PHYSICAL REVIEW B VOLUME 55, NUMBER 14 1 APRIL 1997-II
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Despite many years of intense theoretical effort it is still not possible to predict whether a material will be
superconducting or not at low temperatures by measurement of its physical properties at higher temperatures.
Nor is it possible in general to estimate the magnitude of the superconducting critical temp@&gaftom
measurements of normal-state properties. Here we address these questions from a statistical point of view. The
metallic elements in the first six rows of the periodic table are assumed to be a “representative sample” drawn
from a larger set of materials, and various statistical measures of correlations between the magituedel of
a normal-state property, as well as between a normal-state property and the fact whether the material is or is
not a superconductor, are considered. Thirteen normal-state physical properties are studied, some of which are
believed to be important to determine superconducting properties within conventional BCS theory and others
not. It is found that properties assumed to be important within BCS theory rank lowest in predictive power
regarding whether a material is or is not a superconductor. Instead, properties with highest predictive power in
this respect are found to be bulk modulus, work function and Hall coefficient. With respect to the magnitude
of T, itis found to be positively correlated with electronic heat capacity, magnetic susceptibility, and atomic
volume, and negatively correlated with electrical and thermal conductivity and Debye temperature. No signifi-
cant correlations with ionic mass and ionization potential are found. Consequences of these findings for the
theoretical understanding of superconductivity are discu$s&i1.63-18207)01314-3

I. INTRODUCTION most useful in yielding information on whether the material
is superconducting or not, and on what the expected value of
Why do some materials become superconducting wheii, is, is not well understood.
cooled, while others remain normal down to the lowest at- Furthermore, it is a fact that there are entire classes of
tainable temperatures? Why is the critical temperature verjew materials, such as high- oxides and heavy fermion
high in some superconducting materials and very low in othcompounds, for which the conventional BCS-electron-
ers? Different theories suggest different explanatioRS. phonon theory of superconductivity is generally believed not
However, except for the fact that if a material becomes magto be applicable. For other materials such as fullerenes, non-
netic it is not likely to become superconducting, it has so farcuprate oxideBaKBiO, BaPbBiQ, electron-doped oxides
not been possible to predict the existence or nonexistence 9NdCeCuQ, and organic superconductors the applicability
superconductivity in a given material at low temperatures byof the conventional theory is in doubt. It may be that the
observation of its properties at higher temperatures. Nor hasonventional theory of superconductivity will still be found
it been possible in general to accurately predict the magnito be applicable to these materials, or that there are one or
tude of the superconducting critical temperatlireof a ma-  more other mechanisms that apply to these as well as to
terial from measurements of its normal-state physical propmaterials that have not yet been discovered. It is also con-
erties. ceivable, albeit not believed likely, that one or more mecha-
There have been various attempts in the past to find ermisms other than the conventional one apply to “conven-
pirical criteria relevant to these questions, some of whichtional superconductors” such as the elements; such a
have met with some success’2 Notable amongst these ef- suggestion has been made in the past by Matffias.
forts was the criterion developed by Matthias, who uncov- Faced with this situation, for the purposes of this paper
ered a systematic variation of the superconducfipgnvith ~ we will assume we know nothing concerning the origin of
the average number of valence electrons per &bMat-  superconductivity. That is, we imagine we are back in 1911
thias empirical regularities have been verified in a large numwhen superconductivity has just been discovered and no
ber of compounds(although exceptions have also beentheory of it yet exists. The reason for doing so is to avoid
found?®?4, but they have never been convincingly explainedbeing misled by any preconception that could conceivably be
using the conventional BCS-electron-phonon framewdtk. mistaken. We then address the questions stated in the first
has also been claimed that theory aléher theory in com-  paragraph from a purely statistical point of view. Given the
bination with measurement of normal-state propeffies;  set of all possible materials, suppose one was able to draw a
lows for calculation of the superconductiiig; these calcu- random sample o materials such that any material in the
lations, however, have only been successfully applied tgopulation had equal probability of being selected. We may
materials for which the critical temperature was knober  then analyze by statistical meth8s° correlations between
fore it was calculated. The fact remains that superconductivvarious normal-state properties and superconductivity in the
ity is found in an extraordinarily wide class of materials, andmembers of this sample. Such an analysis would allow us to
the question of which normal-state property or properties ar¢éest various possible hypothesis concerning the relationship
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between normal-state properties and superconductivity in thpossible relation to superconductivity has not been ruled out.
entire population, for example whether a given normal-stat&Vhen data on any of these properties for some of the ele-
property is likely to be related or unrelated to superconducments were not contained in Kittel we used data of Refs.
tivity. Then one could make probabilistic predictions appli- 32—34. The properties that we consider do not include the
cable to any new material conceming its superconductivitygverage number of valence electrons used by Matthias

by measuring its normal-state properties, and focus th&Ur results are complementary to his.

search for new superconductors on materials with certain W€ consider two types of questiond) Is there any re-
normal-state properties and not others. lation between a given normal-state propextyand the ex-

istence or nonexistence of superconductivity in a material?
dn particular, do we increase the probability of correctly de-

materials? The set of ainownmaterials to date can hardly €ding whether the material is a superconductor or not by

be assumed to be random with respect to all possible mat&l€asuring propertX? (2) For a superconducting material, is
rials, since the materials that are not yet known are likely tg€re any refation between t’?e magnitudd pind the value
be characterized by being on the average more difficult t&f & normal-state propertX? That is, do we increase our
synthesize, having a larger number of elements as comp@Pility to estimate the value of . by measuring<? Finally,
nents. etc. And even if we assumed the list of all knownWe Would like to find out which of all the normal-state prop-

materials is an appropiate random sample, its size is so largdi€S considered in this paper are most useful to give infor-
that it would be very difficult to use it to carry out the analy- Mmation on superconductivity, and what this implies with re-
sis proposed in this paper. spect to the conventional as well as other theories of

For these reasons we will simplify our task and assum&UPerconductivity. _
that the metallic elements in the first six rows of the periodic 1 1€ Paper is organized as follows. In Sec. Il we discuss
table are a random sample of the population of all possibléhe statlgtlcal procedures u'sed. Segthn ll, the bulk of the
materials. We do this for the practical reason that the size JpaPer, gives results for various statistical measures of relfa-
this sample is not too large, and the physical properties ofionship between thirteen normal-state properties and super-

these elements have been throughly and accurately me§onductivity extracted from the elements. Section IV sum-
sured. Furthermore, since they exhibit a wide variety of elecMarizes the main findings and analyzes their implications for
tronic structures, crystal structures, as well as other physicafarious theories of superconductivity. In Sec. V- we apply the
properties, and they appear as components of most other mg@Me statistical procedures to a simple model system where
terials, the assumption that they may be a “random sample’the underlying prob_ab|I|ty dlstrlbutlons are knowr_w, to fu_rther
for the purposes of this paper may not be too farfetchedSuPport our analysis. We conclude in Sec. VI with a discus-
Alternatively, the reader not persuaded by these argumen®&©"-
may simply assume that the conclusions of this paper apply
not to any material drawn at random from the set of all Il. STATISTICAL PROCEDURES
possible materials, but instead to any material drawn at ran- . . B
dom from the largest set of materials for which the set of hWﬁNWﬂ 2050n5|d?r ads?mbple set dﬁ_d44 t_elerr;gnts,l;f
elements we will use as our sample may be assumed to be'y"c" N1 are found to be superconducting g )
random sample. n(_)nsuperconductlng. Lex b_e a no_rmal-s_tate property: we
We will consider thirteen normal-state properties in ourWIII study on one hand the distribution & in superconduct-

analysis. The choice of these normal-state properties wagd () versus nonsupercondyctlnyx materials and, on the
guided by the criterion of making our task not too difficult: other hand, possible correlations between the magnitudes of

we started by choosing all the normal-state properties fo?( and of the critical temperature.

which tables for the elements are given in Kittel's sixth

edition3! We then eliminated the redundant ones, such as A- Relation between a normal-state property and existence
resistivity in favor of conductivity, atomic radii in favor of or nonexistence of superconductivity

atomic volume, and cohesive energy which shows a strong For a given normal-state properk we can calculate its
correlation with mel“ng temperature and bulk mOdLﬂtl'Eit moments in our Superconductin@)( and normal (\])

were includegl To keep this paper from getting too long we samples. The mean and standard deviation are given by
excluded also ionic radii and nuclear magnetic resonance

Unfortunately, we run into a serious difficulty right at the
outset: how can we draw a random sample of all possibl

data. We also included magnetic susceptibiligata not =N X;

given in Kittel, but easily availab)e Of the resulting thirteen (X)sn= lI:ll , (1a
properties, some are suggested by the conventional theory of i

superconductivity to be important, e.g., Debye temperature -

(which contains information on phonon vibration frequen- \/ ‘ (Xi_<x>S,N)2

cies, electronic specific hedtvhich contains information on OsN= Z’l N, ' (1b)

electronic density of statgsand electrical conductivity

(which contains information on the strength of the electron-where the sums run over the setsbr N elements in our
phonon interaction Others are suggested to be important forsample. If one assumes a given form for the probability dis-
superconductivity by other theories, or have been suggestddbutions, e.g., normal, there are simple tests to ascertain
to be important on empirical grounds in the past, while forwhether the observed differences in means are statistically
others there is na priori reason why they would be ex- significant, given the observed standard deviations. How-
pected to be relevant to superconductivity, however, theiever, we will not make any assumption on the form of the
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underlying probability distributions. Thus it will be neces- gests that a normal-state propeiyis related to the exis-
sary to use nonparametric methods to compare the entitence or nonexistence of superconductivity in the material.
probability distributions, rather than summary measures suctWe take as a null hypothesis,

as mean and standard deviation. In fact we will find in some

cases that these nonparametric methods can detect significant Ho:property X and existence of superconductivity
differences even when means and standard deviations are are statistically independent

similar for both populations. (5)

roTZrtOk;EaiI: tﬁefgz?:gg% ,\?'\‘j‘\fgt\)lbjitl'lonrofgr t?]en\?gmzls'sé?te and test whether the sample information can rule lytto
property group some given level of significance. The following tests will

X into bins defining mutually exclusive classes. We will use 8,29
. . . be used

(mostly) n=5 bins of equal size ranging from the lowest to

the highest value oK observed. The reason for choosing

n=5 is that it is small enougfgiven the number of elements ]

in our samplgto allow for enough points in each bin for the ~ LetBk, 1=k=n denote the bintclassesfor the normal-

1. Pearsony? test of association

statistical tests to be used to be approximately valid, and i§tate propertyX defined above. Led;, j=1,2, denote the
large enough to preserve considerable detail in the distribiclasses ofS and N materials in our sample. We count the
tion functions. number of elements of clags; in bin B, and denote it by

We define fix:

Psx(X;)=probability that anS material hasX=X;, fj=observed frequency of clasd; in category Bk@

(29
N _ Let N=N;+N, be the total number of elements in our
P, x(Xj) = probability that anN material hasX=X;. sample. Then the estimated probability that an element in

(2b) classA; has normal-state property in bB) is

The frequency distributions obtained from our samples rep- fio
resent our “maximum likelihood estimators” for the prob- Pes(Aj B = ﬁ (7)
ability distributions defined by Ed2). Clearly, unless yx
andPy x are identical functions, measurement of the normal-the estimated probability for an element to be in classs
state propertyX would provide some information on whether
the material is likely to be superconducting or not. i

More precisely, if we measure the propely=X; in a Pes(Aj) = N ®)
material we can calculate the probability that the material is
a superconductor if the probabilities Hg) are known using and the observed frequency in tq for both classesg and

Bayes'’s theorem: N) is
_ Psx(X)P(S) fi= >, )
P B BOPS TP P Y i
and so that the estimated probability for by, is
fi
Pu x(X)P(N =—
P(N/X,) = N x (X)) P(N) 3b) Pes(Bi) = (10)

Psx(Xi)P(S)+ Py x(X)P(N)’

whereP(S/X;),P(N/X;) are the probabilities that the mate- If the attrlbutes_A and B were independent, we would
rial is superconducting or normal given that the vaIueeXpeCt the approximate equality in our sample

X=X; was measured for the normal-state propettyP(S) _ _ )

and P(N) are thea priori probabilities that the material is Pest A 1B~ Pesl(A)) Pes( Bi) D
superconducting or normal respectively. Given our samplend large differences between the two sides of this equation
information the “maximum likelihood” estimators for these would suggest nonindependence. We calculate the quantity
probabilities are

2= (fix—feji)? 12
25 - f. . '
[ ik e,jk
P(S)= 5, =057, (4a)
where
P(N)= %: 0.43. (4b) fejk=NPes(A))Pes(By) (13

is the estimated frequency of cla&sin categoryB, assum-
We will give below the maximum likelihood estimators for ing independence. The variabié so defined is distributed
the conditional probabilities Eq3). First we would like to  according toy? statistics with —1) degrees of freedom
know, however, to what extent our sample information sug{n= number of categorieB,).?®
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In other words, suppose we decide that we will reject thepropertyX, we would necessarily decide it & according to
null hypothesis of independence if our sample has probabilthe principle of maximum likelihood given our sample, since
ity less thana=0.05 under that hypothesis. We computefrom Eq. (4)

x? from Eq.(12) above, find the probability of such a value
of x? for a x? distribution withn—1 degrees of freedom, P(S)>P(N). (20

Pn—1(x?), and reject the hypothesis of independence if  The probability of error in this decision would be

Pho1(x?)<a. (14) P(erron=1—P(S). (21)

For example, fora=0.05, n=5, we find from statistical Now if S andN materials have different probability distri-
tables that the equality in E414) holds forx®=9.49. Thus,  bytions for the normal-state propetty we can increase our
if the value of x* for our sample is found to be larger than apjlity to decide this question, i.e., reduce the probability of
9.49 we conclude that a relationship does exist between thatror, if we know the conditional probabilities E¢B). For
normal-state property and existence of SUperCOﬂdUCtiViw a_‘he measured valu¥ = Xi we would conclude that the ma-

the 0.05 level of significance. . terial is likely to be superconducting if
A gquantitative measure of the strength of the relationship
between categories andB is given by the indexp: P(S/X;)>P(N/X;) (229
2 and conversely that it is likely to be normal if
X
=\ (15
N P(N/X;)>P(SIX;). (22b)

(N=total number of elements in the sampla/hich ranges It is easy to see that the probability of error is in general

from 0, indicating complete independence, to 1, indicatingoq,ced by measuring. Let A; denote the classe N for
complete association. For our cages 1 corresponds to the ;_4 » andB, the possible \J/alue ranges fot, as in the
case where all the members in any given bin of normal-statg . ious subsection. We have '

property X are eitherS or N. The index¢ is somewhat
analogous to the ordinary correlation coefficient between two P(error/X unknown=1-maxP(A)), (233
statistical variables.

P(error/X e By) =1—maxP(A;/By). (23b)
2. Kolmogoroff-Smirnoff test of association
. . . Furthermore
This test has the advantage that it does not require group-

ing of theX values into bins. We simply compute the cumu- P(B./A)P(A))

lative frequency distribution§ ¢(X) and Fy(X) for the su- P(A;j/By) = ~PBy (24)

perconducting and normal elements in the sample. The test k

involves the maximum difference in these functions, and

D =max|Fs(X) — Fn(X)]. (16)

P(error/X known) = E P(error/X e B,)P(By)
The distribution function folD can be obtained from statis- k

tical tableg® or asymptotically from the expression

" =1—; max P(By /A P(A))

plosz + 4 1| |=pe22 (17)
N: N (25
so the hypothesis of independence is rejected abthevel  so that
of significance for
P(error/X unknowr) — P(error/X known)
5 \/ 1I af1 1 18
"NV 22 N TN, (18 = maxP(By/A)P(A)~maxP(A). (20
or, for givenD, the corresponding is Since
a=2e"27 (199
. > P(B(/A)P(A)=P(A)) (27)
with K
D Eq. (26) is zero if maxP(By/A;) is independent ok, and
z= [(TNg) & (1N, T2 (19b  larger than zero otherwise. The overall effectiveness of the

property X in reducing the error can be quantified with the
o o “index of predictive association?®
3. Measures of predictive association
How can we decide whether a material is likely to®er _ P(error/X unknown — P(error/X _knowr) 28
N? In the absence of any information on its normal-state P(error/X unknown)
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and ranges between 0 and 1. in Eqg. (1). The values of range between-1 and 1, with
We can estimate these probabilities in terms of the mear=0 indicating no correlation anjd|=1 perfect correlation.
sured frequencie [Eq. (6)] for our sample oN elements: The null hypothesis that the correlation coefficient esti-

mated from our sample is a random deviation from zero cor-
relation in the population is tested by thelistribution with

—h

i

f.
= ki
P(AJ)_E,(: N N’ (29 N—2 degrees of freedofT,with
fie _ fi t=|r| N—2 (34)
P(BI=2 =R (299 1—r7
Tables of thet distribution are found in most textbooks on
f; statistics.
_ Tk
P(Bk/A)) = f;’ (299 Strictly speaking the correlation coefficient measures the
degree ofinear relationship betweeK andY, so that if the
i variables are related in a nonlinear fashion it would result in
P(Aj /B =<~ (290 |r|<1. In the following we consider more general tests of
k correlations that can detect more qualitative monotonic
The probabilities of error are trends.
ma>gfl- 2. Spearman rank correlation coefficient
P(error/X unknown=1-— , (30a .
N The values ofX and Y are ordered monotonically and

assigned an increasing rank to each successive value, starting
1 at 1. LetD, be the difference in the ranks of; andY;
P(error/X known)=1- Nzk: maxfiy (30D 4ssociated with the particular eleménfThe Spearman rank
correlation coefficient is given B
and the index of predictive association Eg8) is estimated
as 63;Df
s= 1- m (35)
Zmax fj, —maxf;
A= N—maxf; : (3D Just as the ordinary correlation coefficient ranges be-

' tween —1 and 1, with small values dfr§ suggesting no
correlation. Contrary ta, rg will take the values 1 or-1
even if the relation betweex andY is nonlinear, provided it
is monotonic. The hypothesis of independence at signifi-

In this subsection we consider only the superconductingance levek can be tested by looking up standard tables for
elements in our sample, and redefideo be the number of the Spearman rank correlation coefficient wiNhdegrees of
such elementsN=25). We would like to know whether a freedom, or by the distribution withN—2 degrees of free-
relationship between the value of a normal-state propérty dom, with
for a given superconducting material and the magnitude of
its T exists. We will consider several different measures of t=rd IN—2

SN 112

B. Relation between a normal-state property and the
magnitude of T,

relationship in our sample. Our null hypothesis again is (36)
Ho:property X and the magnitude of Tare for N large (N=30).

statistically independent (32
. ) ) 3. Kendall = coefficient
and we will test whether the sample information can rule out

H, to some given level of significance. We denote byX;
the value of normal-state propet¥/for a given element, and
Y, its value of T.. The following measures will be consid-

This correlation coefficient measures the qualitative ten-
dency to a monotonic relationship betwe&nand Y by
counting the number of inversions in orders of pairs. An
inversion exists for elementsandj if X;>X; andY;<Y;,

ered. . - . )
or vice versa. Ther coefficient is defined §é
1. lati ffici . .
- Correlation coefficient - - ~ 2(number of mversmr‘bs ;
The simplest way to measure a relationship betwien 7= 1= imber of pairs of objects (37
andY is through the correlation coefficient. An estimator of
the correlation coefficient over our sample is 7 also ranges betweenl and 1, and its interpretation is as
N follows: if two objects are drawn at random, the probability
(Xi—(XNYi—(Y)) that they show the same relative order in variab{endY is
r= ;1 oYy ' (33) 7 more than the probability that they show opposite order. If

the variables andY are statistically independent the distri-
where the sum is over the superconducting elements in thieution of = approaches rapidly a normal distribution Ids
sample, and averages and standard deviations are definediasreases, with mean zero and variance
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— T T T merical values for these properties were obtained from Refs.
31-34. Table | lists these properties, and their average values
and standard deviations over all elements considered as well
as over the superconducting and nonsuperconducting ele-
ments separately. There are some clear differences in the

oNb

...
o
)
I
N

L Tco 4
7.5 — Pbs]
A ¢ ] averages, for example nonsuperconductors are better conduc-

50— Ta Hoo 3 tors of electricity and heat in the normal state, their melting

r fr:,‘y ] temperatures are lower, they have larger atomic volumes and
25 o] are more compressible. However, in all cases one or both
Al . S Mo " standard deviations are _Iarger than the difference in average
- Be No ° Rb o o oCd Ba HE “Ir 311 values, so that these differences cannot be assumed to be
[l Mg K Sc CuAs SY RMgSh Cs WPtAu significant without further test.
R IR PR PR B Table | also lists the correlation coefficiditiq. (33)] be-
0 20 40 6o 80 tweenT, and each normal-state property, for all elements in

Atomic number the sample. Here we do not differentiate between supercon-

ductors and nonsuperconductors, i.e., we allow for the pos-

_ FIG. 1. S”percor'ducnr@c versus atomic number for elements sibility that materials now believed to be nonsuperconductors
in our sample. In this and the following figures, data for supercon-

: . . will be found in the future to have a small nonzdrp. It can
ducting elements are indicated by diamonds and those for nons%- that th lati fficient ted i
perconducting elements by circles. e seen that the correlation coefficient so computed is never

very large. Except for the one corresponding to heat capacity

2(2N+5) (0.39), none of these cor_rela_ltio_n_ coefficients is significant at

2= 2 (38) the 5% level (xy=0.34 is significant at the 2.4% level for

T ON(N-1) N=44). Below we will compute these and other correlation

e%o?fficients for superconducting members of the sample
nly.

T, (K)

0.0

(o

Thus the null hypothesis of statistical independence is test

= ! . ) . _ _
(for N=10) by constructing the normalized variable We now consider each normal-state property in detail. For

each property, we show a scatter plot ©f versus the
z=— (39 normal-state propertyX), that gives a qualitative picture of
I the distribution. Then we group the values into bins of

and checking whether the sample value obtainedzfags  €qual size and plot the frequency distributiorXofor super-
compatible with it being a normally distributed random vari- conductors and nonsuperconductors in the sample. We plot

able with mean 0 and standard deviation 1 to a given level othe midpoints of each interval and connect the points by
significancea. smooth lines; equivalent information would be contained in a

histogram. We show also the cumulative distributions and
their maximum difference, which is the quantity used in the
Kolmogorff-Smirnoff test. Finally, we plot the conditional

Our sample consists of 44 elements ranging from Lithiumprobabilities infered from our data for a material to be or not
(atomic number Bto Bismuth (atomic number 88 It in- to be a superconductor given the value of its normal-state
cludes all the metallic and semimetallic elements in the firspropertyX [Eqg. (3)]. In Tables Il and Ill we summarize the
six rows of the periodic table, except for the magnetic elesesults for the various statistical quantities computed.
ments Cr, Mn, Fe, Co, Ni, and the lanthanidasmic num-
ber 58 to 7}, which also exhibit magnetic properties. The
magnetic elements are excluded because magnetism is
known to exclude superconductivity in almost all known ma-  Both the lightest (Li, M=6.9) and heaviest(Bi,
terials, hence we exclude magnetic materials from our genv =209) elements in our sample are non-superconductors;
eral population also. The semimetals As, Sb, and Bi are inhowever, the elements next to them are both superconductors
cluded, even though they are all nonsuperconductors und¢Be, M =9.0 and PbM =207), and both superconductors and
normal conditions, because there is ariori reason why  nonsuperconductors are distributed fairly uniformly in that
they couldn’t be superconductors; there are other materiakginge, as seen in Fig. 2. BCS theory suggests that everything
with similar physical propertiege.g., low carrier concentra- else being equal,, should vary inversely with the square
tion, high resistivity that are in fact superconducting, and in root of the ionic mass. However, such a trend is clearly not
fact these elements do become superconducting under pressident in Fig. 2. The cumulative probability distributions
sure. show maximum deviation ob=0.339, which implies that

In this sample, 25 elements are found to be superconducthe hypothesis that ionic mass is independent of whether a
ing, with transition temperatures ranging from 9.5(Kb)  material is superconducting or not can only be rejected at the
down to 0.3 mK(Rh). The averagd . is (T.)=2.45, and its  4=0.17 level of significancex?=5.91 similarly implies
standard deviatiorrTC=2.74. The remaining 19 elements in that H, is rejected at thex=0.20 level of significance.
our sample are nonsuperconductors down to the lowest tentdence we conclude that our sample is consistent with ionic
perature studied. Figure 1 shows plotted versus atomic mass being independent of existence of superconductivity at
number for the elements considered. the 5% level(in other words, more than 5% of samples of

We have considered thirteen normal-state properties. Nusuperconductors and nonsuperconductors would look as dif-

lll. RESULTS

A. lonic mass
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TABLE I. Average values and standard deviations of normal-state properties over supercondsting (
(25 elements, 23 for Hall coefficionand nonsuperconductind\Nj (19 elements, 17 for Hall coefficient
elements in the sample separatéfiyst 4 column$ as well as over the entire sampleolumns 5 and B
Column 7 gives the correlation coefficient betwé&enand the normal-state property over the entire sample.

Property K) (X)s Os (XN oN (X) o xy
lonic mass 1225 58.9 94.0 58.8 110.2 60.5 0.19
(mass number

Heat capacity 3.11 2.56 3.19 3.37 3.15 2.94 0.34
(yinmJ molt K™?)

Electrical conductivity 1.12 0.89 1.65 1.87 1.35 142 -0.27
[10°(Q—cm)™ 1]

Debye temperature 357 262 214 104 295 220 —-0.15
(K)

lonization potential 7.49 1.22 6.74 1.75 7.17 1.52 —-0.027
(eV)

Effective U 9.10 2.23 16.1 15.7 12.1 11.0 -0.20
(eV)

Work function 4.45 0.44 3.62 1.11 4.09 0.90 0.13
(eV)

Bulk modulus 1.64 1.24 0.61 0.75 1.19 1.17 0.088
(10*2 dyn/cnt)

Melting temperature 1831 1109 1043 547 1490 990 0.12
(K)

Atomic volume 19.6 7.0 38.7 26.6 27.9 20.6 -0.15
(A%

Thermal conductivity 0.827 0.61 1.18 1.27 0.979 0.966 —0.29
(Wem K™

Magnetic susceptibility 60.1 914 47.1 166 54.4 129 0.21
(10°% cm®/mol)

Hall coefficient 0.0622 0.142 —0.100 0.11 —0.068 0.15 0.22

(1/Ry in 10 A sec/n?)

ferent or more from each other as ours if those quantities arefficientD are very low, 2.22 and 0.19 respectively, indicat-
independent The conditional probabilities in Fig. 2 show ing that the sample information is consistent with
that knowing the value of ionic mass does not help much irsuperconductors and nonsuperconductors having the same
deciding whether a system is or is not superconducting, angrobability distribution fory. The index of predictive asso-
the overall index of predictive association is a low cjation, A =0.053, is the lowest of all properties considered.
A=0.26. _ o  The conditional probability graph appears to suggest that
Our tests of correlation between ionic mass and magnisor values ofy~5 md/imol K superconductivity is strongly
tude of T, (Table Ill) show a smalpositive correlation in 5y 0red. However, there are only two superconductersl
all the tests considered. This is cpntrary to the expectation q{o nonsuperconductdrén this bin (y between 4.3 and 64
BC.S theory. However, the coeff|_C|ents are all very large, in our sample; assuming the actual probability for a material
::(;Cg[;]?g rfr:]:;sogtrai?]Ztth;;t?c?anlflﬁtne dn(: v;|:]f&£:]?gnltudé'pf to have ay in this range is as given by the superconducting
y P ' sample, p=2/25=0.08 (sample size isN;=25), the ex-
pected value for the number of nonsuperconductors in this
B. Electronic specific heat range for sample sizd,=19 is 1.5, and the probability of a

Figure 3 shows results for the electronic heat Capacit)fluctuation where there are no nonsuperconductors in this
constanty. Since it is expected to be directly proportional to range in a sample of this size is {1)'°=21%, i.e., rather
the electronic density of states at the Fermi level, BCS a¥igh.
well as other theories suggest that superconductivity and in While there seems to be no correlation between existence
particular highT. should be associated with large values ofof superconductivity ang, there is indeed a substantial cor-
v. Indeed we see that the lowest valuesyobccur in non-  relation between the magnitude af. and the electronic
superconductoréhe semimeta)s However, the highest val- specific-heat coefficient, as seen in Table Ill. In particular the
ues ofy also correspond to nonsuperconductors, Sc and Ycorrelation coefficient =0.61 is the largest of all properties
Both the frequency distributions and cumulative distributionsconsidered, which for a sample of this size is due to pure
are very similar for superconductors and nonsuperconduchance with probabilitya=0.11%. Even though the other
tors. The value ofy? and of the Kolmogoroff-Smirnoff co- tests yield larger values o, it is reasonable to take the
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TABLE Il. Statistical measures of association between normal state properties and superconductivity.
First two columns give the value of? [Eg. (12)] and the associated probability assuming statistical
independence between the normal state property and existence of supercondistjviti4) with equal
sign|, for the observations divided into five bins of equal siimur bins for Hall coefficient Third column
is the index¢e, Eq. (15), fourth and fifth columns the Kolmogoroff-Smirnoff indéx [Eq. (16)] and its
associated probability, and sixth column the index of predictive associationNZB)s(31). Test case prop-
ertiesX andY are discussed in Sec. V.

Property x° a2 @ D ap A

lonic mass 5.91 0.20 0.37 0.339 0.17 0.26
Heat capacity 2.22 >0.5 0.23 0.194 >0.5 0.053
Electrical conductivity 4.78 0.31 0.33 0.236 >0.5 0.16
Debye temperature 7.88 0.096 0.43 0.389 0.076 0.21
lonization potential 6.08 0.19 0.37 0.328 0.20 0.21
Effective U 7.42 0.11 0.41 0.352 0.14 0.26
Work function 16.9 0.0020 0.62 0.592 0.0011 0.53
Bulk modulus 8.09 0.088 0.43 0.564 0.0020 0.26
Melting temperature 12.70 0.013 0.54 0.520 0.0058 0.32
Atomic volume 9.27 0.055 0.46 0.406 0.057 0.32
Thermal conductivity 4.78 0.31 0.33 0.171 >0.5 0.16
Magnetic susceptibility 7.02 0.13 0.40 0.309 0.25 0.16
Hall coefficient 20.7 0.00013 0.72 0.783 x30°° 0.65
Test case propert( 17.8 0.0014 0.64 0.587 0.0012 0.42
Test case property 6.37 0.17 0.38 0.322 0.21 0.26

lowest a value as significant, hence we conclude that thehand, the lowest conductivity in our sample is also found in
magnitude ofT, is indeed positively correlated witly, as @ non-superconducta(Bi, with ¢=0.086x10° Q cm™?1).
predicted by BCS and other theories. The frequency distributions and cumulative distributions are
similar, with superconductors predominating at low conduc-
tivity and nonsuperconductors at high conductivities. The
conditional probabilities suggest much higher probabilities
Room temperature values of electrical conductivity werefor nonsuperconductors at high conductivities, however, be-
used. The largest electrical conductivities are found for thecause the number of sample elements is small in this region
nonsuperconducting elements Cu, Ag, and Authisis not very significant. The values gf andD are rather
(0=5.88,6.21,4.5510° Q cm ') (Fig. 4. On the other low, 4.78 and 0.24, yielding values af of 0.31 and>0.5.

C. Electrical conductivity

TABLE lll. Statistical measures of correlation betwebEnand normal-state properties in superconducting
sample. Column 1 gives the values of the ordinary correlation coefficien{38g.column 2 the Spearman
rank correlation coefficient Eq35), and column 3 the Kendalt coefficient Eq.(37). Columns 4 to 6 give
the associated probabilities for these coefficients for a sample of this size assuming statistical independence
between the normal state property and

Property r rs T a, a, a

s T
lonic mass 0.110 0.148 0.107 >0.5 0.48 0.45
Heat capacity 0.613 0.358 0.240 0.0011 0.078 0.093
Electrical conductivity —0.442 —0.453 —-0.333 0.027 0.024 0.019
Debye temperature —0.404 —0.565 —0.380 0.045 0.0032 0.0078
lonization potential —0.246 —0.355 —0.240 0.23 0.082 0.093
Effective U —0.263 —0.336 —0.227 0.20 0.10 0.11
Work function -0.321 —0.311 —0.213 0.12 0.13 0.14
Bulk modulus -0.197 —0.297 -0.213 0.34 0.15 0.13
Melting temperature -0.119 —0.235 —0.160 0.59 0.25 0.26
Atomic volume 0.375 0.438 0.307 0.064 0.029 0.032
Thermal conductivity —-0.473 —0.459 —-0.333 0.017 0.022 0.019
Magnetic susceptibility 0.407 0.083 0.020 0.043 >05 >0.5
Hall coefficient —-0.071 —0.102 0.0672 >0.5 >0.5 >0.5
Test case propert( 0.222 0.168 0.118 0.28 0.41 0.43

Test case property 0.614 0.598 0.433 0.0011 0.0020 0.0024
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FIG. 2. In this and the following twelve figures: upper left FIG. 4. Same as Fig. 2 for electrical conductivity in units
shows scatter plot of . versus normal-state property. Upper right 10°(Q—cm)~t.
gives the frequency distributions for superconductors and nonsuper-
conductors divided into five bingour for Hall coefficien} of equal be rejected at a level of significanee=2.7% or smaller.
size; the points correspond to the center of the bin, the lines arfhe value of the Kendall coefficient indicates that if a
drawn smoothly between points to guide the eye. Lower right givei}iven material has a larger conductivity than another, the
the conditional probability distributions for a material being SUper'probability that it has also a smallar. than the other is
conducting(solid line) or nonsuperconducting given a value of the 33% higher than the converse Thesecresults are qualitatively

normal-state property, from Eq&) and(29d). Lower left gives the . - . .
cumulative probability distributions for superconductsslid line) ConS|Sten.t with t.he BCS eXpe.'Ctat.lc.m that higfigts should
be associated with larger resistivities.

and nonsuperconductor@ashed ling the maximum difference
(used in the Kolmogoroff-Smirnoff tesis indicated by a dotted
line connecting crosses. In this figure, the normal-state property is D. Debye temperature
the mass number.

The elements with lowest Debye temperatures in our
Thus our sample is consistent with the same probability disS@mPIe(Cs,Rb are nonsuperconductors, while those with the
tributions for conductivities in superconducting and nonsu-lighestfp (Be,RU are. More generally, Fig. 5 shows that
perconducting materials. The index of predictive associatiofonsuperconductors tend to have lower valuesjgfthan
is also low,\=0.16. This appears to be at odds with the SuPerconductors. Because Béy(=1440 K) has a value of
expectation based on BCS theory that superconductivit)o SO much higher than all other elemerig o’s higher
should be associated with large values of the electronthan the meanwe have excluded it in the calculation of the
phonon coupling constant which should also lead to higHrequency distributions in Fig. 5. The conditional probabili-
resistivities. ties suggest that materials with loéy (6p<350 K) are
On the other hand, the scatter plot does suggest a negati%)mev_vhat more likely to be nqnsuperconductors, while those
correlation between magnitude ©f and conductivity in su-  With high 65 are much more likely to be superconductors.
perconductors, and the statistical tests in Table Il confirm The values ofy® and D are found to be 7.88 and 0.39
this: all three tests indicate that the hypothesis of indepentespectively, yieldinga values of 0.096 and 0.076 respec-

dence of magnitude of . and electrical conductivity should tively. Thus at the 10% level we would reject the hypothesis
that existence of superconductivity afg are unrelated; in
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FIG. 3. Same as Fig. 2 for the electronic specific-heat coefficient
v in units mJ/mol/K2. FIG. 5. Same as Fig. 2 for Debye temperature in units of K.
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between second and first ionization potentials, in eV.
other words, there is less than a 10% chance that our samples
of superconducting and nonsuperconducting elements woulinization potential, i.e., small ionization potential tends to
come from a populations with the same distribution offavor higherT.'s. However the correlation found is not sig-
0p’s. However at the 5% level the results are consistent withificant at the 5% level in any of the tests considered.
statistical independence 6f, and existence of superconduc-
tivity. The index of predictive association is still rather low, F. Second ionization potential(effective U)
A=0.21.

On the other hand, there appears to be a definit
negative correlation between magnitude @f and Debye
temperature, as Table Il shows. In particular the Spearma
r s coefficient indicates that the probability of no correlation
between these quantities is less than 0.3%, thus we reject the Ugi=E, —E,. (40)
hypothesis of independence. Even thougth appears as a
prefactor ofT,, within BCS theory, the fact that high,'s can ~ Uett represents the effective repulsion for two electrons
result from low#p’s has been explained in the past as due toadded to the doubly ionized atom, and one may expect that a

the fact that the electron-phonon coupling is larger for matelow value ofU ¢ could be favorable to superconductivity, as
rials with low 6 . has been suggested theoreticaify.In fact, the five largest
effective U’s correspond to nonsuperconductors, the alkali
E. lonization potential atoms, resulting from the combination of a low first ioniza-
. Lo . . tion potential and a high second ionization potential. How-
The six I_owest ionization potent_lals are fOL_Jnd IN NONSU-g /01 "the two lowest values tf . are also found in nonsu-
perconducting elements, the alkali and alkali-earth metalIf(jerconductors, the alkali earths Ba and Sr. The range of
The_hlghest lonization potential co_rresponds t0 & SUPErcorG, iation in U is found to be substantially smaller in su-
ducting element, Hg. Exqep_t fof this preppnderance of nonberconductors than in nonsuperconductors, as seen in Table
superconductors at low ionization potentidh,) the prob- | ,nq the conditional probabilities in Fig. 7 suggest that a
ability distributions are rather similar, as seen in Fig. 6. The o1 \ith a large value obl is more likely to be a

por:g|t|onatl prtgk)labllltles Sl:]ggeSt trll.it :natteré)als with low Ion'nonsuperconductor. However, the global measures of statis-
lzalion potential are much more fikely 10 be NONSUPercony;.,, independence® and D vyield values 7.42 and 0.35,

ductors, while for high ionization potential the probabilities cErresponding tax values of 0.06 and 0.14, so the differ-

e Instead of considering the second ionization poteriial
directly, we have instead considered the “effectlvé de-
ﬂned as the difference between second and first ionization
potentials,

for superconductors and nonsuperconductors are almog ces iU found in our sample for superconductors and

gg?Esila.n?elgailrjmstig}g\r/\?-ilosn?z;ggrsltaggeﬂtﬁrrr:ab ?(;nozh?;e(;?stzﬁwriﬁ nsuperconductors are not significant at the 5% level. The
tion is si%nificant P 9 index of prgdlcnve assoglatlon is also.rather Iovy, O..26'.
On the other h.and the global measures of statistical inde- Concerr!mg the magnltude Ot we find some |n_d|cat|qn
pendence,? andD for’ our sample yield the values 6.08 and of a negatllve cor.relatlon as one would expect, i.e., higher
. . X T.'s associated with lower values tfy. However, none of
0.33 respectively, corresponding to valuesaobf 0.19 and

. ! h rrelation m r nsider re found significan
0.20. These are consistent with ionization potential and exJE e correlation measures considered are found significant at

istence of superconductivity being statistically independent?he 5% level as seen in Table Ill.
The index of predictive association also yields a low value,
A=0.21. Therefore, our sample suggests that except for the
lowest values oE, there is no correlation between ionization  Values of the work function are expected to be related to
potential and superconductivity. ionization potentials, and indeed we find a correlation coef-
Concerning the magnitude af. the situation is reversed: ficient p=0.78 beween the two quantities in the sample con-

Table Il shows a small negative correlation betwd@grand  sidered. Nevertheless, correlations with superconductivity

G. Work function
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are found to be substantially larger for work functions. In
fact, Koshidd® has suggested in the past the existence of aducting, and high valueglow compressibility that it is
empirical relation between work fuction and superconductiv-superconducting. Nevertheless the index of predictive asso-
ity. ciation A =0.26 is not very high.

The nine lowest work functions are found in nonsuper- The situation is again reversed concerning the magnitude
conducting element&s opposed to only the six lowest ion- of T¢, as the results of Table Il suggest that higfis are
ization potentials leading to a rather large value of the associated with low values of the bulk modulus, i.e., high
Kolmogoroff-Smirnoff coefficientD=0.59. This indicates compressibilities. However, the hypothesis of independence
that the probability that work functions i@ andN are gov- 0f T and bulk modulus cannot be rejected even at the
erned by the same distribution is about 0.1%. The value 010% level of significance from our sample data.

x? is also large £?=16.9), as is the index of predictive
association\ =0.53. In other words, knowing the value of I. Melting temperature

the work function reduces the probability of error in predict-  Matthias suggested that there may be a connection be-
ing whether a material is superconducting or not by ovefween superconductivity and melting temperatures, namely
50%. The probability distributions in Fig. 8 show that mate-that high T.'s should be associated with low melting
rials with intermediate values of the work functigs to 5 points®” The data in Fig. 10 show that the range Tf’s
eV) are most likely to be superconductors, and those withseen in superconducting elements is considerably wider than
higher and lower work functions are most likely nonsuper-jn nonsuperconducting ones, e.g., both the lowést,
conductors. _ Tu=234.3 K and highes{W, Ty,=3695 K) melting tem-

On the other hand, the results in Table Il suggest thaperatures correspond to superconducting elements. The prob-

there is a negative correlation between magnitud&.cdnd  apility distributions in Fig. 10 indicate that high,’s yield a
work function. However, the correlation is found to be not h|gher probabmty of being Superconducting’ while low

significant at the 10% level. Tw's indicate higher probability for the system being nor-
mal. The index of predictive associatiar=0.32 is the high-
H. Bulk modulus est of all properties considered so far except for work func-

Do superconductors tend to be hard or soft? There are dton.
both kinds according to the distributions in Fig. 9, e.g., Hg

and Pb are quite soft(bulk moduli 0.38 and L T3 5 00010 ] porcoivosare) | 3
0.43x 102 dyn/cnt) while Re and Os are quite hatbulk S SRR I X0
moduli 3.78 and 4.% 10*?dyn/cn?). However, the overall ¢ Lk, T po00oeE /0 E
tendency is for superconducting elements to be harder than = LE " R Dt 3 e E
nonsuperconducting ones. The eight lowest values of bulk 0 fmt aeeiie el ] & ggggi_ o Sl
moduli correspond to nonsuperconduct@tkalis and alkali 0 1000 2000 3000 4000 1000 2000 3000

earthg and the six highest to superconductdtsansition moltang temperaturs (0 meiting temperature {0

metals. Thus there is a definite difference in the distribution ¢ 1,25 T T
of bulk moduli of superconductors and nonsuperconductors £ § 100 E 3
in our sample. This is most clearly detected by the § 2 orsf 3
Kolmogoroff-SmirnoffD coefficient of 0.56, which yields a ° 2 050f- -
value of a=0.0020. That is, the probability that bulk moduli 2 € oosf N -
in SandN are governed by the same distribution is less than § oofduluulanlad % ootk iy s

0.2%. The frequency distributions and conditional probabili- melting tomperature (K3 melting temperature (K)
ties show that low values of bulk moduldsigh compress-
ibility ) indicates that a material is likely to be nonsupercon- FIG. 10. Same as Fig. 2 for melting temperature in K.
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The data indicate a strong probability that melting tem-
perature distributions for superconductors and nonsupercon-
ductors are different. In fact, the 13 highest melting points in_ The data on thermal conductivitgt room temperatujén
our sample are all superconductors. From the cumulative did=19- 12 show similar behavior as those for electrical conduc-
tributions one obtain® =0.52, yieldingap=0.0058. Simi- vty (Fig. 3), which is not surprising in view of the
larly the large value ofX2=12.7O, corresponding to Wiedemann-Franz law. The !ow value_s }@f and D, 4.7_8
a,2=0.013, suggests a relation between melting points anand 0.17, suggest that there is no relation between existence

superconductivity. Since melting temperatures are known tc?f supefcpnductlvny In a material ar)(_j_|ts yal_ue of thermal
be related to bulk moduli it is of course not surprising that aconduct|V|ty. The conditional probabilities indicate a larger
- . . o probability for systems of high thermal conductivity to be
le;rc];ltli?/:t;eilsa;funrfglp between both quantities and SlJpercor]r'lonsuperconducting. However, the overall index of predic-

_ ) ) . , tive association is rather low,=0.16.
Despite the fact that materials with the high@sf's are Similarly as for electrical conductivity, a negative corre-
all superconductors, the results in Table Il indicate a Sma'|ation is found between magnitude @, and thermal con-
negative correlation between magnitudeTefandTy , how-  quctivity. The statistical tests indicate that this correlation is
ever, the values of found suggest that it is not statistically sjgnificant at the 2% levelTable I1I).
significant. Results for correlations between cohesive energy
and superconductivitgnot shown are found to be very simi-
lar as those for melting temperatures, due to the fact that . o o
there is a large correlation between the two quantities 1he magnetic susceptibility of a metal has contributions
(p=0.98 in the sample consideed from various sources, e.g., diamagnetism of ion cores, orbital
diamagnetism and Pauli paramagnetism of conduction elec-
trons. We have not attempted to separate the different con-
J. Atomic volume tributions and instead used data for the total susceptibility at
. . room temperaturdfrom Ref. 33. Both the elements with
There were some .early specu_laﬂons that a relation be‘ﬁighest(Pd,S() and lowest(Bi,Sh) susceptibilities are non-
tween superconducnwty and atomic vqlume exfétbs seen superconductors. The frequency distributions for supercon-
in Fig. 11, elements with large qtom|c volumg tend to beductors and nonsuperconductors are very similar, as seen in
nonsuperconductors and those with small atomic volume argig' 13, and the results fo? andD indicate that there is no

superconducto_rs._This is not sur_prisin_g considering _the dat@orrelation between existence of superconductivity and mag-
for bulk moduli (Fig. 6), as materials with large atomic vol- netic susceptibility at even the 10% level

ume tend to have small bulk modulus and vice versa. The While the Kendall~ and Spearman, coefficients are

2_ . _ _ .
va_luoeo%f7)( T_hg.27 y'Tlds aXZ_hO'0550?’ land?—fo..éll _?(lelds very small(Table Il), the results for the correlation coeffi-
«=0.057. Thus at close to the 5% level of significance aye i jngicate a positive correlation between magnitude of
relation between atomic volume and superconductivity |s|.C and magnetic susceptibilty at the 5% level. This is con-

fo.ltjr?d't Th_e colndltlolnal prt%bab":g'%sa suggers]t that l‘?’lzlsltemiistent with BCS as well as other theories, as large values of
with atomic volume larger than ré much more ikely  the pauli contribution to the magnetic susceptibility should

to Ee nonsupercondyctl?r?. itud i arise from large electronic density of states which is also
owever concerning the magnitudef a positive cor- expected to favor large values f .

relation with atomic volume is found, as seen in Table III.
That is, materials with larger atomic volume are likely to
have a largeiT;. The results for both theg and r coeffi-
cients indicate that this correlation is significant at the 5% Data for the Hall coefficient were obtained mostly from
level. Refs. 33 and 34. We were unable to find data for Sr, Tc, Ba,

K. Thermal conductivity

L. Magnetic susceptibility

M. Hall coefficient
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o T e Raaas naanatee Qicates that the nu_II hypothesis of independence can be re-
sb . . 3 £ 0.000]- " superconduerors jected at level of significance=1.3x10"">. _ _
_ eE ., 4 8 oomf A E The results fory? depend strongly on the precise location
T S T = E 3 of the bins used for grouping the data, unlike for any of the
I " 4 g o002f Y = other properties. Specifically, if bins are placed so that the
- P R S R < [ OF A s o R origin is at the center of a bin, the resulting is much
-200 0 200 400 600 -200 0 200 400

smaller than if the origin is at the boundary of a bin. The
reason is that the origin is a dividing point between super-
conductors and nonsuperconductors. For this reason we have
taken in this case four bins located symetrically around the

susceptibifity (108 cm®/mole) susceptibility (10® em®/mole)

125 E
1.00 £

8 3 075F = origin (two on each side The resultingy?=20.7 is much
2 g 050¢ = larger than for all other properties, and vyields
Lg = § 025k E aX2=O._00_013.(Taki_ng_six _bins yields®=20.9) The i_ndgx
g 00N 0™ 200 400 B0 0-00 500 0 200 400 of predictive association is also rather large=0.65), indi-

susceptibility (100 cm®/mole) susceptibility (10°® em®/mole) cating that knowingRy gives significant information on the
likelihood that the material is superconducting.

As another test we may consider just the sigrirgf, and
test Chapnik’s hypothesis that superconductivity is associ-
ated withR,;>0 and nonsuperconductivity witR,<0. In
and Os, so that our sample set in this case has 40 elementsjr sample, 34 out of 40 elements are in agreement with this
23 superconductors and 17 nonsuperconductors. Unfortuthe ones that are not are Ga, Sn, La, Hf, and Hg, supercon-
nately some of the Hall data in the literature exhibit consid-ductors with Ry<<0, and Sb, nonsuperconductor with
erable variation arising from experimental conditions orRy>0). If the sign ofR,, was unrelated to superconductiv-
sample characteristics. We have taken the most recent daitst, the probability of obtaining such or better agreement
when conflicting results exist in the literature, if they appearwith this hypothesis is
reliable. When the data exhibit variation with temperature we N
have taken the value d&®, at the lowesi{nonsuperconduct- N! 1\N
ing) temperatures, as they would presumably be more rel- P=n§n m 2 (41)
evant to superconductivity. When variations with magnetic 0
field exist we chose the high field value as it presumablywith N=40 andn,= 34, yieldingP=4.2x10"°.
would be less sensitive to the presence of impurities. For If we denote byp the probability that a superconductor
noncubic metals data for policrystalline samples were usedhas Ry;>0 or a nonsuperconductor haBy<0, and

There is no obvious relation between Hall coefficient andg=1—p its complement, the maximum likelihood estima-
superconductivity within conventional BCS theory. How- tors of these probabilities from our sample are
ever, such relations based on empirical observations have
been suggested since early Bri° Figure 14 shows a clear
correlation between Hall coefficieRy and superconductiv-
ity, in that materials with negativR, tend to be nonsuper-
conductors and materials with positi®Rg, tend to be super- 6
conductors. This fact has been pointed out repeatedly by q=4—0=0.15. (42b)
Chapnik®® The Kolmogoroff-SmirnoffD value of 0.78 is _ . o
much larger than for any other property considered, and inJ Nere is no explanation within BCS theory as to whynd

g should be so different from 1/2.
On the other hand, the results in Table Ill indicate that

FIG. 13. Same as Fig. 2 for magnetic susceptibility in
10" ¢ cm®/mol.

_34_0 85 42

10 T PO R B . TR there is no significant correlation between the magnitude of
3 R E e emeroonasesors ] T. and that of the Hall coefficient. The sample results are
£ ¢ o E N SN E completely consistent with the hypothesis of independence.

Te (K)
D N B O ©
I
L4
-2
<
Frequency distrib.

TTT T

o—i °°8§o1 - i IV. SUMMARY OF FINDINGS AND IMPLICATIONS
-0.4 0.2 0 0.2 04 90.4 -0.2 0 0.2 0.4 . .. .
Holl 1/R, (10" A soc/n® Hall 1/R, (10 A seo/n®) We have §tud|ed statistically the_ r_elatlon between norm_al
- state properties and superconductivity. Here we summarize
g GETTTTITTI R various aspects of our findings.
2 TF S 100 E
c 0.8 - s E
H E = 075F . .
s 08F £ E A. Comparison of properties
2 04E g 050
2 02| ' 7 % oast = The quantities listed in Table Il give various quantitative
2 A= T O PR B N N L iati ; )
§ 0.0 bR e 0.00 foitbi el measures of association between the existence of supercon
Hall 1/Ry (101 A sec/m?) Hal 1/Ry (0 A sec/m®) ductivity in a material and normal-state properties. That is,

they quantify in various ways how much the measurement of
FIG. 14. Same as Fig. 2 for reciprocal of Hall coefficieri®]/ & given normal-state property can distinguish whether a ma-
in units 13* A s/m3. terial is or is not a superconductt.
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1.0 (2) Our sample results are consistent with existence of
i ] superconductivity being independent of the following
normal-state properties: ionic mass, electronic specific heat,

ey

5 0.8F ohiall coefFicient] magnetic susceptibility, electrical and thermal conductivity,
2 i 1 Debye temperature, ionization potential, second ionization
s potential, and atomic volumé&Atomic volume is almost at

[&] r 1 . . . . . .

§ 0.6 Jvork Function 7] the borderline with our criterion, with small atomic volumes

g ‘mte)LlJ%ll(nmog:nl]UZratur‘ ] being favorable to existence of superconductiyity.

c i atomlcqvolunfe g (3) The magnitude oT . is positively correlated with elec-

§ 0.4 - ?;F%SE lewgemperature ] tronic specific heat, magnetic susceptibility and atomic vol-
< R ’onlctmass . | . ume, and negatively correlated with electrical and thermal
g [ ,mié)c?#é?lclisnugg%g@l ity ] conductivity and Debye temperature.

RIS X Srvetipetreat st ~ (4) The magnitude off is uncorrelated with ionic mass,

2 r thermal conductavity 1 ionization potential, second ionization potential, work func-

©

tion, bulk modulus, melting temperature and Hall coefficient.
Are these findings consistent with observations in other

property materials? Consider the following points:

(i) The fact that superconductivity is found in materials

FIG. 15. Degree of association of normal-state properties withVith very high electronic heat capacitijeavy fermion com-
superconductivity as measured by the Kolmogoroff-Smirnoff indexPounds and low heat capacitfe.g., highT oxides is con-
D. The horizontal axis scale is arbitrary. sistent with the conclusion that the existence of superconduc-
tivity does not depend on it. On the other hand, the low
How do these normal-state properties compare with eachalues ofT, in the heavy fermion materials, contrary to our
other concerning their association with superconductivityZonclusion(3) above, suggest that other factors not present
The results obtained for the three indices calculagetgris-  in the elements may play a role.
ing from the x? tes, the Kolmogoroff-SmirmnoffD coeffi- (i) The fact that there is a negative correlation between
cient, and the index of predictive associationfor the vari-  transport coefficients anfl,’s is consistent with the fact that
ous normal-state properties, are roughly consistent with eadhigh-T. oxides are poor conductors of electricity and heat,
other but show some differences in detail. The possible valand more generally with observations in other classes of ma-
ues of these indices range from 0 to 1, O reflecting completeerials.
independence and 1 complete dependence of the attributes. (jii) The negative correlation betwe@p and Debye tem-
All three indices predict that Hall coefficient is by far the perature is found in other classes of materials, &5 com-
normal-state property most closely associated with the exissounds.
tence or nonexistence of superconductivity among all prop- (iv) The fact that superconductivity is associated with
erties considered. The quantities most closely associatgsbsitive values of the Hall coefficient is found to be consis-
with BCS theory, electronic specific heat, Debye temperatent with observations in higiiz oxides (electrof! as well
ture, and electrical conductivity, rank consistently low in g5 hole dopedand many other materiaf?.
their degree of association with superconductivity according (v) The fact that there is no correlation between ionic
to these measures. mass and magnitude df., and that there is no positive
Because the Kolmogoroff-Smirnoff index is independentcorrelation between Debye temperature and appears to
of any binning procedure it would appear to be the moshe consistent with observations in other materials.
reliable indicator of association. In Fig. 15 we plot the results |t is also interesting to note that for all properties where a
for this index for the various normal-state properties. Thissignificant correlation with existence of superconductivity
can be interpreted as a “ranking” of normal-state propertieSyas found, no corresponding strong correlation with the

0.0L

concerning their association with superconductivity. magnitude ofT, was detected; in fact, any correlation with
o o magnitude ofT; tended to be of opposite sign. This suggests
B. Significant findings that most elements currently not known to be superconduct-

If we take the 5% level as statistically significant to rejectOrs are likely to remain nonsuperconductors at temperatures
the hypothesis of independence of superconductivity and ¥Wer than what has been attained so far.
normal-state property, the results of our samfables Il
and Ill) indicate:

(1) There is a relationship between the existence of super-
conductivity in a material and the following normal-state It would appear that the following findings are particu-
properties: bulk modulus, melting temperature, work func-larly relevant to the understanding of the fundamental
tion, and Hall coefficient. Namely, superconductivity is pref- mechanisr(s) of superconductivity:
erentially associated with larger bulk moduli, larger melting (1) The nonexistence of evidence for a negative correla-
temperatures, largébut not too larggwork functions, and tion between ionic mass and magnitudeTgfnor of a posi-
larger (positive) Hall coefficients. Also, since cohesive ener- tive correlation between Debye temperatures and magnitude
gies show a strong positive correlation with melting tempera-of T are puzzling within the BCS electron-phonon frame-
tures and bulk moduli, the same conclusions found for thevork. In other words, the fact that no statistically significant
latter apply to the former. evidence is seen for higher values Bf's being associated

C. Implications for theories of superconductivity
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with lighter ions in a material is surprising within the and holes, and hence predicts that Hall coefficient and exis-
electron-phonon mechanism of superconductivity, since ontence of superconductivity should be independent, describes
would expect that other properties influencifigwould av-  superconductivity in nature.

erage out over the sample. Also, attempts to find igh in 0,: theories where the electron or holelike nature of the
materials with light atoms such as metal hydrides have megarriers play a role in superconductivity, and hence lead to
with no success. Predictions of appreciable valueg ofor Hall coefficient and superconductivity not being indepen-
the light metal Li(Ref. 43 are contradicted by experiment. dent, describe superconductivity in nature. o
Predictions of highT, in the lightest metal, metallic In the Bayesian approach to statistics, one assagmsori

44 : ; ; . probabilities for#; and 6, [P(6,) =1—P(6,)], and revises
hydrogeri,”are as yet unconfirmed and likely to remain so Int_hese probabilities in light of the obtained sample informa-

light of the statistical evidence cited above. These observation There is substantial brior information suaoesting that
tions need to be explained within the electron-phonon frame- "~ /. P 99 9

work, if it is to be maintained. 0, (in particular conventional BCS-electron-phonon thgory

(2) Similarly, the nonexistence of correlation between eX_is correct, based for example on the detailed analysis of tun-

. e . neling experiment&? Hence we may safely assume
istence of superconductivity in a material and normal-state g exp y y

properties associated with phonons such as Debye tempera- P(6,)>>P(6,), 43

tu.re. and electrical and thermal conductivitigs is puzzlingwherep(el) is dominated of course by the probability that
within BCS-electron-phonon theory. One might have ex-c,nyentional BCS-electron-phonon theory describes at least

pected other properties expected to be detrimental t0 SUPEi6st syperconductors. The estimationaopriori probabili-

conductivity, such as strength of Coulomb repulsion, t0 avijes is a notorious difficulty in the Bayesian approdtand

erage out over the sample, leaving significant correlationge \yji| leave them unspecified here except for the condition
with phonon-related properties to be detected. Eq. (43). Defining:

(3) The fact that the distribution of bulk moduli, melting
temperaturegand cohesive energiggnd work functions are be
different in superconductors and nonsuperconductors does
not seem to be explained by the existing theories of supei/e have from Bayes'’s theorem
conductivity and needs to be addressed. P(Y/6,)P(8))

(4) The existence of a strong correlation between sign of P(6;1Y)= — =
Hall coefficient and superconductivity is not explained by ZiP(Y16,)P(6)
BCS electron-phonon theory. This is by far the most signifi-The probability that the sample results are obtained if super-
cant statistical correlation found. We discuss it in more detaitonductivity is independent of Hall coefficient can be esti-
in the next subsection. mated from Eq(41) or from the value ot obtained for the

Hall coefficient(Table Ill). Using the more conservative lat-
ter value

Y= result of our sampling experiment on the relation
tween existence of superconductivity and Hall coefficient,

(44)

D. Superconductivity and electron-hole symmetry 5
o ) . P(Y/6,)=1.3x10>, (453
Within the conventional theory of superconductivity, the

nature of the charge carriers in the sense whether they af€nce

eIecFrc_)ns' or holes, is irrelevant to th('a'eX|stence of supercon- P(Y/0,)=1—1.3X10"5 (45h)
ductivity in a material. Thus the empirical very strong corre- )

lation between sign of Hall coefficient and superconductivityand from Eq.(44) we obtain

does not follow from it(nor from any of the other theories P(6,)

that assume implicitely electron-hole symmetr@ne could P(6,/Y)= 2 — (463

imagine an indirect connection, for example that the elec- P(62)+1.3x10

tronlike or holelike nature of the carriers plays a role in de- P(6,/Y)=1—P(6,/Y) (46b)
1 - 2 3

termining the strenght of the electron-phonon interaction that
enters the conventional theory. However, in the 40 yeargvhere we have approximate®(Y/6,) by 1 with negligible
since BCS theory has been developed there has not beere#or.

single paper in the literature addressing the possible role of EQ. (46) implies that no matter how small thee priori
electron/holelike nature of carriers, or of the sign of the Hallprobability for 6, was, the sample results lead to a very
coefficient, in the conventional theory of superconductivity.significant increase. IP(6,) initially was much smaller than
Given this fact we believe it is safe to conclude that thelO °, Eq. (468 implies that thea posteriori probability for
following statement is true, at least so far: 6, is increased by a factor 10If the a priori probability for

Within the conventional theory of superconductivity theref, to be correct is assumed to be of order 1 in 1 000 000, the
is no correlation between existence of superconductivity in @ posteriori probability increases to 7%, while B(6,) is
material and the sign of its Hall coefficient assumed to be of order 1 in 100 000, theosterioriprob-

If this is so, the empirical finding of such a correlation ability is of order 50%. Thus, for any reasonable assumption
naturally casts doubt on this theory. Let us analyze this quarabouta priori probabilities, the results of the sampling leads
titatively using the method of Bayesian infererféiivide  to a considerable shift in the estimated probabilities for the
theories of superconductivity into two classes, and define thevo hypothesis: from being overwhelmingly likely, the con-
following hypothesis: ventional theory(together with other electron-hole symmet-

0,: conventional BCS-electron-phonon theory, or anyric theorie$ becomes less than certain, and a non-negligible
other theory that does not differentiate between electronprobability is assigned to theories where electron-
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hole asymmetry plays a role, which weie priori of 2 X

negligible likelihood. This result should hopefully lead sci- Pn(X)= U_( 1- U_) X=U,

entists to in the future devote larger efforts to theories of ¢ ¢

superconductivity that make a distinction between electrons 0, U.<X<1. (50b)

and holes, or to attempt to modify the conventional theory to - . _
explain the empirically observed electron-hole asymmetry. The conditional probabilities Eq3) are given by

XIUJ1—(Uy/2)]
XIUJ[1—(UJ2)]+[1—(XIUg)]UJ2’

V. A TEST CASE P(S/X)=

We have argued in the previous sections that examination

of the distribution of normal-state properties in supercon- X<Ug,
ductors and nonsuperconductors ifisanall sample set can
yield useful information on whether a given normal-state 1, Uc<Xs<1 (518
property is connected with superconductivity. To gain fur-
ther confidence in the soundness of this procedure we will P(N/X)= [1-(X/Up)]U/2
now turn the problem around. Assuming a model of super- XIUJ1—-(UJ2)]+[1—(X/Ug) U /2’
conductivity where the effect of various normal-state prop-
erties is known, will the statistical correlations in our analy- X=U,
sis show up as expected?
As a simple model let us assume that superconductivity is 0, U,<X=1 (51b

caused by a variablX that can be measured directly in a gng the cumulative distributions by
normal-state property. Let us furthermore asume that another

propertyU is detrimental to superconductivity, and that su- c X2
perconductivity will only occur in a material if the condition P20 a-ug =Y
Xmo=0 @7 XZUdZ - x=1 - 52
1-Uy2’ “¢ 77 (623

is satisfied.Within the conventional picture the variale
could be the strength of the electron-phonon interaction, ox X
which can be estimated through measurement of the PE(X)= _( 1— _) X<U
resistivity?® and the variableJ could be a measure of the N Ue 2U.)’ ¢’
strength of the Coulomb repulsion. As the simplest situation,

let us assume tha¢ is uniformly distributed between 0 and 1, U<Xs=L (52b)

1, U is uniformly distributed between 0 and., andX and  the probabilities that enter in defining the index of predic-
U are uncorrelated. In order to match our best estimators fofye association Eq28) are found to be

the probability of superconducting and normal materials, Eq.

(4), we need to takdl. slightly smaller than 1, in fact c

P(error/X unknown = - (539
U.=2[1-P(S)]=0.86. (48
Furthermore, we assume there is another random variable P(error/X known)= Ye (53b)
Y, uniformly distributed between 0 and 1, that affects the 4

magnitude ofT; but not the existence of superconductivity. ¢4 that the index of predictive association in this example is
As a simple model we take for the critical temperature

Ayx=0.5 (54)

Te=10YyX=U K (49) independent otJ.. The Kolmogoroff-Smirnoff indexD is

so that when the condition for superconductivity E4j7) is ~ Obtained by maximizing the difference of the cumulative dis-
satisfied, the magnitude df; is strongly affected byr. The  tributions Eq.(52), which occurs for
variableY may be thought of as the density of staferea-

sured through the specific h¢atr the Debye temperature in Xm=U(1-Uc/2) (59
the conventional picture. and yields

The theoretical probability distributions for the variable
X in the normal and superconducting populations are easily D=1-U./2=0.568. (56)
found to be

Figure 16 shows graphs of the various theoretical prob-
ability distributions for our model system for the variable
X=U,, X. For the variableY instead, which is not related to occur-
rence of superconductivity, the theoretical probabilities in
the N and S populations are of course identicalniform),
1  Ug<X<1 : (508 the index of p_redicti_ve as_,soc_iation isy=0, and the
1-U./2 Kolmogoroff-Smirnoff index isD=0.

VT
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FIG. 16. Same as Fig. 2 for the theoretical probabilities for the FIG. 18. Same as Fig. 17 for the test case prop¥rty

test case property of Sec. V. In the upper left graph we show only
the maximumT,, for given X (solid curve within this model: all

this model? In principle of course yes, in an extremely atypi-
values ofT, smaller than that value are allowed. P P Y y awyp

cal sample. It would also be easily possible if the variables
We now obtain random samples of 44 elements, 25 super>-( and U are not assumed to be independent but positively

) . . correlated, so that large values Xfwould more often be
conducting, and 19 nonsuperconducting, by generating Al ssociated with large values &f and nonsuperconductors
dom numbersX, U, and Y according to their probability 9 P

distributions. For these samples we compute the same stati\év-oum.I result. In(_jeed, any o_bservatlon can be explained by
invoking appropiate correlations.

tical quantities that we computed in our analysis of normal- The degree of correlation of the variablewith existence

state properties in the previous sections. of superconductivity in this test example is of the same order
Figures 17 and 18 show results for a typical sample for P y P

the propertiesX andY, respectively, and Tables Il and Il of mggnltude as found for the nprmal state properties work
. . . function, bulk modulus and melting temperature in the pre-
show the corresponding entries for these variables. It can be . o
. . “Vious sections. On the other hand, Hall coefficient showed an

seen that propertX clearly shows the signature of being

associated with superconductivity i, D, and A, while even sFronger correlation with gxistence of supercondqctiv—
propertyY shows no such association, aé expec,ted On th'ty' This suggests tha_1t the sign of the Hal! _coe_:ff|C|ent

' : ) gtrongly determines existence of superconductivity indepen-
other .hand, property’ ShOWS. a strong correlation with the dent of the magnitude of other properties that could be influ-
magnitude ofT, evidenced in the Spearman rank, Kendall,

and ordinary correlation coefficients. We have run sever ncing the magnitude df;. Concerning the magnitude of
random samples such as this one and in each case the K )f-m our test example, the variableshowed similar corre-
: : : Ptions as were found for the specific heat in the previous

mogoroff indexD showed correlation between variabe sections
and superconductivity well beyond the 5% level, while the '
variableY showed no correlation with superconductivity at
the 5% level, as expected. VI. DISCUSSION

Would it be possible to find no significant correlation be-

tween existence of superconductivity and the variabli The understanding of superconductivity in solids is in a

peculiar state. The conventional theory of superconductivity
has been firmly in place for several years, and had been
thought to describe superconductivity in all materials. In re-

W e ULARN RN LUARE LAY MRS

_— superconductors

~ " nen-superconductors 3 cent years, new families of materials have been discovered
that do not seem to fit the conventional framework, and sci-

n
L RARA RRAR L
?

/

Te (K)
o N s O ®
<
frequency distrib.

RN 050 g0 d . by 3 entists have been working in developing new theoretical
|“1|°|@ o ,/|\\3 TN frameworks to describe the new materials. However, the ap-
0 0.2 04 06 08 1 0 0.2 04 06 08 plicability of the conventional theory to the “conventional”
X X materials has not been called into question. Perhaps this is
g 12 prreT 125 ErTTTITITe the time to do so.
3 wE EE I -REI3 3 The statistical analysis discussed in this paper casts some
5 g: 3 : ERERYCS E further doubt on the conventional theory as it stands to date.
% oab J'I 4 5 os0p = None of the observables naturally associated with BCS-
2 o2 —VI IE - AP = electron-phonon theory was found to yield statistically sig-
e pobdlddililanlinld % gpobididi bl Doy d nificant information on whether a material is or is not a su-
° 0 02040608 1 0 0.2 04 06 08 1 .
X X perconductor. The properties found to be most closely

associated with existence of superconductivity, work func-
FIG. 17. Same as Fig. 2 for a random sample of 44 elements fotion and Hall coefficient, are electronic properties, not obvi-
the test case property discussed in Sec. V. ously related to phonon properties. In particular, the stron-
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gest correlation found was with the sign of the Hall tion that might invalidate the findings. For example, an un-
coefficient, for which the conventional theory in its presentbiased way to extend the sample would be to consider all
form has no explanation. It may be possible to explain thesguperconducting materials known by 1975, listed in Robert’s
correlations within the conventional electron-phonon mechatable?’ Also, it would be of great interest to attempt to cor-
nism, but it has not been done so far. Unless these observgelate superconductivity with more than one normal-state
tions are convincingly explained in the conventional frame'property at a time. For example, one could imagine that the
work, they will increasingly stand out as anomalies of themagnitude ofT, could show no significant correlation with
type described in Ref. 46. normal-state propertieX and Y separately, and yet high

There are various directions in which the present work-l-c,S would occur predominantly for larg¥ andY or small

can be extended. First, other normal-state properties not dis; .
cussed in this paper that may exhibit strong correlation With§( and together. Hopefully, the present and future analysis

. * . F\Iong these lines will contribute to further our understanding
superconductivity should be considered. It would also be o s : :
of superconductivity to the point where theory will be able to

great interest to apply this analysis to a larger class of mate=’ - ” i )
rials than considered here. This is clearly feasible, but Cargredwt(rather than “postdict} the superconducting proper-

must be taken not to bias the sample in any particular direci€S ©f materials.
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