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T2 relaxation due to two-level field fluctuations
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~Received 8 August 1996!

The NMR relaxation ratesT1 andT2 are usually assumed to be proportional to the spectral density of the
field fluctuations at some frequencyvp . While this is true forT1 ~with vp the Larmor frequency!, this study
of T2 relaxation induced by two-level fluctuations of thez component of the magnetic field shows thatT2
cannot be described by taking the spectral density function at any one frequency.@S0163-1829~97!04613-4#
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The NMR spin-phase memory timeT2 is often used as a
probe for low-frequency magnetic field oscillations. For e
ample, it allows the study of the mobility of vortices i
superconductors.1–5 However, relating the spin-phas
memory relaxation time to physical parameters is not triv
We show that even in the simplest case, the two-level fl
tuation of thez component of the field, room for improve
ment of current understanding is available. It is genera
assumed thatT2

21 probes the fluctuating field spectral dens
f (v) at some frequencyvp , so thatT2

21}gn
2f (vp). This

probing frequencyvp is often approximated by 0, although
has been argued1 that vp5T2res

21 gives better results, with
T2res the relaxation time in the absence of these fluctuat
fields. While this spectral density approach works forT1
~with vp equal to the Larmor frequency!, this article shows
that forT2, no such simplification can be made.

For the analysis, we take an infinite number of spins, o
ented in thexy plane ~the situation after ap/2 pulse and
during ap/2-p pulseT2 measurement!. All spins ‘‘feel’’ an
individual magnetic fieldbz jumping between6bz with a
correlation time t @^bz(0)bz(t)&5bz

2(0)exp(2t/t)#. Spin-
lattice and spin-spin interactions are neglected. The time
rivative of the phase in the presence of the field
V56gnbz . The number of spins per phase unit with
given phasef at time t is written asF̄(f,t). At t50, we
prepare the sample withF̄(f,0)5d(f) ~the situation after
thep/2 pulse!. Obviously,F̄5F̄11F̄2 , with F̄6 the den-
sity of spins that ‘‘feel’’ a positive resp. negative field. Th
differential equations that govern all are

dF̄6~f,t !

dt
57V

d

df
F̄6~f,t !1t21@F̄7~f,t !2F̄6~f,t !#.

~1!

Using F̄1(f,t)5F̄2(2f,t), and substitutingF6(f,t)
5et/tF̄6(f,t), this simplifies to the uncoupled differentia
equations

dF6~f,t !

dt
57V

d

df
F6~f,t !1t21F6~2f,t !. ~2!

With the definitions x5(tV2f)/tV and y
5Ax(tV1f)/tV it can easily be seen that for al6

ufu<Vt ~or all realy)
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4tVF6~6f,t !52tVd~f2Vt !1I 0~y!1xy21I 1~y!,
~3!

with

I 0~y!5 (
n50

`
y2n

~n!2n!2

and

I 1~y!5
y

2 (
n50

`
y2n

~n!2n!2~n11!

the zeroth- and first-order modified Bessel functions, is
solution to Eq.~2!; see also Fig. 1. It may be noted that, h
the initial distribution beenF8(f,0)5d(f2f0), it evolves
just like Eq.~3!, only with the 2d1I 1 term shifted byf0 to
the left and theI 0 term shifted by the same amount to th
right. This is useful in calculating the time evolution of
givenF0(f,t) ~as was done in the numerical analysis la
in this article!.

Next the echo intensity decay after ap/2 - t/2 - p - t/2
pulse sequence will be evaluated, in the limitstV!A2 and
tV@A2. In the first limittV!A2, all real decay takes plac
whent/t@1: The signal amplitude decreases from the init
M (0) to @12a(tV)2#M (0) at t5t ~with a of order 1!, and

FIG. 1. Evolution of the phase densityF̄1(f,t) of spins that
‘‘feel’’ a positive field at the time of measurement. The initiald
function att50 can be seen to move with angular frequencyV to
the right (V5gnbz51 s21 for all curves!. At long times, the dis-
tribution becomes Gaussian@the line indicated with ‘‘Gaussian’’ is
Eq. ~ 5! with t55 s#. For all curves,t51 s.
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all measurable decay takes place whent/t@1. On the other
hand, in the limit oftV@1, one can simply observe th
intensity of thed peak that contains the spins whose field h
not changed, and thus falls off in time ase2t/t.

The total magnetization at timet can be evaluated using

Mx~ t !5e2t/tE
f52`

f51`

dfcosf@F1~f,t !1F2~f,t !#. ~4!

When t/t@1 ~the limit where all decay happens whe
tV!A2), the Bessel functions can be approximated
I n(y)5(2py)21/2ey, and, asF(f,t) is multiplied bye2t/t,
only values ofy't/t or ufu!tV contribute in Eq.~4!. Thus,
we can approximatey5t/t2 1

2f
2/ttV2, andxy2151, and

the resulting phase distribution becomes

F̄6~f,t !5
1

2VA2ptt
e~2f2/ttV2!/2. ~5!

As this phase distribution is symmetric inf, thep pulse at
time t/2 can be neglected, giving an echo~and free induction
decay, in the case of no additional static line broadeni!
magnetization intensity of

Mx~ t !5e2ttV2/25e2t~gbz!
2t/2. ~6!

Thus,T2
215 1

2t(gbz)
2 for tV!1.

In the other limittV@A2, we only need to consider th
evolution of thed peak@as soon as a field hops, the phase
the corresponding spin moves so fast away from 0 t
cosf averages to 0 in Eq.~4!#, and Eqs.~3! and~4! simplify
to

F̄6~f,t !5 1
2d~f!e2t/t, ~7!

Mx~ t !5e2t/t. ~8!

The d peak is at zero ast is the time of the echo. Equatio
~8! givesT25t whentV@A2.

To address the region wheretV'A2, Eq.~3! was evalu-
ated numerically. Ap pulse was simulated at timet/2 by
inverting thef axis, and to evaluate the total magnetizati
at echo timet the resulting distribution was allowed t
evolve again in time@also Eq.~2! was simulated to confirm
the correctness of Eq.~3!#. This was done for various value

FIG. 2. Relaxation curves for various values oftV
(V51.0s21 for all curves!. The oscillation of thetV53.8 line is
not due to noise.
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of V, t, andt, and from these experiments,T2 was obtained
by taking the time at which the intensity dropped to 1/e of
the maximum. Three of the obtainedM vs t curves are
shown in Fig. 2. It can clearly be seen that the relaxation
tV5A2 is Gaussian-like.

TheT2
21 versust curves are shown in Fig. 3. The abov

predicted limiting cases can be seen to be very accurate,
the ~empirical! formula

T2
215tV2/@21~tV!2# ~9!

describes the data very well, with some deviation in t
middle region. If we measureT2 as a function of temperatur
~and thus varyt), the condition for the fastest relaxation ra
becomes tgnbz5A2, with the optimum rate T2

215
1
4A2gnbz .
In conclusion, we have shown that in the limit oftgnbz

very large or very small, the spin-spin relaxation caused b
fluctuation of thez component of the magnetic field is equ
to T2

215t(gnbz)
2/@21(tgnbz)

2#. This contrasts with the
spectral density approach@T2

21} f (vp)#, with vp some
given probing frequency, usually approximated by 0, som
times taken to be just a low frequency. For example, in
two-level fluctuation case studied here, the spectral densi
given by f (vp)}bz

2t/@11(tvp)
2#, suggesting a relaxation

rate T2
215(gnbz)

2t/@11(tvp)
2#. This gives, whatever

value ofvp we take, incorrectT2 values~a! at ‘‘optimum’’
t, as we show it to be proportional tobz , whereas the spec
tral density approach predictsT2}bz

2 , and~b! in the long-t
limit, asT2 is shown to be independent ofbz in this limit, but
the spectral density again predicts a proportionality tobz

2

~this is because thevp in the spectral density approach
constant, and does not depend onbz). Note that the exact
rate in the small-t limit differs by a factor of 2 from that
derived by Slichter,7 as thet he uses is twice the averag
time between hops.

These results allow an estimation ofbz andt from experi-
mentalT2 curves.

I would like to thank Hans B. Brom and Evgenii N. N
kolaev for fruitful discussions.

FIG. 3. T2
21 vs t. The simulation is forV51 ~upper curve! and

V50.5 ~lower curve!. The lines markedV5
1
2 andV51 are the

function tV2/@21(tV)2# with the above-mentionedV ’s.
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