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Different mechanisms of nonlinear quenching of luminescence
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An analytic solution for the kinetics of nonlinearpconversiopluminescence quenching in solid-state laser
materials and other luminophosphors is obtained under the assumptions of hopping character of migration-
assisted energy transfer and finite excitation lifetime. It is shown how the observables of the luminescence
experiment depend on microparameters of the energy transfer and ion concentrations. The critical ion concen-
trations separating different upconversion regimes are determined. The predictions of the theory are in agree-
ment with experimental observations reported in the litera{i88163-1827)04013-7

I. INTRODUCTION tion of excitations over donors accelerates the energy transfer
to acceptors.

A radiationless energy transfer from one type of excited Depending on the multipolarity and the microparameters
centers(donorg to another type of center@cceptorsis  of donor-donor(Cpp) and donor-acceptdiCp,) interaction,
typical for laser materials and many other solid and liquida migration-assisted energy transfer can have a diffusion
solutions' When acceptors are the already excited particlescharacter or a hopping character. In the case of the diffusion
an energy transfer and a quenching of donor luminescena@echanism of migration-assisted energy transfer, the average
are referred to as “nonlinear” or “upconversion.” At strong distance between two neighboring donor centers is much less
pumping density, upconversion interactions influence poputhan the characteristic spatial scale of donor-acceptor inter-
lation inversion in many solid-state lasers, for example, inaction, which is equal to a radius of so-called “black”

3 um Er laser$ ™2 um Ho laser® and many others. guenching sphere surrounding acceptbssdefinition, at the

Experimentally, nonlinear luminescence quenching maniedge of the black sphere a donor excitation has an equal
fests itself in shortening the effective decay-time of lumines-probability to be quenched by acceptor or to migrate out of
cence and in changing the shape of luminescence kinetics. the spher®. In this situation, the neighboring donors are
the most of publications, the influence of upconversion orexcited practically uniformly and the density of donor exci-
excited state concentration is accounted for by using a simpl@tion changes in space gradually. This allows one to de-
term an? in the rate equation, where is the upconversion scribe the temporal and spatial behavior of donor excitation
macroparameter and is the concentration of excited cen- using a regular diffusion equation. As was shown by
ters. However, as was shown in Refs. 7-9, in many practiPerepechkoet al,'° the conditions where the migration-
cally important cases the experimental upconversion kineticassisted energy transfer can be described in terms of diffu-
cannot be described in terms @h2 For example, in Ref. 7 sion are not typical to rare-ear(fRE) doped laser crystals
the characteristic shape of the upconversion luminescendalthough the diffusion regime of energy transfer in laser
kinetics changed with the change of temperature that turnedrystals is often assumed in the literafure
the migration of energy over donors on and off. In Ref. 8, a In the case of the hopping regime of migration-assisted
similar change occurred also with the change of the total iorenergy transfer, the average distance between neighboring
concentration. Both of these effects cannot be explained witdonors is much larger than the radius of the quenching
a simple model of upconversion. This suggests that a thephere and an excitation takes only one hop to enter the
more detailed analysis of the energy transfer processes gphere or exit the sphere. Obviously, in this situation the
needed to describe the experiment. spatial distribution of donor excitation cannot be considered

An energy transfer from ion donors to ion acceptors cams a continuum and the diffusion equation is not applicable.
be static or migration assisted. In the former case, a donoks was shown by Zusma;'? to describe the evolution of
excitation is transferred to an acceptor directly. In the latedonor excitation in the case of the hopping regime of lumi-
case an excitation migrates over donors before it reaches arescence quenching, instead of using the diffusion equation,
acceptor. The migration helps excitations to find such donoone should consider a detailed balance of excitation prob-
centers(normally centers with one or several closely colo- ability for one donor and then average the result over all
cated acceptoydrom where an energy can be transferred todonors in the ensemble. Unlike the diffusion regime, the
acceptors in the mostly efficient way. That is why the migra-hopping mechanism of migration-controlled energy transfer
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(including upconversionis very common in RE-doped laser concentrations separating different upconversion regimes.
materials. This is the motivation for the detailed study of theThe theory is consisted with experimental observations de-
migration-assisted nonlinear luminescence quenching in thecribed in the literature.

hopping regime. This study can help one in optimization of

the dopant concentration in solid-state laser materials and of Il. THEORY

the operation regimes of solid-state lasers.

The hopping regime of migration-assisted energy transfer As it was dlscussed_m Sec.hl, to. descrlpe the degay klnet-
realizes atCDA/CDD<N(S’m)’3;” accordingly, the diffusion ics of excited donors in the hopping regime of migration-

regime realizes aCpa/Cop>N®"™3 whereN is the net ass@ste_d energy t_rgnsfer, one should consider a balance of
concentration of donors arglandm are the multipolarities excitation probability for one donor2 and then average the
of donor-donor and donor-acceptor interactioifhe so- re_sult over the ensemble (.)f dondfs: Fo_IIowmg th'$ tech-
called “kinetic limit” regime is an extreme case of the nique in the case of nonlinear quenching of luminescence,

“hopping” regime. It realizes when the mean rate of onethe dynamics of excited state concentratign) (after exci-

migration hop,7y?, is higher than the rate of donor—acceptortatlon of the material with a short pulse of lightan be
presented in the form

interaction at the minimum distance between ibns.

A complicated pattern of upconversion dynamics was Sf(r,t) 1
studied in details in the cases of stafio migration energy 5 WIOf(rH——frn)+—, (13
transfer in Ref. 13 and migration-assisted energy transfer in 0 0
the diffusion approximation in Refs. 13 and 14. The differ- %
ential equations describing nonlinear migration-assisted lu- F(t)=f W(r)f(r,t)4mr?dr, (1b)
minescence quenching in the hopping regime were derived 0
and analyzed in the general form by Sverchkov and Sverch- dn(t) n(t)
kov in Ref. 15. This derivation was done using the routine T T—D—F(t)nz(t), (10

first introduced by Zusman in Refs. 11 and 12. The differen-
tial equations mentioned above were solved analytically inwhere f(r,t) is the probability that excited donor did not
Ref. 15 in the case of the “pure nonlinear” migration- transfer its energy for the time periado an acceptor at the
assisted quenching of luminescence, when the excitation lifedistancer (another excited donor plays in this case a role of
time is assumed to be infinite. However, the assumption occeptoy; F(t) is the nonlinear quenching rafam a simple
infinite excitation lifetime does not allow one to use the re-mentioned above model describing upconversion in terms of
sults of Ref. 15 for the analysis of experimental lumines-an? F(t) is assumed to be a time-independent vakig)
cence kinetics. =al; W(r)=Cpp/r™ is the probability of multipolar donor-

In the present papéf,taking into account the results of acceptor interaction, when is the multipolarity factor of
Ref. 15, we obtain an analytic solution for donor dynamicsinteraction,r,* is the most probable rate of excitation hop to
n(t) in the static, hopping, and kinetic limit regimes of up- nonexcited donorsand 7 is the excitation lifetime.
conversion, for arbitrary multipolarity of interaction and fi-  The solution of the system of Equatiofisa—(1c) has a
nite excitation lifetime. We also determine the boundary ionform

—t/
n(t)= . n(0)exp(—t/7p) ,

1+n(0)7p % I[1—(3/m)|(CY 75 3™ {[ 1+ (7o/ 7p) ]~ M D[ 3/m; (17 + Lirp)t]—exp VD[ 3im;t/ 7]}
)

wherel“gx)zf°0°tx’lexp(—t)dt is the Eihlers Gamma functidhand®(a,x) = [ §t* ‘exp(—t)dt is the incomplete Gamma
function!” In dipole-dipole approximatiotm=6), formula(2) yields

n(0)exp( —t/7p)

n(t)= : ()
1+ n(O)TD(ZWZ/S) \/CDA/TO{ \/1+ TolTDerf(\/t(l/To+ l/TD))_ exq _t/’TD)erf( \/t/To)}
|
where erfk) = 2/\/m [ Sexp(—t?dt is the error functiort’ acceptor interaction at the minimum distafitg the quench-

Let us analyze expressioiig) and (3) in several impor- ing rateF is time independent and equal to
tant limiting cases.

(1) As t—0, Egs.(2) and(3) yield an infinitely high rate 1 1
of nonlinear quenchinfdn(t)/dt——], due to the fact that F(t)= No CDAZ R 41 )
a nonzero minimum distance between donor and accéftor
determined by the host material is not accounted for in Eqg.herea; is the time-independent upconversion macroparam-
(1a—(10). If the minimum distanc®, is taken into account, eter att<<t;; N, is the net concentration of the lattice sites
then att<(Cpa/R)'=t, (heret; is the rate of donor- that potentially can be occupied by acceptdsjs the dis-
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tance between donor and acceptor, anfl/R{") is a lattice n(0)exp(—t/7p)
sum taken over all the potential ion sites in the crystal n()=——> (6b)
this case, the dynamics of excited state concentratidh 1+ = n(0) yrpCpam2erf(\t/ p)
can be described with the only rate equatido), whereF is 3
defined by Eq.(4). The solution of Eq.(1c) with F=a;
yields At t> 71, EqQ. (68 can be rewritten as
n(0)exp(—t/p)
" T N0 1—exg )] ® - i O)exp(~ /) .
1+n(0) 3" (47/m)I'[1—(3/m)]I"(3/m)CZA
wherea=q;. 7)
(2) If a nonlinear luminescence quenching is migration-
assisted and the “kinetic limit” regimieof the energy trans- o o
fer realizes,ro<(CDA/R5“)‘1, then Eqgs.(4) and (5) hold in _ Th!s implies that, _at> o, the decay kln_etl_cs is exponen-
the whole time range 0t <o. tial with the decay-time equal to the excitation lifeting.
(3) Let us consider the case wheg, 7p>1;. The results(6a), (_6b)_, and (7) can be easily upderstooq. In
(a) At 7>, andt>t,, the kineticsn(t) has a form fect, att<r,, excitation .do not have enoug.h time for migra-
tion hopping and luminescence quenching occurs in the
n(0)exp —t/7p) static regime, Eq(6a). At t> 75, the excited state concen-
n(t)= 1+n(0)r3/m(47r/m)F[1 (3/m)]C3/m<I>[3/m o]’ tration n(t) is sufficiently small and nonlineafupconver-
(6a) sion) quenching cannot compete with radiation and mul-
tiphonon decay which have a rate equakfo
In dipole-dipole approximatioim=6), this result is con- (b) In the opposite case, at> 7, excitation makes many
sistent with that obtained in Ref. 13 for a pure static nonlin-hops over donors during the lifetimg,. In this case, at
ear quenching: To>t>1, Eq. (2) can be presented in the form

n(t)= n(0)exp( —t/7p) @®

4
1+n(0) — [1—(3/M)]T[1—(3/M)](Cpa7o)¥™P (3/m;t/ 74)

[compare with Eq(6a)] and describes a static nonordered 4{(2mw/3)T'(1—(3/s))}%®

decay of excitations located in so called black spHeses- 0'= ST (s/3) CppN®?, (10
rounding acceptorgsee the definition for the black sphere in
Sec. ). whereCpp ands are the microparameter and multipolarity
In the time range>1,, Eq. (2) can be presented in the factor for donor-donor interaction and is the net ion con-
form (5), where centration. Substituting Eq10) into Eq. (9), one has
4 3\ am
. 3 3) c¥m a=a;=-— r'a—-3m)r = Coa
=a,=—1"I1-=|I'| =| —1=3m 9
T ( m) (m) ot ® 20 si3 1-3/m
4 —F[l—(3/s)]]

. L . 3
(herea, is the value of time-independent upconversion mac- X CppN®?
roparameter atp>7,>t; andt>t,). sI'(s/3)

Note, that at high pumping density, when the rate of up- 3/M~1—3/mn53—s/m

e MR L x«CHaCpp~'N . (11
conversion interaction is comparable to the rate of radiation
and multiphonon relaxation; ! the condition aboves,> 7, In dipole-dipole approximationnj=s=6), Eq.(11) can
changes tore> 7y, Where e is the pumping-dependent ef- pe simplified and presented in the form
fective decay time determined both by! and upconver- 3/
sion. Thus, in certain systems the inequatity>r, can hold __3 _77 P~
only at relatively weak excitation and be invalid at high AT @751 73 CDACDDN (12)

pumping density. In this case, with an increase of the pump-
ing density, one can expect to observe a gradual transforma-1il. DISCUSSION, COMPARISON WITH EXPERIMENT
tion of the kinetics shape from that typical to the migration
controlled ond Eq. (5)] to the shape typical for static lumi-
nescence quenchif&qg. (6a)].

According to Ref. 1, the most probable rate of migration As it was stated in Sec. I, in the most of studies the up-
hop 7,1 is equal to conversion rate is described in terms @h? without any

A. Critical ion concentrations separating different
regimes of upconversion
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FIG. 1. The calculated kineticsi(t) of nonlinear static
[trace 1, Eqg.(6b)], and migration-controlledtrace 2, Eq.(5)]
dipole-dipole luminescence quenching, plotted according
coordinates {In(n(t)/n(0))} vs {t}. Trace 3: the calculated
dependence expt/7p). In the calculations we pun(0)rpa

=n(0)(27%/3)\/Cpamp=0.5.

FIG. 2. The calculated kinetias(t) of nonlinear statidtrace 1,

toEq. (6b)], and migration-controllefitrace 2, Eq(5)] dipole-dipole

luminescence quenching plotted according to coordinates
{n(0)exp(—t/7p)/n(t) — 1} vs{erf(yt/7p)}. In the calculations we

put n(0)rpa=n(0)(27%/3)/Cpa7p=0.5.

discussion of the validity of such approximation. In the

present work we have shown that in the hopping regime of N ZE( /%
migration-assisted energy transfer the description of upcon- 273 Cop

version in terms ofan? holds only for certain time ranges

and certain relationships between characteristic time con- |n the most of the laser crystals,(1/R?) is of the same

2w\ 72 1 1
- (16)

3 ER_?

N 4

stants of the system, cas@s, (2), and(3b) (att>ry), but is
not valid in many other experimental situatiofier example,
at static luminescence quenchjing

order of magnitude abl3. Thus, the critical boundary con-
centrationN, separating the hopping and the kinetic limit
quenching regimes Ed16), is in a reasonable agreement

According to our theory, upconversion cannot be deyth that of Ref. 1,Nyy/Cpa/Cop.

scribed in terms ofvn? at 7, <17,. Substitutingry=15, in Eq.

Varying the ion concentratiohl, one can change in the

(10), one can determine th_e critical boundary_ concentratioygme type of RE-doped crystal the mechanism of nonlinear
N;. Below that concentration the upconversion cannot b‘iupconversiohIuminescence quenching from the static one

described in terms of Eqb5):
1 3/s
vl

At N;<N<N, (whereNj, is the critical concentration for

3ls

27T [1—(3/5)]

I‘S
i3

(Cpp7p) 3"~

the “kinetic limit” regime of migration-assisted energy

transfej the upconversion parameter is proportional to

to the migration-assistethopping or kinetics limit one. A
similar change of the character of the energy transfer is well
known in the case when acceptors of energy are nonexcited
centers-

B. Convenient graphic presentations of luminescence kinetics

In dipole-dipole approximationnj=s=6), decay-curves
for the static[7p>my EqQ. (6b)] and migration-assisted

NS®~s'm Eq.(11). At N>N,, the concentration dependence [7,> 15+ Eqs.(5) and (12)] nonlinear luminescence quench-

of @ vs N saturates to the value given by Ed) and « does

ing were calculated and plotted according to the basis

not depend on concentration. Equating the right-hand sidén(n(0)/n(t))} vs {t/7p} (Fig. 1), {[n(0)expt/7p)]/n(t)

parts of Egs.(4) and (11), one can determine the second —1} VS

boundary concentratioN, as

. 3mi3/s(1-3/m)} (sr(s/3) os
2 2aT[1-(3ls)] | 4

(CDA/CDD)3/S'

( S (1RM)

3[s(1—3m)]
x 4wNor(1—3/m)r(3/m)>

14

In dipole-dipole approximationnj=s=6), Egs.(13) and
(14) yield

312
N1:<E) (Cpprp) M2 (15

and

{1—-exp(-t/mp)} (Fig. 2, and
{In(0)exp(—t/7p)]In(t) —1} vs {erf(yt/7p)} (Fig. . In the
calculations, we pufn(0) rpa} to be equal to 0.5 in the case
of migration accelerated quenching and we gdui(0)

X (27213)y/Cpa7p} to be equal to 0.5 in the case of static
upconversion. Thus, &t kinetics(6b) and(5), (12) have
the same asymptote:

n(t)=exp —t/7p)/1.5. (17
Figures 1, 2, and 3 show that the decay kineti¢s) have
very different shapes in static and migration-assistenp-
ping) regimes of upconversion quenching. In the static re-
gime of nonlinear quenching of Iuminescence,
{{n(0)exp(—t/7p))/n(t)—1} is linear when plotted against
{erf(yt/7p)}; while in the hopping regime,
{{n(0)exp(—t/p))/n(t)—1} is linear when plotted against
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FIG. 3. The calculated kinetias(t) of nonlinear statigtrace 1, 000 02 o4 s 08 do 02 o4 Os b 10
Eq. (6b)], and migration-controllefitrace 2, Eq(5)] dipole-dipole erf (Vi)
luminescence quenching plotted according to coordinates
{n(0)exp(—t/mp)/n(t) — 1} vs {1—exp(—t/7p)}. In the calculations FIG. 4. The experimental kinetics of Nd luminescence in Nd:
we putn(0)rpa=n(0)(27%/3){Cparp=0.5. LaSg(BOy), and Nd:GdvQ crystals, plotted as
{n(0)exp(—t/p)/n(t)—1} vs {erf(yt/7p)} (circles and
{(1—exp(—t/mp)}. Thus, plotting {[n(0)exp  NOexp(-t/mp)/n(t)-1} vs {l-exp~t/7p)} (squares

(—tm)In(t)—1} against{erf(yt/7p)} or {1—exp(—t/rp)} (Adopted from Ref. 9

one can easily differentiate between the static and migration-

assisted upconversion regimes. static nonlinear quenching of luminescence and is very lim-
In Ref. 9, the method of graphic presentation describegted in the case migration-assisted upconversion in the diffu-

above was used to differentiate between the static and th§ion regime. In this paper, we have shown that the descrip-

migration-assisted regimes of upconversion in Nd-dopedion of upconversion in terms afn? is also very limited in

LaSg(BOy), and GdVQ laser crystals. According to Fig. 4 the case of the hopping regime of migration-assisted energy

reproduced from Ref. 9, in Nd:Lag80s), the function  yansfer, the mostly typical regime of luminescence quench-

{In(Oexp(—t/7p)}/n(t) —1} is linear when plotted against jny in RE-doped solid-state laser materials. In the hopping

{erf(yt/7p)}, that implies a static character of upconversionregime of upconversion, the luminescence decay curve

in tgis maitte/rial. /Or; t_hf othelr_hand,_z;\ Iinea[) d_epedn_dencghomd be described in terms of microparameters of donor-
{[nf expl TD.)] n(t) }. VS{_ exp(_ t/7p)} obtained in acceptor and donor-donor interactidi®,, andCpp) rather
.Nd'GdVO“. manifests a migration-assisted nonlinear quenCh’[hat in terms ofan® We have shown that the description of
ing of luminescence. upconversion in terms o&n? holds only in the three situa-

The change of the upconversion mechanism with the.™ " - )
change of ion concentration was experimentally observed i jons: (1) at the very initial stage of decay=t,, (2) in the

CrLiSrGaR® At 100% Cr doping, {[n(0)exp kinetic limit regimg, and?3) attp>ty>t, andt>t, [Sec. Il
(—t/m)n()—1} was linear when plotted against case(Bb)]. In the first and the_second cases above, the up-
{1—exp(—t/7p)}. At the same time, at lower Cr concentra- conversion mg\cropara_me'rens |nde53?_rl9n?nt of total concen-
tion (109, {[n(0)expt/m)/n(t)—1} was not linear when tration N and in the third case<N , Wheres andm
plotted against eithefl—exp(—t/ 75)} or{erf(\/ﬁ)}. This & the_ multipolarities of donor-d_onor and donor—_accept(_)r
implies an intermediate case between the migration-assistdgteractions. Note, that the theoretical result above is consis-
and the static energy transfer regimeddowever, in tentwith that of experimental workwhere the upconversion
Cr:LiSrGak; the relationshipCpp/Cpa<1 (Ref. 8 implies ~ parametera in Er:Y3S6Ga;0;,, laser crystal was found to
not hopping but rather diffusion character of migration-be concentration independent at Er concentrations exceeding
accelerated energy transf@ef. 1).] 1x10?t cm™3. This result is very different from the depen-
denceaxN? typically considered in the literaturé As far as
we can discern, the assumptian:N?> made in many publi-
cations implies a static mechanism of upconversion; but as
As was stated above, at high pumping density upconverwe show, in this regime upconversion cannot be correctly
sion strongly influences a population inversion in solid-statedescribed in terms o&n?.
lasers. In some cases upconversion damps the population of The following two mistakes in the analysis of the decay
the upper laser level, as it happens, for example, imPHo  kinetics are possible if the detailed model accounting for
lasers>® On the other hand, in upconversion las€rshe  microparameters of the energy transfer is neglected.
interaction of excited ions is the only process populating the (1) At relatively weak migration, the nonlinearity of the
upper laser level. In the both cases, the optimization of théuminescence decay-curve plotted in logarithmic scale is
dopant concentrations in laser materials and of operation renuch higher than that predicted by the theory accounting for
gimes of lasers should be based on a precise analysis ofn? term(Fig. 1). Occasionally, the initial part of such decay
upconversion interaction. kinetics can be reasonably good fitted with a simple model
As it was shown in Refs. 13 and 14, the description ofaccounting for a three-particle upconversion interaction, that
upconversion in terms afn? is not applicable to the case of is described in terms g8n® (hereg is the macroparameter of

C. Application of the developed model to solid-state lasers
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three-body interaction Thus, the mechanism of the upcon- (3b) (7p>7,)] the kinetics of nonlinear quenching of lumi-
version process can be completely misinterpreted. nescence can be described in conventional termsot

(2) If the upconversion parameteris determined on the However, in many other cases the pattern of nonlinear lumi-
basis of the experimental kinetics that cannot be preciselpescence quenching is much more complex. The critical ion
fitted in terms ofan?, different values ofx can be obtained, concentrations separating different upconversion regimes are
depending on which part of the decay curve is taken intaletermined. It is shown how the observables of the lumines-
consideration. Similarly, the value af will strongly depend cence experiment depend on microparameters of energy
on the duration of the excitation pulse. To our minds, this istransfer and ion concentrations. The theoretical results ob-
one of the most probable reasons why the upconversion paained in this paper are consistent with experimental obser-
rameters reported for the same material in the papers of difrations described in the literature.
ferent authors sometimes are much different.

IV. SUMMARY ACKNOWLEDGMENTS

We have obtained an analytic solution for the kinetics of The work was done under the partial suppdgfor
nonlinear (upconversioh quenching of donor luminescence M.A.N.) of the NSF Grant No. HRD-9353548, ONR/BMDO
under the assumptions of hopping character of migration assrant No. N00014-96-1-5015, and ARO Grant No. DAA L
sisted energy transfer and finite excitation lifetime. It is03-91-G-0316. We thank S. E. Sverchkov and Yu. E. Sver-
shown that under certain assumptidmsises(1), (2), and  chkov for useful discussions.

1A. I. Burstén, Sov. Phys. Usm27, 579 (1984). Noginov, in Concentration Quenching and Upconversion of
2Kh. S. Bagdasarov, V. . Zhekov, V. A. Lobachev, T. M. Murina, Neodymium lons in La§dB0s), and GdVQ Crystals OSA
and A. M. Prokhorov, Sov. J. Quantum Electrds, 263(1983. Proceeding on Advanced Solid-State Lasers, edited by Bruce H.
3S. A. Pollack and D. B. Chang, Opt. Quantum Electr2®. S75 T. Chai and Stephen A. Payr®ptical Society of America,
(1990. Washington, DC 1995 Vol. 24, pp. 509-513.
4M. A. Noginov, V. A. Smirnov, and I. A. Shcherbakov, Opt. 1°S. N. Perepechko, Yu. S. Privis, V. P. Sakun, V. A. Smirnov, and
Quantum Electron22, S61(1990. I. A. Shcherbakov, Sov. Phys. Dok28, 581 (1983.

SB. M. Antipenko, B. A. Buchenkov, A. S. Glebov, T. I. Kiseleva, !L. D. Zusman, Opt. Spectros8s, 287 (1989.
A. A. Nikitichev, and V. A. Pismennyi, Opt. Spectro$, 772 12| D. zusman, Sov. Phys. JET48, 347 (1977.

(1988. 133, F. Kilin, M. S. Mikhelashvili, and I. M. Rozman, Bull. Acad.
6B. M. Antipenko, A. S. Glebov, T. I. Kiseleva, and V. A. Pismen- Sci. USSR, Phys. Sed2, 155(1978.

nyi, Opt. Spectross3, 230(1988. 14y, M. Agranovich, N. A. Efremov, and A. A. Zakhidov, Bull.
V. A. BendersKij V. Kh. Brikenstén, M. A. Kozhushner, I. A. Acad. Sci. USSR, Phys. Set4, 63 (1980.

Kuznetsova, and P. G. Filippov, Sov. Phys. JEZB 268 155, E. Sverchkov and Yu. E. Sverchk@mnpublishedl

(1976. 18The main theoretical derivations of the present paper are adopted
8M. A. Noginov, H. P. Jenssen, and A. Cassanhd/jitonversion from D. A. Zubenko, M. A. Noginov, V. A. Smirnov, and I. A.

in Cr:LiSGaF and Cr:LiSAF OSA Proceeding on Advanced Shcherbakovunpublished
Solid-State Lasers, edited by Albert A. Pinto and Tso Ye Fan'’Spravochnik Po Spetsiallnym Funktsiydhtandbook on special
(Optical Society of America, Washington, DC 199¥ol. 15, functions, edited by M. Abramovits and I. StigdiNauka, Mos-
pp. 376—-380. cow, 1979 (in Russian.

V. Ostroumov, T. Jensen, J.-P. Meyn, G. Huber, and M. A. Nogi-*8R. J. Trash and L. F. Johnson, J. Opt. Soc. An.18881(1994.
nov, in Advanced Solid-State Laser§ SA Technical Digest 19y, 1. Zhekov, T. M. Murina, A. M. Prokhorov, M. . Studenikin,
(Optical Society of America, Washington, D.C., 1995p. 206— S. Georgescu, V. Lupei, and I. Ursu, Sov. J. Quantum Electron.
208; V. Ostroumov, T. Jensen, J.-P. Meyn, G. Huber, and M. A. 16, 274(1986.



