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High-precision, all-electron, full-potential calculation of the equation of state
and elastic constants of corundum

J. C. Boettger
Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545

~Received 12 August 1996!

The all-electron, full-potential linear combinations of Gaussian type orbitals–fitting function technique has
been used to perform high-precision total-energy calculations ona-alumina~corundum!. The calculations yield
zero-pressure lattice parameters that are in 0.3% agreement with experiment and symmetry-preserving elastic
constants that agree with experiment to within 5%. The bulk modulus and pressure derivatives of the lattice
parameters are also in good agreement with existing data. The calculated energies have been used to generate
an analytical equation of state~EOS! for corundum that should be valid up to at least 250 GPa. The fitted EOS
agrees with room temperature diamond anvil cell data up to 175 GPa to within the known limitations of the
experimental data. Thec/a ratio, band gap, and tetragonal shear modulus have been determined for pressures
up to 250 GPa. Thec/a ratio varies by less than 3% over the entire pressure range. For pressures above 150
GPa, the band gap changes from direct to indirect and the tetragonal shear modulus softens. The linear pressure
coefficient of the band gap is estimated to be 5.1 meV/kbar at zero pressure.@S0163-1829~97!03602-3#
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I. INTRODUCTION

Corundum~a-Al2O3; a-alumina! is of great technologica
importance both in its pure form~sapphire! and Cr-doped
form ~ruby! with applications in industrial areas includin
optics, electronics, and ceramics. Corundum is significan
geophysicists as an abundant crustal material. High-pres
physicists often use sapphire as a window material du
shock-wave experiments, while ruby is a standard pres
calibrant for diamond anvil cell~DAC! experiments. Be-
cause of these many applications, especially those relate
geophysics and high-pressure research, considerable e
has been devoted to measuring the equation of stat1–6

~EOS! and elastic constants7–9 of corundum. There also hav
been a number of lattice dynamical calculations devoted
the EOS and/or elasticity of corundum using various mo
potentials.10–17

Corundum poses a significant challenge to electro
structure theorists because of the complexity of thea-Al2O3
structure,18 which includes two formula units per primitiv
cell. For this reason, early electronic structure calculati
focussed on the electronic energy bands and optical pro
ties without any attempt to calculate the total energy.19 As
time has passed, however, computer technology and soft
have developed rapidly allowing successively more prec
electronic structure calculations. In 1991, Salascoet al.20 de-
termined all four lattice parameters for corundum by mi
mizing the Hartree-Fock total energy using the linear co
binations of Gaussian type orbitals~LCGTO! technique with
a rather small GTO basis set. In 1994, Ching and Xu21 used
the orthogonalized~frozen-core! linear combinations of
atomic orbitals~OLCAO! method to calculate the lattice pa
rameters and bulk modulus of corundum within the lo
density approximation~LDA ! to density functional theory
That same year, Marton and Cohen22 used the all-electron
full-potential ~LDA ! linearized augmented-plane-wav
1local orbitals~LAPW1LO! technique to calculate EOS’
550163-1829/97/55~2!/750~7!/$10.00
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for alumina in thea-Al2O3 and Rh2O3~II ! structures, assum
ing both lattices vary isotropically with pressure. It appea
that electronic structure calculations have not been applie
the elastic constants of corundum.

In the present investigation, the all-electron, full-potent
linear combinations of Gaussian type orbitals–fitting fun
tion ~LCGTO-FF! technique has been used to perform hig
precision LDA total energy calculations on corundum f
various combinations of the hexagonal lattice parametera
andc. Those energies were then fitted with analytical fun
tions to extract the lattice parameters, cohesive ene
symmetry-preserving elastic constants, and EOS. In the
section, the structure of corundum will be described. In S
III, the basis sets used and other technical details of the
culations will be discussed briefly. Results will be present
and compared with experimental data and previous calc
tions in Sec. IV. A few concluding remarks will be given i
the final section.

II. CRYSTAL STRUCTURE

The a-alumina structure is rhombohedral with two fo
mula units of Al2O3 in each primitive cell, and has
D 3d

6 (R3̄c) symmetry. The three primitive lattice vector
have equal lengths (aR) and are separated by equal ang
~aR!. The lattice may also be viewed as a hexagonal lat
containing six formula units per cell with lattice paramete
a andc, where thec-axis is the threefold axis of the primi
tive rhombohedral cell andc is the length of the primitive
cell along that axis.

The origin of the lattice may be chosen to be an invers
center. In that case, the four Al atoms in the unit cell lie
the c-axis with one pair of atoms above the origin and t
other below, and with the center of each pair at a distanc
0.25c from the origin. Each pair of Al atoms can be asso
ated with three O atoms located at the vertices of an equ
eral triangle centered on the midpoint of the line connect
the two Al atoms. The three O atoms that lie below the orig
750 © 1997 The American Physical Society
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55 751HIGH-PRECISION, ALL-ELECTRON, FULL- . . .
are rotated by 60° relative to those above the origin, ther
preserving the inversion symmetry of the lattice. Neighb
ing cells supply each Al atom with three additional O neig
bors, slightly farther away than the three nearest neighb
i.e., the coordination of each Al atom is approximately s
fold. The positions of all ten atoms in the unit cell can
specified with two internal parameters; the distance in u
of c from the origin to one of the Al atoms (u) and the
distance in units ofa from thec axis to each O atom~n!. A
more detailed description of the structure fora-alumina, with
diagrams, can be found in Wycoff.18

Under ambient conditions, the lattice parameters for
rundum are given by Wyckoff18 as aR59.691 bohrs,
aR555°208, a59.0008 bohrs,c524.572 bohrs,u50.352,
and n50.306. Although there have been more recent m
surements of these parameters,1,2 the newer values do no
differ significantly. Hence the Wyckoff values have be
used as the starting point for the present calculations.

III. TECHNICAL DETAILS

The calculations reported here employed the all-electr
full-potential LCGTO-FF electronic structure technique
embodied in the program package GTOFF,23 a generalization
of the 2D electronic structure program FILMS~Refs. 24 and
25! to include 1D and 3D periodicities. The LCGTO-F
technique is distinguished from other electronic struct
methods by its use of three independent GTO basis se
expand the orbitals, charge density, and LDA exchan
correlation~XC! integral kernels; here using the LDA param
etrization of Hedin and Lundqvist.26 The charge fitting func-
tions are used to reduce the total number of Coulo
integrals by replacing the usual four-center integrals in
total energy and one-electron equations with three-cente
tegrals; thereby allowing high-precision calculations on re
tively complex systems. The XC fit provides a simple y
sophisticated numerical quadrature scheme capable of
ducing accurate results with a rather coarse numerical i
gration mesh. The overall precision of any LCGTO-FF c
culation will, of course, be largely determined by th
selection of these three basis sets.

The orbital basis set used for the Al atoms was deriv
from the 11s7p atomic basis set of Huzinaga.27 The basis set
was first contracted into a 6s3p segmented basis set28 using
contraction coefficients determined from LDA atom calcu
tions. That basis set was then augmented with a singled-type
GTO with an exponent of 0.3, yielding a 6s3p1d orbital
basis set similar to those used in recent LCGTO-FF calc
tions on Al crystals29 and films.30 The orbital basis set for the
O atoms was derived in a similar fashion from Huzinaga’27

9s5p atomic basis set by contracting the primitive basis in
a 4s2p segmented basis, replacing the smallests-type expo-
nent with two exponents~0.3390762 and 0.15!, and aug-
menting the basis set with one additionalp-type GTO ~ex-
ponent 0.15! and oned-type GTO~exponent 0.3!; yielding a
5s3p1d basis. The exponents of the more diffuse GTO’s
the orbital basis sets were adjusted slightly during some
the calculations to avoid near linear dependencies due to
tersite overlap. Both of these basis sets are substant
richer than the 3s2p orbital basis sets used in the earli
LCGTO Hartree-Fock calculations.20
y
-
-
s;
-

ts

-

-

n,

e
to
-

b
e
n-
-
t
ro-
e-
-

d

-

a-

of
n-
lly

The D 3d
6 symmetry of thea-alumina structure ensure

that the only types of fitting function GTO’s allowed on th
Al atoms ~through l52! are s, pz , anddz221/2(x21y2) . For
the O atoms the allowed types can be reduced further
elimination of pz-type GTO’s. The charge fitting function
basis sets for all ten atoms included nines-type GTO’s~ex-
ponents: 900.0, 240.0, 80.0, 27.0, 9.0, 3.0, 0.9, 0.35, 0!
and two d-type GTO’s ~exponents: 0.9, 0.4!. In addition,
each of the six Al atoms was given twop-type charge func-
tions ~exponents: 1.0, 0.4!. The XC fitting function basis sets
for all ten atoms included sixs-type GTO’s~exponents: 80.0,
16.0, 3.8, 1.0, 0.35, 0.15! and twod-type GTO’s~exponents:
0.9, 0.4!. Once again, each Al basis was augmented with t
p-type XC functions~exponents: 1.0, 0.4!. The complete
charge and XC basis sets thus include a total of 118 and
primitive GTO’s per unit cell, respectively. The primitiv
charge~XC! basis functions were then contracted into
~18! symmetry adapted functions per cell; versus 194 orb
basis functions per cell. This ability to use symmetry to s
nificantly reduce the size of a calculation is one of the a
vantages of the LCGTO-FF method over more traditio
LCGTO methods.

All necessary Brillouin zone~BZ! integrations were car-
ried out via the histogram method on a uniform 43434
mesh with 13 irreduciblek points. For each calculation, th
self-consistent field~SCF! cycle was iterated until the tota
energy changed by less than 1mRy per atom.

IV. RESULTS

Given the computational resources required by each t
energy calculation for corundum, simultaneous optimizat
of all four lattice parameters is not a practical option at t
time. Previous calculations have addressed this problem
ther by optimizing each of the four parametersV, c/a, u, and
n independently, with the other three held fixed,20,21 thereby
obtaining the zero-pressure geometry, or by simply vary
V isotropically to determine the high-pressure EOS a
phase stability.22 A somewhat more ambitious strategy h
been employed for the current study.

In the first stage of this investigation, the parametersu
and n were optimized independently foraR59.7 bohrs and

FIG. 1. Calculated binding energies~Ry/molecule! and fitted
binding curves as functions of the internal parametersu and v of
corundum.
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752 55J. C. BOETTGER
c/a52.73. Total energies were calculated for five values
u, with n fixed at 0.306, and for five values ofn, with u fixed
at 0.352. Binding energies were then obtained by remov
atomic energies for O ~2149.049471 Ry! and Al
~2482.596646 Ry!, as calculated with GTOFF. Finally
those binding energies were fitted with cubic functions
determine the optimum values ofu andn; 0.352 and 0.306,
respectively. These predicted internal lattice parameters
identical to the accepted experimental values.1,2,18The calcu-
lated binding energies~Eb! and fitted binding curves for both
parameters are shown in Fig. 1. Since experimental da1,2

indicate thatu andn are both insensitive to pressure, the
internal parameters were fixed at their experimental val
throughout the remainder of this investigation.

The two remaining independent lattice parameters, h
chosen for convenience to beV andc/a, were varied simul-
taneously. Ten cell volumes ranging between 0.65 and 1
times the ambient volume were selected for considera
~1832.7677, 1777.7884, 1723.9197, 1671.1504, 1619.4
1568.8644, 1470.8396, 1376.9855, 1243.8259,
1119.5402; all in bohr3!. For each volume, electronic struc
ture calculations were carried out at four values ofc/a ~2.65,
2.69, 2.73, and 2.77 for the seven larger volumes and 2
2.65, 2.69, and 2.73 for the three smaller volumes!. Forty
binding energies~Eb! and electronic energy band gaps~Eg!
were generated in this manner.31 In the remainder of this
section, those results will be used to determine a numbe
properties for corundum.

TABLE I. Parameters for the generalized two dimensional cu
function @Eq. ~1!# used to fitE(a,c).

D30 20.302 042 95 D03 20.000 559 26
D21 0.008 650 35 D12 20.034 485 59
D20 0.941 267 60 D02 0.046 604 93
D11 0.122 372 77 D00 216.077 200 39
a0 9.007 386 00 c0 24.508 023 20
f
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re
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re

6
n
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A. Zero-pressure properties

To extract information about the low pressure propert
of corundum, the 20 energies associated with the five lar
volumes were least squares fitted to a generalized t
dimensional cubic function ofa andc with the form

E~a,c!5(
i50

3

(
j50

32 i

Di j ~a2a0!
i~c2c0!

j , ~1!

wherea0 andc0 are the values ofa andc at the local energy
minimum that lies within the range of the data. From t
variational principal,D10 andD01 must both be identically
zero. The ten nonzero parameters obtained from the fit
listed in Table I. The quality of the fit to the data is exce
tional, with a standard deviation of only 67mRy/hex-cell~11
mRy/molecule! out of a fitted binding energy range of 654
mRy/hex-cell, clearly indicating the numerical stabilit
achieved with GTOFF.

The internal lattice parametersu and n discussed above
and the external lattice parametersa, c, c/a, andV0 from the
cubic fit @Eq. ~1!# are compared with various theoretical an
experimental results in Table II. The theoretical values
clude results from the three electronic structure investi
tions discussed earlier20–22 and two lattice dynamica
calculations15 using the potential induced breathing~PIB!
method; one using the Thomas-Fermi~TF! approximation to
the electronic kinetic energy, and the other using the Ko
Sham ~KS! approximation. The experimental data includ
three sets of room temperature measurements1,2,18 and two
sets of 100 K estimates derived from the room tempera
results using axially resolved thermal expansion data.32 Axi-
ally averaged thermal expansion data ranging down to 2
suggest that the lattice parameters of corundum should
vary significantly between 20 and 100 K.33 The current lat-
tice parameter predictions are in somewhat better agreem
with the measured values than the earlier theoret
values.15,20–22 In particular, the internal lattice paramete
obtained here are in essentially perfect agreement with

c

ta from

ta from
TABLE II. Comparison of theory and experiment for the internal lattice parameters~u andn!, hexagonal
cell lattice constants~a andc; bohr!, c/a ratio, and zero-pressure volume~V0; bohr

3/molecule! for corun-
dum.

Source u n a c c/a V0

PIB ~TF! ~Ref. 15! 0.361 0.296 9.147 23.69 2.59 286.1
PIB ~KS! ~Ref. 15! 0.357 0.301 8.984 24.08 2.68 280.5
LCGTO ~Ref. 20! 0.354 0.304 8.955 24.61 2.748 284.88
OLCAO ~Ref. 21! 0.355 0.312 9.136 23.84 2.61 287.3
LAPW1LO ~Ref. 22! 282.0
LCGTO-FF ~Present! 0.352 0.306 9.0074 24.508 2.721 287.00
Expt. 293 K~Ref. 1! 0.352 0.306 9.0059 24.585 2.730 287.81
Expt. 293 K~Ref. 2! 0.352 0.306 8.9964 24.556 2.730 286.86
Expt. 293 K~Ref. 18! 0.352 0.306 9.0008 24.572 2.730 287.33
Expt. 100 Ka 9.0005 24.566 2.729 287.24
Expt. 100 Kb 8.9910 24.537 2.729 286.30

aValues at 100 K obtained from the room temperature data of Ref. 1 by applying thermal expansion da
Ref. 32.
bValues at 100 K obtained from the room temperature data of Ref. 2 by applying thermal expansion da
Ref. 32.
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55 753HIGH-PRECISION, ALL-ELECTRON, FULL- . . .
data, while the calculated zero-pressure volume lies betw
the two 100 K estimates. The largest discrepancy betw
the current results and the data is a small~0.3%! reduction in
the c/a ratio, which is still the most accurate theoretical r
sult to date. This level of agreement between theory
experiment is quite remarkable given the known tende
for LDA calculations to underestimate zero-pressure v
umes. One other, possibly related, exception to this gen
rule is crystalline Al, for which nonrelativistic LDA theory
and experiment are also in almost perfect agreement.29

The analytical form of Eq.~1! can be used to determine
number of additional properties of corundum via elas
theory. Three combinations of the six independent ela
constants can be determined from the second derivative
E(a,c), each associated with a symmetry-preserving dis
tion of the lattice;

C111C125
a0
2

2V0

d2E

da2
, ~2!

C335
c0
2

V0

d2E

dc2
, ~3!

C135
c0a0
2V0

d2E

dadc
. ~4!

Resolution ofC11 and C12 would require some symmetr
breaking distortion, such as a uniaxial compression perp
dicular to thec axis. One additional symmetry-preservin
elastic constant that can be derived from those already g
is the tetragonal shear modulus,

Ct5
1

6
@~C111C12!12C3324C13#, ~5!

associated with volume conserving tetragonal distorti
along thec axis.

The four symmetry-preserving elastic consta
(C111C12), C33, C13, and C

t obtained here are listed i
Table III, along with results from lattice dynamical calcul
tions using various model potentials10,11,13,14and two sets of
experimental values8,9 obtained under ambient condition
from vibrational response measurements. Once again,
current predictions are in better agreement with the data
are any of the earlier results. All of the calculated elas
constants agree with the measured values to within 5%, w

TABLE III. Theoretical and experimental values for fou
symmetry-preserving elastic constants of corundum; (C111C12),
C33, C13, andC

t ~in GPa!. ~LD5lattice dynamics.!

Source (C111C12) C33 C13 Ct

LD ~Ref. 10! 464 449 73 178
LD ~Ref. 11! 584.4 502.3 127.2 180.0
LD ~Ref. 13! 759.5 507.2 119.1 216.2
LD ~Ref. 13! 716.0 467.2 119.6 195.3
LD ~Ref. 14! 697 455 130 181
LCGTO-FF ~Present! 652.4 478.3 115.4 191.2
Expt. ~Ref. 8! 660.2 501.8 117.2 199.2
Expt. ~Ref. 9! 660.1 500.9 116.0 199.6
en
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the largest error being inC33. This level of agreement is
quite good for parameters that are determined from sec
derivatives of a fitted curve.

The symmetry-preserving elastic constants given in Ta
III can be used to generate three other parameters tha
routinely accessible with hydrostatic EOS measureme
thereby providing an independent test for the quality of
present results. As was discussed in considerable deta
Jansen and Freeman,34 the static-lattice bulk modulusB can
be calculated from

B5
C3~C111C12!22C13

2

~C111C12!12C3324C13
, ~6!

while the pressure derivatives of the hexagonal lattice c
stants are given by

a8[
d

dP S aa0D5
C332C13

2C13
2 2C33~C111C12!

~7!

and

c8[
d

dP S cc0D5
~C111C12!22C13

2C13
2 2C33~C111C12!

. ~8!

The values obtained here for these EOS related param
are given in Table IV, along with previous theoretic
estimates15,21,22and experimental data.1–3,5,6To avoid redun-
dancy, Table IV does not include values derived from elas
constants other than the present results. On the basis
carefull analysis of 16 experimental and theoretical values
B, including EOS and elastic constant measurements, Ri
et al.,6 concluded that the ‘‘best’’ estimate forB is 25361
GPa. The result derived from the cubic fit,B5248.7 GPa,
only differs from that estimate by 1.7%. The predicted pr
sure derivatives of the lattice constants agree with the exp
ments to the extent that the experiments agree with e
other.

B. High-pressure properties

Although the two-dimensional cubic function given in E
~1! provides a very good fit to the binding energy of coru
dum near the energy minimum, it cannot be expected to

TABLE IV. Theoretical and experimental values for the bu
modulus~B; GPa! and pressure derivatives of the lattice paramet
~a8 andc8; GPa21! for corundum.~Present values are from a cub
fit.!

Source B a8 c8

PIB ~TF! ~Ref. 15! 264 20.000 89 20.001 09
PIB ~KS! ~Ref. 15! 356 20.001 10 20.001 46
OLCAO ~Ref. 21! 242
LAPW1LO ~Ref. 22! 257
LCGTO-FF ~Present! 248.7 20.001 27 20.001 48
Expt. ~Ref. 1! 254.4
Expt. ~Ref. 2! 257 20.001 22 20.001 36
Expt. ~Ref. 3! 239 20.001 37 20.001 34
Expt. ~Ref. 5! 255.0
Expt. ~Ref. 6! 255
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754 55J. C. BOETTGER
the energies far from the minimum. For this reason, an al
native approach was used to extract the high-pressure
of corundum from the calculated binding energies. First,
four binding energies at each volume were fitted with a cu
function ofa to calculate the minimum energy andc/a ratio
at that volume. The electronic band gap for each volume
estimated by a simple linear interpolation. The cubic fit p
rameters were also used to obtain the tetragonal shear m
lus at each volume from the equation

Ct5
a0
2

12V0
Fd2Eda2G

V

. ~9!

The binding energies,c/a ratios, band gaps, and tetragon
shear modulii obtained in this fashion are listed in Table V
functions of volume. The hydrostatic EOS was then de
mined by fitting the energies in Table V with a modifie
version29 of the so-called universal EOS.35 The standard de
viation for that fit, shown in Fig. 2, was 0.1 mRy/molecu
versus a total energy range of 6022 mRy/molecule. Press
obtained from the EOS fit are listed in Table V for each
the volumes used in the calculations.

The four independent parameters of the modified univ
sal EOS can be chosen to be the zero-pressure values fo

TABLE V. Binding energy~Eb ; Ry/molecule!, c/a ratio, elec-
tronic energy band gap~Eg ; eV!, tetragonal shear modulus~Ct;
GPa!, and fitted pressure for each volume~V; bohr3!.

V Eb c/a Eg Ct P

305.4613 22.670 540 2.7303 5.38 186.7 213.28
296.2981 22.677 131 2.7260 5.74 187.4 27.26
287.3200 22.679 523 2.7211 6.13 189.5 20.28
278.5251 22.677 311 2.7159 6.51 197.7 7.79
269.9115 22.670 021 2.7104 6.90 204.4 17.05
261.4774 22.657 210 2.7048 7.30 218.9 27.67
245.1399 22.612 792 2.6934 8.12 267.0 53.59
229.4976 22.539 219 2.6853 8.97 329.4 87.02
207.3043 22.359 807 2.6720 10.20 439.5 155.3
186.5900 22.077 357 2.6584 10.53 469.2 252.7

FIG. 2. Calculated binding energies~Ry/molecule! and fitted
binding curve as a function of volume for corundum.
r-
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volumeV0, binding energyE0, bulk modulusB0, and pres-
sure derivative of the bulk modulusB08.

36 These EOS fit
parameters are listed in Table VI, along with results fro
other LDA electronic structure calculations21,22 and experi-
mental values from d’Amouret al.1 The EOS fit values for
V0 andE0 are in almost perfect agreement with the valu
obtained from the cubic fit. The only significant discrepan
between the two fits is in the bulk modulus; 243.8 GPa fro
the EOS fit versus 248.7 GPa from the more reliable cu
fit. The current fitted value ofB08 ~4.305! is in good agree-
ment with the measured value~4.275!;1 a particularly reas-
suring result given the important role played by this para
eter in determining the EOS at very high pressures.

The fitted pressure versus volume curve is compared w
300 K data1–6 in Fig. 3. For pressures up to about 20 GPa
data are fairly tightly grouped with small, systematic diffe
ences between the data sets that are most likely due to v
tions in either the samples or the equipment used. In this
pressure region, the fitted EOS passes roughly through
center of the data. For intermediate pressures, 20–60 G
all of the data are from two sets of quasihydrosta
experiments,5,6 which should provide an upper bound to th
300 K hydrostat. In this intermediate pressure region,
theoretical EOS consistently lies along the lower edge of
rather widely scattered data, as expected. The very hig
pressure points in Fig. 3~60–200 GPa! are from a series of
experiments that were conducted under nonhydrostatic c
ditions in an attempt to induce a crystallographic phase tr
sition in ruby.4 Thus, like the quasihydrostatic data, the hig
est pressure data should provide an upper bound to the 3
hydrostat, which in turn should be an upper bound to the 0
isotherm. Overall, the EOS obtained here from the para
eters in Table VI agrees with the experimental data to
extent that can be expected given the known limitations
that data.

Thec/a ratio and tetragonal shear modulus are plotted
functions of pressure in Fig. 4. TheP50 values forc/a
~2.72! andCt ~190 GPa! are both in good agreement with th
results found with the more precise two-dimensional cu
fit. Thec/a ratio in Fig. 3 is a steadily decreasing function
pressure that varys by less than 3% over the entire 250
range of the calculations. This nearly isotropic compress
is consistent with existing experimental data1–3 and with the
small difference between the pressure derivatives of the h
agonal lattice constants found here with the cubic fit; s
Table IV. The tetragonal shear modulus initially rises rapid
with pressure and then appears to level off byP5250 GPa. It
would be very interesting to learn whether or notCt eventu-

TABLE VI. Zero-pressure values for the volume~V0;
bohr3/molecule!, binding energy~E0; Ry/molecule!, bulk modulus
~B0; GPa!, and pressure derivative of the bulk modulus (B08) ob-
tained from the modified universal EOS compared with previo
electronic structure results and experiment.

Source V0 E0 B0 B08

LCGTO-FF ~Present! 286.99 22.679 436 243.8 4.305
OLCAO ~Ref. 21! 287.3 242 3.24
LAPW1LO ~Ref. 22! 282.0 257 4.05
Expt. ~Ref. 1! 287.81 254.4 4.275
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ally begins to decrease with pressure, in which case the
cell might begin to distort rapidly.

The calculated fundamental band gap for corundum
plotted as a function of pressure in Fig. 5.~The complete

FIG. 3. Calculated pressure versus relative volume curve c
pared with 300 K data from Ref. 1~circle!, Ref. 2 ~square!, Ref. 3
~diamond!, Ref. 4~plus!, Ref. 5~triangle!, and Ref. 6~star!; ~a! low
pressure region;~b! high pressure region. The reference volume
the room temperature volume from Ref. 1.

FIG. 4. Calculatedc/a ratio ~solid circles! and tetragonal shea
modulus~open circles! versus pressure for corundum.
nit

is

band structure is not shown here because of the mini
number ofk points sampled in the BZ.! At zero-pressure the
present calculations yield a 6.14 eV direct band gap at
center of the BZ versus an experimental room tempera
gap of 8.8 eV,37 also at the zone center. This 30% undere
timate of the band gap is typical for LDA calculations and
consistent with an earlier OLCAO calculation.21 For pres-
sures up to 150 GPa, the band gap remains direct and
creases steadily to about 10.2 eV. ByP5250 GPa, the band
gap becomes indirect to a conduction state at the edge o
BZ; thereby accounting for the deviation in the curve b
tween the two smaller volumes. This shift from a direct ba
gap to an indirect gap may signal the onset of a reorderin
the energy bands in corundum,38 which could also accoun
for the softening of the tetragonal shear modulus in the sa
pressure range. Inspection of all forty calculated band g
revealed that, for all of the volumes considered, the band
decreases under uniaxial compression along thec axis with
the volume held fixed. Although the band gap itself is und
estimated in LDA calculations, the pressure derivative of
band gap is often quite realistic.39 From the band gaps an
pressures listed in Table V, the linear pressure coefficien
the band gap is estimated to be 5.1 meV/kbar atP50.

V. CONCLUSIONS

The LCGTO-FF calculations presented here for corund
have produced a number of predictions that are in extrao
nary agreement with the existing experimental data; incl
ing 0.3% agreement for all of the lattice parameters and
agreement for the zero-pressure elastic properties. This l
of agreement between theory and experiment establishes
rundum as one of the few materials that do not exhibit a
LDA-induced lattice contraction for nonrelativisti
calculations.29 In addition, this level of agreement with ex
isting data lends plausibility to the predictions made here
properties that have not yet been measured. Thus, much
fort has gone into extracting physical properties from t
calculated values ofEb andEg . These include zero-pressur
values for the bulk modulus, the pressure derivative of
bulk modulus, the pressure derivatives of the hexagonal
tice parameters, and the linear pressure coefficient for

-

FIG. 5. Calculated electronic energy band gap versus pres
for corundum.
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fundamental energy band gap. An analytical EOS has
been generated from the calculated energies and has
used to determine the pressure dependences of thec/a ratio,
band gap, and tetragonal shear modulus. In the 150→250
GPa pressure range, the band gap goes from direct to ind
and the tetragonal shear modulus shows signs of soften
Both of these effects could be due to the onset of a pres
induced reordering of the energy bands in that press
range.

In spite of the great success achieved here in determi
the properties of corundum, the calculated results contai
wealth of information that has not yet been extracted due
limitations of the analytical functions used to fit the data. F
example, in the low-pressure region, the two dimensio
cubic fit @Eq. ~1! and Table I# should be substantially mor
.

,

y

ar
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e
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so
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ect
g.
re
re

ng
a
to
r
l

accurate than the universal EOS fit~Table VI! and allows a
description of nonisotropic distortions of the lattice. The c
bic fit however is only valid near the energy minimum a
thus can not be used to determine the high-pressure pro
ties. One way of avoiding these limitations would be to u
the calculated data31 to develop model potentials for Al an
O, which could then be used to predict additional propert
for corundum. Such an effort, however, lies well outside t
scope of the current investigation.
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