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Statistics of the charging spectrum of a two-dimensional Coulomb-glass island
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The fluctuations of capacitance of a two-dimensional island are studied in the regime of low electron
concentration and strong disorder, when electrons can be considered classical particles. The universal capaci-
tance distribution is found, with the dispersion being of the order of the average. This distribution is shown to
be closely related to the shape of the Coulomb gap in the one-electron density of states of the island. Behavior
of the capacitance fluctuations near the metal-insulator transition is disc(S§463-18207)11416-3

CapacitanceéC is conventionally understood as a well de- Er/N  rq
fined geometrical property of a metallic sample. For ex- 5~ﬁ~§, ()
ample, for a metallic sphere of radil&s capacitanceC=R,
and when the sphere is large, in the first approximation cawherers=ag is the screening radius of the two-dimensional
pacitance does not depend on the distribution of impuritieglectron gasag is a semiconductor Bohr radius, which is
inside the sphere or on its charge. However, in very smaltlose to 10 nm in GaAs. For this value af; and for
metallic samples fluctuations of capacitance become obseriR~200 nm(see Ref. 2 Eq. (3) gives fluctuations that are
able. Recently, such fluctuations were measured in the sem$ubstantially smaller than observed in the experiment. This
conductor guantum dots as a function of the total charge ofliscrepancy initiated the computer modeling and the analyti-
the dot using the Coulomb blockade phenomehdm such  cal calculations ofs (see Refs. 2 and)3When discussing
an experiment a small quantum dot is weakly coupled tdheoretical results one should keep in mind that in all the
current leads while a gate is placed in the proximity of thetheoretical works5 was obtained by averaging over the dif-
dot and is used to vary its electrostatic potential. At lowferent realizations of disorder, instead of number of electrons
temperatures the charge of the dot is typically quantized antll. Below we will also assume that in strongly disordered
there is no significant current. However, the gate voltage casystems there is no difference between these two definitions
be tuned in such a way that the ground states Witland  of fluctuations.
N+1 electrons are degenerate. At this gate voltage current Analytical diagrammatic calculations based on RPA con-
can flow through the dot. The resulting conductance vs gatérm Eq. (3).3 On the other hand, the results of computer
voltage comprises a series of sharp peéisarging spec- modeling® agree with Eq(3) for weak interactionglarge
trum). The spacing between two peak¥  can be expressed rs andag) and lead to larger and interaction independ@nt
in terms of the ground state energigg of the dot withN for strong interactions, corresponding to low density electron

electrons: gas. This fact was identified as a failure of RPA in the low
density electron gaslt can be interpreted easily in terms of
eaAVy=AN=En,1—2En+ En_1=€%/Cy. (1)  revision of equation = ag at low densities1<ag?. Indeed

) ) - . _ rgcannot be smaller than the average distance between elec-
Here « is the geometrical coefficient a@y is the capaci- tronsn~Y2 and at the small densities one should substitute
tance of the dot withN electrons. This equation may be  —n~-12 jnto Eq. (3). It is not clear yet whether such a
considered as a definition of the capacitance. For a macrqimple modification of Eq(3) can quantitatively explain nu-
scopic body with the positive background chamgll, Ex - merical and experimental dattayhich seem to indicate that
has a simple formEy=e“(N—Ng)“/2C and Eq.(1) gives 5 is almostR independent. Hence it is challenging to under-
Cn=C=const. For the quantum dot the charging energystand what happens with(R) in the limit of a very low
Ay was found to have surprisingly large relative fluctua- gjectron density.
tions: In this paper we theoretically study the fluctuations of
5 012 capacitance of_ the_ island in the extreme classical limit when
5= ((AR) —(AW)9) the quantum kinetic energy of electrons is much smaller than
(An)

both the disorder strength and Coulomb interactions. We

consider the case of a large disorder when the ground state of
Here( ) denotes the averaging ovst Much effort has been the island is a Coulomb gladsBelow we show that for a
done to explain such large fluctuations. First, the experimenpiece of Coulomb glass or, in other words, a Coulomb-glass
tal data were compared with the so-called constant interadsland, the fluctuations are largé,is of the order of unity,
tion model in whichA y=e?/C+ 7y— 7n_1, Whereny isthe  does not depend oR, i.e., is universal for a given shape of
Nth single-electron energyThe fluctuations of the spacing the island. For the square sample we fifig 0.32. (Previ-
between the nearest-neighbor levels are of the order of theusly a similar statement about giant, of the order of unity,
average spacingg/N, whereE is the Fermi energy. Hence, relative fluctuations of the polarizability of the Coulomb-
for a dot of radiusR glass island was made in Ref) 5.
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We study probability density ol and show that it is a 1.6 , , : :
universal function of the ratim=Ay/(Ay). We also discuss "

how the transition from the Coulomb glass to metal is re-

flected in the capacitance fluctuations. 12 ¢ ]
When an electron is added to a large metallic sample its

charge is distributed in the unique way according to the elec- =

trostatic theory. For this reason with addition of every elec- o 081 l

tron the electric potential grows by the same amaoefii€C,

or in other wordsC=const. In the Coulomb glass the elec- 04 i

tronic states are localized, so that every new electron is put ’

into some localized site. Then electrons rearrange themselves

in the vicinity of this site. However, it was shown in Ref. 5 0.0 %9044

that such rearrangement happens only with probability close 0.0 05 1.0 1.5 2.0 2.5

to 1/2 on every scale. As a result the added charge in the

majority of cases is localized in the region smaller than the FIG. 1. The inverse capacitance distribution is presented for
size of the island. When next electron enters the island it§cc ot sample sizes. The line is the fit by EE).

charge is centered near another site in the island. The dis-
tance between this site and the position of the previous ele
tron fluctuates between 0 andR2As a result the difference
between energies required to bring two sequential electron

A and capacitanc€&y experience roughly speaking hun- larger andsmallerthan that of the metallic island of the same

dred percent fluctuations. shape. The fit in Fia. 1 is given b
To verify this reasoning we study the capacitance fluctua- pe. 9- 9 y

tions numerically. We use the lattice model of the Coulomb
glass suggested by Effoand widely used to study the Cou-
lomb gap in the density of staté®0S). The Coulomb glass
island is modeled by the squaM X M lattice, with every
site being either emptyoccupation numben;=0) or occu-  wherex,=0.37. Two interesting features Bfx) are clearly
pied by one electronnj=1). Electrons interact with each seen. First, this function has a termination pointxatxg.
other by Coulomb interaction. The interaction energy be-One can easily check thaty corresponding to this point is
tween the nearest lattice sites is chosen to be the unit afqual to the smallest possible Coulomb interaction;,/,
energy and the lattice constant is the unit of length. Disordewherer .= (M —1)4/2 is the maximum distance between
is introduced by the random site energigswhich are dis-  sites in the squar®! X M. SecondF (x+X,) is identical to
tributed uniformly between-1 and 1. The corresponding the Wigner surmise for the nearest-neighbor distance distri-
Hamiltonian has the form bution of the levels of a random matrix. We shall show be-
low that this is only an interesting coincidence.
1 Now we would like to interpret both features establishing
HC'aSS:Ei (¢i+upni+ E; nin; /1 - @ the relation betweeFR (x) and the one-electron DOK €) of
the Coulomb-glass island. The energy of the one-electron
Here u; is the potential due to the uniform background excitation localized aith site can be written as
charge making the system electrically neutral frelec-
trons. We find the ground-state energiesNof 1, N, N+1 n
ri

electrons wheré\ is the integer part oM?/2 and then cal- €= ¢i+ui+2 -1 (6)
j i

qf(x) does not depend oWl. We emphasize also that con-
%rary to the predictions of the constant interaction model the
inverse capacitance of the Coulomb glass island can be both

X<Xo

F(x)= ®

A(x—xg)exd —2(X—X%g)?], X=Xo,

culateAy using Eq.(1). To find the ground state we use two
different methods: the exhaustive enumeration and the simu-

lated annealing. The first one is used for relatively smallbring an electron from infinity to this site. When averaging
samples withM <5. We enumeratall the possible states of . : o L .
P b this DOS over different realizations of the disorder potential

N electrons onM XM lattice sites and find one with the r in other word ver different samples. we match th
lowest energy. In the second method we employ the simu(-)h’ 'OI € N ci. IS" ctJhe ere .sa4_;|)_hes, h e alc €
lated annealing technique, running the finite-temperatur emical potential in e.mﬁ( averaging € chemical po-
classical Monte Carlo for some time and taking the Iowest-entlal of the island IS situated halfway between the largest
energy state. The convergence of the solution to the groun(anergy of the occupied states and the lowest energy of the

state has been checked by doubling the time of the simula‘?mpty ones. The corresponding DOS is shown in Fig. 2. The

tion and making sure that the solution is not affected. ThdMportant feature of this DOS is a linear Coulomb gap,

reliable results have been obtained by this method fo}’vhiCh at the S!“?” e_nergies (tcro.sses over to the hard gap
M=8. A has been calculated typically for 10002000 dif- related to the finite size effectslinear dependence of the

ferent realizations of disorder. We have obtaingd0.32. DOS for||>0.2 agrees with the analytical expression for an
Normalized distributiond=(x) of the ratiox=Ay/(Ay) for infinitely large sample

M=45,78 are shown in Fig. 1. We have found

(AN)=2.3/M, in a good agreement with the inverse capaci- g(e)= E|E| )
tance of metallic square of the same size. Remarkably, T

or an empty site, for example, it is the energy required to
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FIG. 2. DOS for the & 8 sample averaged over disorder. The ability not to find energy levels in the region
main picture shows the region near the Fermi level. The Coulomb- (e/2)< €’ <e€/2. Assuming the Poissonian statistics of the
gap in the density of states for an infinitely large saniflg. (7)] is level distribution we arrive at
presented by the straight lines. The inset shows the general view of
the DOS. )

F%A>a=em{—M2f g@0d€) 9)
derived in Refs. 6 and 7. The total width of the hard gap is ~(e2)
equal to .., wherer . is the maximum distance be-
tween two points in the island. Indeed, the energy that i
required to transfer an electron from sitéo an empty site

4—|ere g(e) is assumed to be normalized to unity:
% ..9(e')de’=1. The expression in the exponential is the
average number of electrons in the band of energies

j is equal to
J1s equ [ —(€/2),el2]. The probability density of is, hence, equal
to
A -0 ®)
i=€—€6— ——=0.
A L dP(A=¢)
Flo=-—4—
The minimum difference between the energies of empty and
occupied states cannot exceed the minimum interaction en- € €2
ergy within the island and hence is greater than or equal to =2Ng(§) exp{ —2M2f g(e’)de’). (20
1 max- 0

Let us now explain how the one-electron DOS can beTh' . tablishes th | relationshio bet
used to findF(x). Strictly speaking the one-electron energies IS expression establishes the general relationship between

are not directly related to the ground-state energies and céhe one-electron DOS and the inverse capacitance distribu-

pacitance. The excitations relevant to capacitance are eleflon function for the Coulomb glass island. Having been ap-
tronic polarons introduced by Efr8sTheir energie&; can

plied to the numerically obtained DOS it gives a very good
be used to calculatd, . Indeed,e; is defined as the energy agreement W.ith the actuBl(e). Su_bstituting Eq(_?) into Eq.
required to bring an electron to the sitand rearrange the |(:10) 'OTeF arr;v_esz atléthMau?rsAan asymrit(ijuc Eehawor of
other electrons in order to reach minimum of the total en-d(x)' nt (x) . )t( th X d" IS asymhp 0 K;h (E)Woeger:'
ergy. From this definition it is obvious that the minimum d.cf)fes nct) fpel’SIS In three dimensions, where the asa
polaron energy of the empty stateskg ., ,—Ey, and the : Erfn orm. . hat h aiwh hoDDi
maximum polaron energy of the occupied states is et us now examin€ what appens w en a hopping
Ey—Ey_y. Itis clear thatAy is just the energy gap between term is added to the classical Hamiltonian, given by @g.
these two polaron states. It is known, however, that in two

dimensions the polaron energies are very close to the one- 1

electron one$ This means thak can be well approximated

by the energy difference between the lowest empty and the

highest occupiedne-electronstates. This immediately ex-

plains the existence of the termination point Bfx): Ay ©

cannot be smaller than the smallest interaction between two

electrons within the island. Moreover the functiB(ix) can

be related to the one-electron DQfke) in the following ;

way. i :
As the inverse capacitance of an island is equal to the 0 J-AT 3. J

difference between the lowest empty and the highest occu-

pied states’ energies, our problem is to find the distribution FIG. 4. The relative inverse capacitance fluctuations of the

function of this difference. The probabiliff(A=¢€) to have  three-dimensional island as given by Etp) for J<J.—AJ and by

it bigger or equal than certain valueis equal to the prob- Eq. (13) for J>J,—AJ.

(rs /R)Z Lo -
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small fraction of charge/« remains localized inside. If the
H= Hc|ass—32 ala;. (11D second electron is added to the sample at the distafroen
D the first the interaction energy between these two consecu-

HereJ is the hopping matrix element arg] is the creation tively added electrons fluctuates B/ kR<e?/R, provided
operator of the electron at site The summation is carried thatr fluctuates in the range<Or < 2R for a sphere of radius
over the neighboring sites. The ground states of this HamilR. Therefore
tonian were found numerically using the Lanczos algorithm.
The system considered was of siz& 4 lattice sites, with up 8~ 1k~ (rsl§)>~(I—I)%". (12

to 7, 8, and 9 electrons. The results are depicted in Fig. 3. AEquation(lZ) is valid only if £<R, or J<J.—AJ, where

it is seen thats decreases by a factor of 2 frof=0 t0 A j—(r_/R)1" At ¢=R the relative capacitance fluctuations
J=0.4. Such a decay is consistent with the tendency of mezt rate at

tallic samples to have smaller capacitance fluctuations. At

the same time the shapeB{x) becomes more symmetric in 5~(rs/R)%. (13
agreement with Refs. 2 and 3. Unfortunately we were no
able to do such calculations fd>4. Hence the existing
numerical data leave open the challenging question of ho

the crossover happens betwe®nl in the classical case and . ; .
Eq. (3) in the quantum one for large enough samples. Belov\pne—glectron qugntum Ieyels. Rred!cted beha"'o? of function
we try to answer this question concentrating on the three.fs(‘?[z] 'StSChzmat'Ca”y dleplcted mh Fig. 4. ‘.’t"? conjecturtla tT)at
dimensional case where the insulator-metal transition hapl 3 wo-dimensiona C.asﬁ’ W.i‘r]e ahs s Commofny e
pens at some critical value=J.. We assume that this tran- leved £ grows monotonically withJ, the crossover from

SN . : 6~1 to Eqg. (3) happens in the similar wayé~r¢/¢ at
sition is accompanied by the divergency of the wave- . .S )
function correlation lengtlt and the dielectric constamn: .r5<.§<.<R and~rs/R at £> R Sc_:hematlcally this .behawor
£=13.-J"" and x=|d,—J|% It was argued that 'S similar to the one shown in Fig. 4. Our numerical results

C Cc .

k~(&lrg)?, whererg is the screening radius of the three- do not contradict this prediction. . .
dimensional degenerate Fermi gas, {or2v (see Ref. & In co_nclu5|on, we have found the large unlversal relative
WhenJ approached, from the insulator side the growth of guctugglo;s of capa_cnafnche pf(;he Cou:]omb-hglass island an
« plays a very important role in the distribution of charge of escribed a scenario of their decay when the system under-
the added electron, even whéns still much smaller than a goes the insulator-metal transition.

sample sizeR. It is well known that if a localized charge is We are grateful to M. M. Fogler for valuable discussions.
put inside a dielectric sample witt>1 the sample becomes This work was supported by the NSF Grant No. DMR-
polarized in such a way that almost all of the added charg®321417 and by University of Minnesota Supercomputer In-
appears on its surface in the form of induced charge. Only atitute.

‘Equation(13) is the three-dimensional analog of E). It
an also be obtained from the assumption that fluctuations of
n are equal to the fluctuations of the spacing between the
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