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Commensurate-incommensurate transitions in magnetic bubble arrays with periodic line pinning
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~Received 10 June 1996!

We report direct observations of commensurate-incommensurate phase transitions as a function of bubble
concentration in a two-dimensional magnetic bubble array subject to periodic line pinning. The pinning lines
consist of lithographically produced parallel permalloy bars. Temperature is simulated by an ac magnetic field.
The structure function shows a smooth migration of Bragg peaks with density indicating a second order~or
weakly first order! commensurate-incommensurate-commensurate transition as the local orientation of the
array rotates continuously. We have also identified a commensurate smectic phase.@S0163-1829~97!01801-8#
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I. INTRODUCTION

Many experimental systems demonstrate commensu
and incommensurate phases. Typical examples are rare
atoms absorbed on graphite,1,2 thickness modulated supe
conducting films,3,4 and layered superconductors.5,6 When
the density of such a system changes, the system comm
undergoes phase transitions between the commensurate
incommensurate phases controlled by the relative stren
of pinning and interaction. It is of considerable theoretic
and experimental interest to understand how
commensurate-incommensurate transitions take place i
experimental system. Direct microscopic observation is of
difficult, as in experimental studies carried out by x-r
scattering2 or transport measurements,4 because of limita-
tions in available imaging techniques. In the magnetic bub
system with artificial pinning,7 the magnetic bubbles can b
visualized by means of the Faraday effect and the pinn
lines are visible for the regime we studied. It is our hope t
direct observation and understanding of the commensur
incommensurate phase transitions in the magnetic bu
system will act as a bridge between theoretical predict
and experimental results and provide detailed microsco
picture for future theoretical work.

In this paper we present microscopic observations of
commensurate-incommensurate phase transitions in a
dimensional magnetic bubble array subject to periodic l
pinning. At high bubble concentration a commensurate ph
exists with two rows of bubbles per pinning line and hexag
nal rotational symmetry. We call this a dislocated triangu
array because it has quasi-long-range orientational order
short range positional order due to the action of the dis
dered substrate potential; such systems are often referre
as hexatics.8–10 As the concentration decreases, intern
stresses are created in the array and force the orientatio
the triangular lattice to rotate locally, leading to an inco
mensurate polycrystalline phase. Upon continuing decre
of the concentration, the array first forms a commensu
smectic phase, which is ordered in the pinning direction
disordered in the perpendicular direction, then forms a n
commensurate dislocated triangular array with appro
mately twice the bubble spacing of the previous triangu
array, and finally forms a modulated liquid phase. The str
ture functions of these new commensurate phases dis
550163-1829/97/55~2!/771~4!/$10.00
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exactly twice as many sharp Bragg peaks in the perpend
lar direction as that of the first commensurate phase. Th
phase transitions happen by a smooth migration of diff
Bragg peaks from the first commensurate phase to the
sequent commensurate phases, as for krypton on grap
and layered superconductor theory.1,5

II. EXPERIMENTAL METHOD

The ability to introduce artificial pinning into the mag
netic bubble array enables us to study the effect of pinning
virtually any strength and geometry on a two-dimensio
system. Figure 1~a! schematically illustrates a cross sectio
of the sample. Magnetic bubbles are cylindrical domains
reversed magnetization in a uniaxial ferrimagnetic gar
film, as indicated in Fig. 1~a!. Pinning is provided by a thin
permalloy film ~Ni-Fe 80:20!, indicated in Fig. 1~a! by the
dark stripes. It is patterned on the film surface using pho
lithography and electron beam evaporation techniques.7 The
permalloy overlay pins magnetic bubbles underneath by p
viding flux closure between bubbles and neighboring d
mains with opposite magnetization. As shown schematic
in Fig. 1~a!, the pinning geometry is an array of parallel line
with period s520 mm. Each line is 6mm wide and 51 Å
thick. These pinning lines cover the bubble array over
area 131 cm2. The pinning strength is moderate for the
parameters: bubbles escape from pinning sites during ann
ing at incommensurate bubble concentrations.

The force between bubbles is approximately a magn
dipole-dipole interaction. Two types of pinning occur in th
system: moderate line pinning due to permalloy bars, a
weak random point pinning due to substrate roughness.11 For
details of characteristics of the bubble material and the
perimental setup, refer to Ref. 11. The bubble concentra
r is controlled by a dc magnetic field applied perpendicu
to the film plane. The effective temperature is generated b
superimposed ac magnetic field with adjustable peak-to-p
amplitudeHac and fixed frequency 40 Hz. The bubble co
centration is adjusted downward by increasing the dc m
netic field in small steps. After each increment of the
field, the array is annealed atHac520.7 Oe for 30 min, fol-
lowed byHac513.6 Oe for 15 min. The bubbles are direct
viewed via Faraday rotation of polarized light in an optic
microscope, equipped with a digital-imaging system cons
771 © 1997 The American Physical Society
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ing of a CCD camera, a video cassette recorder, and a Sil
Graphics workstation. Using digital-imaging techniques
locations of bubbles and pinning lines can be easily de
mined. Figure 1~b! is an image of a commensurately pinn
bubble array with every other row of bubbles pinned by
permalloy bars. The locations of the permalloy bars are
dicated by the black blocks in the vertical strips on the l
and right side of the grayscale image; the white blocks in
bars indicate the locations of the unpinned rows. Perio
parallel pinning produces a hexagonal bubble array w
nearest neighbors oriented along the pinning line direction
shown. We choose thex-axis andz-axis directionsx̂ and ẑ
parallel and perpendicular to the pinning lines.

III. EXPERIMENTAL RESULTS

Figure 2 is a series of bubble array images processe
show the locations of bubble centers and identify topolog
defects which illustrates the microscopic nature of ar
through the commensurate-incommensurate phase tr
tions. The images are ordered from the highest bubble c
centration on the top left to the lowest bubble concentrat
on the bottom right; only part of the digitized array is show
Disclinations are identified using Voronoi constructions~see
caption!. A dislocation is a bound pair of a fivefold and
sevenfold disclination; the Burgers vector is defined to
perpendicular to the line connecting the five-seven pair.

Figures 3~a!–3~i! are plots of the structure functionsS~q!
corresponding to Figs. 2~a!–2~i!, but computed over the

FIG. 1. ~a! Schematic cross section of garnet sample: the w
layer indicates the garnet with magnetic bubble domains indica
by up arrows; the gray rectangles indicate the cross section
periodic array of permalloy lines on the film surface, which p
bubbles; the cross hatched layer indicates the substrate.~b! Bubble
array image visualized in an optical microscope via Faraday r
tion, size 7053517 mm2. The black squares on the left and rig
sides represent pinned rows of bubbles; the white squares repr
unpinned rows.
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whole imaging area of 7053517mm2. The structure function
is defined12 S~q!5ur~q!u2, where r(q)5( j51

N eiq•r j is the
Fourier transform of the bubble concentration function w
r j the positions of bubble centers. A Hanning window wi
cylindrical symmetry is applied to the bubble center data
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FIG. 2. Overview of commensurate-incommensurate transiti
in real space as the bubble concentrationr is reduced;r ~mm22! is
indicated on the top left of each 4103351 mm2 image. The black
dots represent bubble centers. Black squares, black circles,
squares, and open circles represent topological defects: five
sevenfold,, fivefold, and. sevenfold disclinations, respectively
A bound fivefold and sevenfold pair of disclinations is a disloc
tion. The black squares in the right side of each image indic
pinned rows; the white squares unpinned rows.

FIG. 3. Structure functionsS~q! computed from bubble cente
locations corresponding to Figs. 2~a!–2~i! ~see text! showing
commensurate-incommensurate transitions. The originq50 is at
the center of each image; the pinning lines are parallel to the h
zontalqx axis; theqz axis is vertical.
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order to reduce the amplitude of possible spurious featu
The average bubble concentrations~bubbles/mm2! are shown
on the top left of each image in Fig. 3, as for Fig. 2.

Using Figs. 2 and 3 together, we can examine the co
mensurate and incommensurate phases which occur a
bubble concentration is reduced and study the pathway
which the phase transitions take place. We start with the h
concentration commensurate phase. Figure 2~a! shows that
this phase is a triangular array with the nearest neigh
bond along the pinning line directionx̂. The array is com-
mensurate with the pinning line spacing with two rows
bubbles per pinning line. The dislocations are few and
away from each other, with only one present in Fig. 2~a!, and
all have Burgers vectors in thex̂ direction. The correspond
ing structure factorS~q! in Fig. 3~a! has two peaks a
qz564p/s that are sharp, indicating a commensurate arr
The off-axis peaks are broadened somewhat by point di
der and have Lorentzian shapes. The quasi-long-range o
tational order and Lorentzian line shape of off-axis pea
indicate this phase is a dislocated triangular array. Obse
tions of the annealing process in samples with and with
line pinning indicate that the pinning acts to stabilize orie
tational order as one would expect from theory.3,5

As the bubble concentration is reduced fromr58747 to
7277 mm22, the array accumulates strain, and the dislocat
concentration increases only slightly. The dislocations in t
regime are isolated and have horizontal Burgers vectors;
orientation minimizes their interaction with the pinning p
tential, because the missing rows are not parallel to the
ning lines. A uniaxial strain results from the competitio
between the pinning potential and reduced concentrati3

the x̂ componentqx of the off-axis peaks in the structur
function decreases while theẑ componentqz remains rela-
tively unchanged, and the width of the peaks remains c
stant.

Figures 2~b!–2~d! and Figs. 3~b!–3~d! show how the ar-
ray makes the transition from a commensurate triangular
ray to an incommensurate polycrystalline phase as
bubble concentration is reduced. During annealing, bub
are seen to move from unpinned rows to neighboring pin
rows, and the average number of bubbles per row in
unpinned rows decreases faster than that in the pinned r
as one would expect to minimize the energy. As shown
Fig. 2~b! the reduction in bubble concentration is acco
plished by the removal of partial rows of unpinned bubb
as indicated by pairs of dislocations with antiparallel Burg
vectors orientedp/3 radians from the pinning lines. As th
bubble concentration is reduced further in Figs. 2~c! and
2~d!, the array rotates locally to form a polycrystalline tria
gular array, and the dislocations group together to form gr
boundaries. The structure factor in Fig. 3~b! develops a new
diffuse peak located along thez axis with wave vectorqz
below the pinning wave vector 4p/s. The wave vector of this
diffuse peak decreases with bubble concentration and
peak broadens in the angular direction to form a ring for
polycrystalline array in Fig. 3~d!. As shown in Fig. 2~d!, this
incommensurate polycrystalline phase has substantial d
der. A disordered incommensurate phase has also been
served in monolayer krypton on graphite by Monctonet al.2

using synchrotron x-ray scattering method. We did not
serve an incommensurate single crystal, a glass or an inc
s.
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mensurate smectic phase at any of these bubble conce
tions.

A commensurate smectic phase forms as the bubble
centration is reduced further as shown in Figs. 2~e! and 2~f!.
This new phase is characterized by order alongx̂ but disor-
der alongẑ: the bubbles in each pinned row form a period
one-dimensional array, but the phases of one-dimensio
arrays in different rows are not well correlated. Within th
smectic phase in Fig. 2~f!, the relatively few dislocations
present have Burgers vectors oriented parallel tox̂. The
structure factor of the smectic phase in Fig. 3~f! displays a
series of diffuse vertical stripes, together with sharp pe
along theqz axis with half of the period for Fig. 3~a!, corre-
sponding to the periodic pinned rows of bubbles. This sm
tic phase is different from the one predicted by Balents a
Nelson,5 because the smectic order of the bubble array
along the pinning stripes in thex̂ direction, rather than along
ẑ. The experimental result is expected if the pinning poten
is stronger than the bubble-bubble interaction for the conc
tration corresponding to this smectic phase. Other evide
for moderate pinning is that the spacing between bubble
the same row is shorter than between bubbles in theẑ direc-
tion, as shown in Figs. 2~f! and 3~f!, and the absence o
possible incommensurate single crystal, glass, or incomm
surate smectic phases.

A transition from a commensurate smectic to a comm
surate triangular array occurs as the bubble concentratio
reduced, as shown in Figs. 2~g! and 2~h!. In the smectic
phase Fig. 2~f!, bubbles are compressed in rows along t
pinning lines; as the concentration is reduced, the bub
spacing within rows approaches the spacing appropriate f
commensurate triangular array in Fig. 2~g!, then exceeds this
spacing in Fig. 2~h! as the commensurate array is stretch
along thex̂ direction. In both Figs. 2~g! and 2~h! the array
continues to show disorder in the alignment of pinned ro
of bubbles. The structure factor in Fig. 3~g! shows peaks
corresponding to the commensurate triangular array with
fuse stripes corresponding to the disorder in row alignme
In Fig. 2~h! the dislocations no longer have a preferred
rection, and the disordered background in the structure fa
is diffuse. Comparing the commensurately pinned triangu
arrays in Figs. 3~h! and 3~a!, the low concentration triangula
array in Fig. 3~h! possesses twice the bubble spacing a
broader off-axis peaks. Finally, as the bubble concentra
is reduced further tor5421 mm22 in Figs. 2~i! and 3~i! the
array melts into a modulated liquid: the dislocations unb
into isolated disclinations as shown in Fig. 2~i!, and the
structure function Fig. 3~i! is a superposition of a diffuse
background with sharp peaks atqz562p/s and 64p/s
along ẑ, due to the pinning potential.

The phase transition between the high concentration c
mensurate triangular array in Fig. 3~a! and the commensurat
smectic phase in Fig. 3~f! is second order~or weakly first
order!, as demonstrated by the formation and smooth mig
tion of a diffuse peak in the structure factor alongẑ. Figure 4
plots the position of the diffuse peak vs bubble concen
tion, along with error bars indicating the full width at ha
maximum. Two diffuse peaks appear along theqz axis in
Figs. 3~b! when the bubble concentration becomes inco
mensurate. The positions of these peaks shift smoothly f
qz564p/s to qz562p/s as the concentration is reduce
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774 55JUNMIN HU AND R. M. WESTERVELT
as shown in Fig. 4. Abover57000 mm22 and below
r53500 mm22 the diffuse peak is absent and the array
commensurate. These data affirm that the commensurat
angular array to commensurate smectic transition takes p

FIG. 4. Smooth migration of the wave vectorQz of the diffuse
peak vs bubble concentrationr. The error bars represent the fu
width at half maximum.
W
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via the formation of a polycrystalline array in which the a
ray is locally rotated with incommensurate bubble spacing
discussed above. The smooth migration of the Bragg pe
agrees with theoretical predictions for krypton on graph
and layered superconductor systems.1,5 If one looks carefully
at Fig. 3, one also finds the appearance of two peaks aloẑ
at wave vectorqz562p/s, half the value for the initial high
concentration commensurate phase. These peaks arise
the period of the pinning potential rather than from any fi
order transition and are absent in Fig. 3~a! only because they
are forbidden by the symmetry of the high concentrat
commensurate phase.13
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