field can grow t

El'120 V/cm in a total timet sat' 80v
* e
21 . Note that the

saturation time@Eq. ~19!# is larger for smaller amplitudes o
laser radiation. When the time for reaching saturation
greater than the collision period, the collisional effects m
be included. This could be achieved by formally adding t
term n]f/]t on the left-hand side of Eq.~14!. We do not
consider this effect here, it will trivially reduce the amplitud
of the longitudinal field, in addition to introducing bistabilit
and hysteresis.

We have thus demonstrated that strong, easily measur
longitudinal waves can be excited by two near-frequency
ser beams propagating in ann-type InSb plasma. The char
acter of the excited wave, of course, depends not only u
the defining parameters of the system, but also on the de
of the beat-wave mechanism. One of the very important
pects of the proposed beat-wave and similar schemes is
the relativistic nonlinearities will provide a saturation mech
nism. This general hypothesis, among others, can be rea
tested in a cheap, readily available, relativistic, and hig
uniform semiconductor plasma. Experimentation of this ty
could answer several preliminary questions as to the even
viability of these schemes, and provide a basic diagnostic
the nonlinear optical properties of solid state systems as w
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