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We evaluate the energy dependence of the imaginary part of the electron self-energy ImS in the vicinity of
a metal surface modeled with jellium via numerical calculations based on theGW approximation. When the
electron is inside the surface, conventional quadratic scaling, ImS.(E2EF)

2 for E→EF , holds for electron
positions all the way to the jellium edge and for energies at least up to the vacuum levelE2EF.4 eV.
However, when the electron is in the vacuum outside the surface, large departures from quadratic scaling are
obtained for most energies for which it holds in the bulk. These departures grow as the electron-surface
separation increases. This effect is traced to the suppression of one-electron decay channels near the Fermi
level. @S0163-1829~97!03915-5#
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Brief Reports are accounts of completed research which, while meeting the usualPhysical Review Bstandards of scientific quality, do
not warrant regular articles. A Brief Report may be no longer than four printed pages and must be accompanied by an abstra
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The dynamical properties of electrons in the vicinity of
metal surface are essential to a complete description of
and two-photon photoemission spectroscopy, scanning
neling microscopy, and electron-scattering experiments
numerical scheme that treats the electrons as moving in
effective static one-body potential, such as that which
pears in density-functional theory, often accounts for b
occupied- and empty-state electron energy levels to
‘‘good’’ degree of accuracy, i.e., errors are small on the el
tron volt scale that is typical of electronic bands. Howev
such a scheme does not reproduce an essential aspect
corresponding quasiparticle excitations in a real, dynamic
correlated system: a finite level width. These linewidths
quasiparticle damping rates must be accounted for via
explicit treatment of dynamical electronic correlations, us
ally through approximate evaluation of the imaginary part
the nonlocal, energy-dependent electron self-ene
ImS(x1 ,x2u«), where «[E2EF . Such calculations can
then, perhaps, help characterize the essential many-body
relations that determine experimentally measurable li
widths.

A physical situation of relevance in this paper is the m
550163-1829/97/55~15!/9195~5!/$10.00
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surement of image state linewidths by photoemission
inverse photoemission spectroscopy.1–3 These linewidths
probe the many-particle correlations in the vicinity of a me
surface,4,5 to which electrons in these states are bound. Wh
a parameter-free calculation of the electronic correlations
metal surfaces undoubtedly requires an accurate treatme
both the surface band structure and surface dynamics
case-by-case basis, it is worthwhile to consider generic pr
erties of electronic correlations that emerge as a result of
extremely anisotropic surface environment.

In this paper we report numerical results for the ene
dependence of the imaginary part of theGW approximation
for the electron self-energy in the vicinity of a metal surfa
modeled by jellium. We find that the energy dependence
ImS is dominated by conventional«2 scaling for
0.02«F,«,0.2«F («F5\2kF

2/2me) for electron positions
going from the jellium edge into the bulk. However, nonqu
dratic contributions to ImS become increasingly importan
and eventually dominate, when the electron moves from
jellium edge into the vacuum—at least down to the low
end of the above range, for which accurate numerical res
for ImS become increasingly difficult to obtain on accou
9195 © 1997 The American Physical Society
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9196 55BRIEF REPORTS
of finite-size effects. We interpret this enhancement of n
quadratic contributions as a signature of a dual surfa
induced process:~i! states nearEF are frozen out as possibl
final states on the vacuum side of the interface and~ii !
higher-energy states have their probability amplitudes
hanced relative to their bulk counterparts.

We begin this discussion by noting the connection
tween the experimentally observable quasiparticle («.0)
linewidth Gqp and ImS; this is given by

Gqp52E dx1dx2cqp* ~x1!ImS~x1 ,x2u«qp1 i01!cqp~x2!.

~1!

Here we use the retarded self-energy, which is obtained
setting the frequency to just above the real axis in evalua
the Fourier transform of the time-orderedS; this imaginary
frequency offset will henceforth be understood. For semic
ductor Bloch states, numerical work has shown that the q
siparticle wave function in Eq.~1!, cqp(x), is accurately ob-
tained from density-functional theory calculations, even
the local-density approximation~LDA !.6,7 A similar conclu-
sion has been reached for image states;8 in that case the
density-functional calculations must introduce long-ran
Coulomb correlations that are absent in the LDA.9,10Thus, at
least for these cases, the dynamical correlations represe
by Gqp are mainly contained in ImS. In what follows, we
focus our attention on the evaluation of ImS for coordinates
near a metal surface, the vicinity to which being isolated
the image state quasiparticle wave functions entering Eq.~1!.

A frequently employed approximation for the self-ener
of weakly correlated metals and semiconductors is theGW
or screened Hartree-Fock approximation,11,12 given by

S~x1 ,x2u«!5
i

2pE dvG~x1 ,x2u«2v!W~x1 ,x2uv!,

~2!

whereW(x1 ,x2uv) is the dynamically screened Coulomb i
teraction, with the screening evaluated in the random-ph
approximation~RPA!. Equation ~2! and Dyson’s equation
provide a coupled set of equations that, in principle, sho
be satisfied self-consistently. However, it is common prac
to perform a single iteration so thatG5G0 in Eq. ~2!, where
G0 is the electron Green’s function obtained with electro
electron and electron-ion interactions represented by
static effective potentialveff5v ion1vHartree1vxc , which
arises in density-functional theory~DFT!. For the jellium
surface calculations considered here, the approxima
G.G0 is supported by the near equivalence of the quasip
ticle and DFT wave functions and energy levels for ima
states.8

After some algebra, the expression for the imaginary p
of the retardedGW self-energy ~for «.0 and with
G5G0) simplifies to

ImS~x1 ,x2u«!5 (
lP$ l u0,« l,«%

c l* ~x1!c l~x2!

3ImW~x1 ,x2u«2« l !, ~3!

wherec l(x) and« l are DFT electronic wave functions an
eigenvalues. Equation~3! has a simple interpretation. A qua
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siparticle with energy« decays to an empty state of lowe
energy« l , with the excess energy«2« l transferred to either
a plasmon or a particle-hole excitation. The dispersion re
tions of these excitations and their coupling to quasipartic
are given by ImW. When« is below the vacuum level, the
decay into an empty state does not release enough en
(«vac2« l&4 eV) to create a plasmon, except in low-dens
alkali metals where the plasma frequency is small. Thus,
the electron densities we have considered, Eq.~3! assigns the
energy loss of a bound electron in vacuum to a particle-h
pair excitation that is created within a screening length of
surface.

To isolate the features of ImS(x1 ,x2u«) that are indepen-
dent of band-structure effects, we use the jellium mode
represent the ions in a finite-width metal slab by a const
charge densityr0[3/4pr s

3aB
3 between two parallel ‘‘jellium

edges’’ beyond which the effective ionic charge is ze
Electron wave functions and energies were obtained with
implementation of density-functional theory that se
consistently produces a21/4z surface potential barrier.9,10

~We expect that the general features of the following res
do not depend on the precisez dependence of the surfac
barrier.!

Numerical implementation of Eq.~3! for the jellium
model requires the introduction of a set of systematic para
eters. The jellium slab width turns out to have a strong i
pact on ImS for small «; indeed, it proved necessary t
consider slab widths of up to approximately 26lF to ensure
that the ‘‘finite slab’’ effects are numerically insignifican
while trying to approach the«→0 limit. On this basis we
believe our results are numerically accurate representat
of a semi-infinite slab for« values as small as 0.02«F .
ImS is evaluated in a mixed representatio
ImS(z1 ,z2uki ,«), whereki is the momentum of the quas
particle in the spatially homogeneousx-y plane. Since we
find that theki dependence of ImS is extremely weak,ki is
set equal to zero and does not play a role in the follow
results. After a Fourier transformation is applied to Eq.~3!,
an integral over final-state momenta parallel to the surfac
required; this is approximated by a sum of up to 100qi
points. Thez dependence of the screened interactionW is
obtained by converting the RPA integral equation in (qi ,z)
space into a matrix equation whose rows and columns
labeled by discretez points. Az spacing of 0.06lF is used to
generate the results presented below; this produces con
gence to within 1% at the absolute maximum and the ab
lute minimum of ImS and to within 3% at other relative
maxima and minima. The infinitesimally small parame
d→01, which regulates the poles of ImW in Eq. ~3!, is var-
ied from 0.01«F to 0.0001«F to broaden slightlyd functions
that are not amenable to numerical calculations; this pro
dure represents thed→01 limit of ImS to well within 1%.

The top panel of Fig. 1 displaysveff(z) near the jellium
edge (z50) for r s51.5, the electron-density parameter up
which we henceforth focus. For energies below the vacu
level ~note that the vacuum level is approximate
0.2«F.4 eV when the Fermi level is taken to be the zero
energy! but above EF , veff(z) will equal « for some
zc,l.0. This position corresponds to the classical turni
point for a particle withki50. Quantum mechanics allow
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55 9197BRIEF REPORTS
states to tunnel into the vacuum beyondzc,l , but the wave-
function amplitude begins to decrease exponentially w
distance fromzc,l . We illustrate this in the bottom panel o
Fig. 1 with two wave functions, one corresponding to
energy just above the Fermi level (« l50.02«F) and the other
to an energy just below the vacuum level (« l50.16«F).
From this observation it follows that, as illustrated by t
results presented below, the magnitude of ImS begins to
decrease quickly with increasing distance from the jelliu
edge as a result of the ‘‘freezing out’’ of final-state wa
functions. It is less obvious thatthe energy (and spatial
dependence ofImS should becomequalitatively different
from that for the bulk.

The behavior of ImS(z1 ,z2ukuu50,«)/«2 for electron co-
ordinates going from the bulk to the jellium edge is d
played in Fig. 2. In the top panel,z1 is fixed one Fermi
wavelength (lF.2.5Å) inside the surface. Asz2 is scanned,
the curves for different energies essentially lie on top of e
other, except for«50.16«F where a small deviation be
comes apparent nearz250. This result corresponds to th
«2 scaling of quasiparticle damping in a bulk metal, a res
that is expected to hold in the«→0 limit on the basis of
phase-space arguments13 and has been borne out by speci
application of theGW approximation to the bulk jellium
model.11 Note that our explicit numerical evaluation o
ImS shows that the domain of validity of quadratic scaling
much wider than analytic arguments11 would suggest.

Whenz1 is fixed at the jellium edgez150, as shown in

FIG. 1. Top: effective single-particle potentialveff(z) for a jel-
lium model (r s.1.5) of the surface, evaluated in the presence
long-range image effects@derived from theGW approximation Ref.
9#. Bottom: spatial dependence of typical final-state wave functi
corresponding to quasiparticle decay in the image-state regime.
amplitude of the state near the vacuum level (« l50.16«F , where
« l is given with respect to the Fermi level! is strongly enhanced on
the vacuum side of the interface (z.0) with respect to the state
lying much closer to the Fermi level (« l50.02«F).
h

h

lt

the bottom panel of Fig. 2, we find that ImS/«2 is enhanced
by about a factor of 2 relative to the bulk. There are n
oscillations asz2 goes into the vacuum as there are whe
z2 is in the bulk. Despite these changes,«2 scaling still
dominates over the entire energy range we have explore
Thus the extreme anisotropy of the surface itself does n
lead to strong corrections to quadratic energy scaling for e
ergies as high as the vacuum level.

Figure 3 displays ImS/«2 for z1 fixed in the vacuum. The
top panel corresponds toz1.0.5lF ; in this case the magni-
tude of ImS is roughly equivalent to that for the jellium
edge, as seen in Fig. 2. However, it is evident that scalin
ImS by 1/«2 does not produce the overlap between the var
ous curves for 0.02«F<«<0.16«F , which was observed
when the electron was either in the bulk or at the jellium
edge. This result signals a dramatic enhancement of corre
tions to quadratic scaling, an effect that appears concom
tantly with the extreme nonlocality of ImS.8,14 ~By extreme
nonlocality we mean the following: the maximum magnitude
of ImS occurs atz2.0 rather than forz2.z1.!

The overall magnitude of ImS/«2 decreases asz1 is in-
creased tolF , as seen in the bottom panel of Fig. 3. At the
same time, there is a large increase in the relative size
corrections to quadratic scaling. Clearly, the nonquadrat
contributions dominate the result for«50.16«F . Nonethe-
less, our results suggest that the scaled curves for ImS ap-
proaches a unique, nonzero limit as«→0, i.e., curves com-
puted strictly in this limit will overlap. This suggests that
quadratic scaling will eventually hold at a sufficiently low
energy.13

f

s
he

FIG. 2. Imaginary part of the self-energy ImS(z1 ,z2uki50,«)
divided by«2 for z1 fixed one Fermi wavelength into the bulk~top!
and z1 fixed at the jellium edge~bottom!, respectively. Although
ImS(z1 ,z2uki50,«) is sensitive to the presence of the surface,«2

scaling dominates for 0.02«F,«,0.16«F .
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9198 55BRIEF REPORTS
~A comparison of the results forz1.0.5lF and z1.lF
suggests that the energy range where quadratic scaling do
nates becomes progressively smaller asz1 goes further into
the vacuum. Unfortunately, the small magnitude of th
vacuum self-energy as well as the slowly converging finit
slab effects for small« prevent us from making a more quan
titative study of the«→0 regime.!

To discuss these features of ImS in vacuum, we return to
Eq. ~3!. Quasiparticle decays at the jellium edge and in th
vacuum are both accompanied by particle-hole excitatio
near the jellium edge. This suggests that it is the set of fin
state wave functions$c l(x)%, and not ImW, that is respon-
sible for the unusual behavior of ImS in vacuum. As shown
in the bottom panel of Fig. 1, the final-state wave function
have exponentially reduced amplitudes beyondzc,l . This
leads to a surface-induced spatial and energy dependenc
the wave functions, approximately given by

FIG. 3. Scaled imaginary part of the self-energ
ImS(z1 ,z2uki50,«)/«2 for z1 one-half ~top! and one ~bottom!
Fermi wavelength into the vacuum. Large corrections to quadra
energy scaling are observed; they become increasingly dominan
z1 moves from the surface into the vacuum.
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c l~z!.expS 2E
zc,l

z
A2m@veff~z!2« l2\2ki

2/2m#/\2dzD ,
z.zc,l , ~4!

which must supplement the traditional phase-space a
ments that yield quadratic scaling when the final-state w
functions are plane waves.13

The extreme nonlocality of ImS may also be understoo
from the tunneling form of the final-state wave functions
vacuum. For x1 fixed in the vacuum, Ol(x1 ,x2)
[uc l* (x1)c l(x2)u grows asx2 moves away fromx1 and to-
wards the surface. The maximum value ofOl(x1 ,x2) occurs
nearz25zc,l , after whichOl(x1 ,x2) oscillates asx2 enters
the bulk. However, asx2 enters the bulk, the screening d
scribed by ImW begins to reduce the magnitude of th
c l(x)’s contribution to ImS in Eq. ~3!.

In conclusion, we have demonstrated a unique aspec
many-body correlations for a strongly inhomogeneous e
tronic system: a metal surface modeled by jellium. Fo
quasiparticle in the vacuum outside the surface, large cor
tions to quadratic energy scaling have been obtained on
basis of a numerical implementation of theGW approxima-
tion that includes a self-consistent treatment of surface in
mogeneity. These corrections are due to final-state w
functions changing from propagating states in the bulk
tunneling states in the vacuum. Of course, one may won
if the physics discussed in this paper may lead to observ
effects. This issue will be addressed in a future work,15 in
which we plan to determine the relative importance of t
vacuum self-energy, and the associated departure from
dratic energy scaling, in a quantitative evaluation of the lin
width for a specific physical system, namely the image sta
of Pd~111!.
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