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Energy states of a hydrogenic atom placed between two metal slabs
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We have derived expressions for the self-energy of a hydrogenic atom placed in the cavity formed by two
semi-infinite metal slabs. The excitations of the metal surfaces are described in terms of the surface plasmon
modes and the atom is assumed to interact with these modes. The self-energies are obtained $artie 10
14S excited states of the atom. The earlier calculations of the self-energy are based on the dipolar approxima-
tion but we show in this paper that when the gap size is sufficiently small, the multipolar interactions can
exceed the dipolar contribution. We consider the case when the atom is placed at the center of the gap and
obtain the variations in the self-energy when the gap size is vdi$%1.63-182807)05008-X

I. INTRODUCTION calculation of the self-energy takes into account the effect of
the recoil of the electron as it emits a virtual plasmon. The
For the understanding of various processes such as thedfect that is strong near a metal surface makes the electron
scattering of atoms by a surface, surface catalysis, or thself-energy dependent on its velocity. Manson and Rifchie
atomic adsorption, it is important to know the variation in thewere the first to propose this direct and relatively simple
interaction energy of the atom as a function of the distancenethod for calculating the self-energy. Several authors have
between the atom and the surface. Although the subject hastended Manson and Ritchi&’spproach to calculate the
been studied both experimentally and theoretically over theelf-energies for specific situations. For example, Mahanty,
past century, there is a renewed interest in the field in théathak, and Paranjapehave considered the effect of plas-
past decade as a result of advances in the mapping of a solidon dispersion on the electron self-energy while others have
surface by means of the scanning tunneling and the atomi@applied the formalism to calculate the self-energy of the hy-
force microscopes. These advances have made it possible doogenic atorfr’ in the vicinity of a metal surface. Manson
make more detailed measurements than possible before comnrd Ritchie’d method, although elegant, is based on the
cerning the growth, orientation, and motion of atoms near glasmon model, which treats the electron gas as a charge
surface. With the increase in the quality of experimentscontinuum. Hence the self-energy obtained using this ap-
there is now a greater need to obtain numerical estimates giroach is valid when the distance between the charged par-
the self-energies of the atom near surfaces. It is the object dicle (or the atom and the metal surface is greater than the
the present paper to propose an approximate method for olmterelectron distance of the metal electrons. The method has
taining the self-energy of a hydrogenic atom placed betweeprovided excellent results for the self-energy for distances
two parallel metal plates. Numerical estimates of the selfgreater than a few angstroms from the surface and provided a
energy of the atom are obtained when the atom is at theeasonable estimate for the self-energy at closer distances.
center of the gap and when gap width is varied. We als®\lthough we continue to use the plasmon model in this paper
obtain the self-energy of the atom near the center of the gapve propose a simpler and approximate method to calculate
A charge neutral atom is attracted to a metal surfacehe self-energy than given by the Manson-RitéHiermal-
through a force known as the van der Waals force. The poism. Our approach does not take into account the atomic
tential energy that leads to this attraction is a consequence oécoil and therefore the velocity-dependent effects are ne-
correlated electronic polarizations induced in the atom and iglected. In spite of its approximate nature, our method gives
the metal surface. The calculation of the interaction energy ithe essential features of the self-energy reasonably well.
a many-body problem because of the presence of a large We select for our investigation a hydrogenic atom since it
number of electrons in the metal. It is convenient and usuallyepresents the simplest atomic system in which numerical
sufficient to study the many-body aspects of the interactiortalculations are relatively easy. We describe the atom in
by describing the excitations of metal electrons in terms oferms of a valence electron in the presence of a single posi-
their collective motion called the “plasmons.” Making use tive charge comprised of the charge of the nucleus and the
of this description, Manson and Ritchieave developed a charge of the core electrons. We also assume that the main
self-energy formalism that allows one to obtain the position-interaction of the hydrogenic atom is with the surface plas-
dependent self-energy of a charged particle near a metal sumons and its interaction with the bulk plasmons is neglected
face. The significant feature of this formalism is that theon the assumption that the atomic wave functions would not
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overlap significantly with the metal electrons. In order toHinds, and Haroch& The two metal plates are assumed to
establish the theoretical framework for this paper we expresbe parallel to each other and the separation between them is
the interaction Hamiltonian for a hydrogenic atom interact-taken to be a few micrometers. These authors estimate ex-
ing with two parallel metal surfaces by straightforward ex-perimentally the changes in the energy states of a sodium
tension of the Hamiltonian used for a single charged particl@tom placed at the center of the gap. The energy shifts are
used in the previous publicatiofis* The Manson and o©btained for excited states of the sodium atoms with the
Ritchie! approach is mainly useful for atoms with a low radial quantum numbers varying from=10 ton=13. The
atomic mass such as the positronigan for an electronin expe(lmental resu[ts apalyzeq by_ these authors make use of
the dipolar approximation, which is adequate because of the
Ilarge size of the gap considered in the experiments reported
by Sandoghdaet all?
The plan of the paper is as follows. In Sec. I, we develop

the interaction Hamiltonian for a hydrogenic atom enclosed

etween two parallel metal surfaces. We introduce a unitary

ansformation in which the Coulomb interaction between

e two charges is transformed to include the effect of the
|é1teracti0n of the atom to the surface. We derive the expres-

electron and the positively charged atomic core is altered fon for the §elf—energy .Of the hydrogenic atom t.)y treating
a result of the interaction between the atom and the surh'€ renormalized potential energy as a perturbation. In Sec.

face. We derive the renormalized Coulomb energy using é”’ we 'aplply }he tr;eort)r/] of thlfe prewousfsﬂe}chon t? 3btf"? thef
unitary transformation. The transformation, introduced bynumerlca values for the sefi-energy of the excited states o

Platzman2 was used earlier by him to evaluate the self.the sodium atom. The numerical results are also discussed.

energy of a bound polaron in which the electron is couplec1conCIUd'ng remarks are made in Sec. IV.
simultaneously to an attractive Coulomb potential and to the

potential induced by the three-dimensional polar modes of Il. THEORY

the lattice. The situation considered by Platzias similar .
to ours. In the present calculations the polar modes consid- We descrlb(_e our sy_stem as follows. Let the metal slabs
ered by Platzma# are replaced by the plasmon modes. Us-occupy the regions defined b3 >L, where the center of the

ing Platzman’s transformation, we are able to express thd2P '? selgcted da_ls the Ol’lgg] of;hel:oordmr?te. Ehe gap 1s
changes in the potential energy of the atom. Treating th&1€réfore & and is assumed to be larger than the atom size.

change as a perturbation and using the first-order perturb he cr(]antelr of mass of t?e atpm :js kept well W'th'r.] thle 9ap ISO
tion theory, we obtain the shifts in the self-energy of a hy-[1at the electron wave function does not excessively overlap

drogenic atom as a function of position and as a function the metal_ electrons. . . .

the gap size. We wr!te_the Hamiltonian representing a hydrogenic atom
The presence of two surfaces requires a change in th@laced within the gap as follows:

usual plasmon model. The surfaces that are in close proxim- )

ity introduce a coupling between the uncoupled plasmon _ Pn Pe

modes present in each of the surfa€es.The coupled plas- H= 2m. 2m, Hmetart Hint ™ [ri—r,|

mon excitations can now be expressed in terms of symmetric

and antisymmetric plasmon modes. The use of the couplegthere

modes in the calculation of the self-energy of a charged par-

ticle was reported in earlier publicatioft$.The calculation

of the self-energy of an atom, proposed in this paper, is an H meta™ > ﬁwa,k[a;kaa,kJr(l/Z)]. 2

extension of this work. The proposed research is motivated e

by the intense research interest in the study of an electron

an atom, enclosed in restricted spaces such as cavities

placed in various heterostructures.
When the gap between the metals is large, an estimate f

the self-energy of the atom is obtained, by assuming that the

spread in the atomic wave functions is significantly smaller o e t

than the gap size. In this case, it is reasonable to make use of Hint e;’k I x(zr)expik-Ry)(a,, —+aqk)

the dipolar interaction between the metal and the atom. On

the other hand when the gap is comparable to the size of the ; t

atom, the dipolar approxi?na?tion is irl?adequate and the mul- +eaz,k Fax(Zo)explik-Ro)(@q it 8ap)- (3

tipolar interaction of the atom with the surfaces must be

taken into account. It is the main feature of the present papdn Egs.(1)—(3), —e is the charge of the valence electreris

to obtain the self-energy of a hydrogenic atom taking intothe effective charge of the rest of the ataes =1 where the

account multipolar interaction of the atom with the surfacesplus sign refers to the symmetric and the minus sign to the
A first direct experimental observation of van der Waalsantisymmetric mode of the surface plasmop=(R;,z;) and

interaction between a sodium atom moving between two mer,=(R,,z,) are, respectively, the three-dimensional coordi-

tallic plates was achieved recently by Sandoghdar, Sukenilyates of the electron and the ion, which are assumed to be

which the recoil effects are significant. On the other hand
the atoms considered in this work have significantly large
mass in comparison with a positronium atom and therefor
the velocity-dependent effeétare weak and therefore ne-
glected. In spite of the differences in the two approache
both have many common features and when the recoil effec
are neglected they would give the same self-energy. Th
main features of our approach are as follows: We show i
this paper that the Coulomb energy between the valenc

2 e2

()

(ll—rpllowing Sols and Ritchfewe expressH;,, the Hamil-
nian representing the interaction between the atom and the
(5Tr1etal surfaces, as
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within the gap so that- L<z<+L wherez stands for both pﬁ pg @2
z, and z, and the factorl’,, ,(z) is the coupling constant H‘:2m ﬁ_| — |+E fwak
defined as follows: n e 2
x[af @q it Fhifaict (112)]. (12
Fa,k(z):ga,k(Z)Na.kr (4) .
Substituting the value of ,, from Eq. (11) into Eq. (12)
where givesH, as
Ja(2) =€+ ()€, (5) 22 ,
Hy=or e +2 hoglal a,+ (12
N2 ﬁwa’k (6) t 2mn 2me | _r2| 2 k[ a,k k ( )]
ak= T Sp a2kl N
* T 2AkE  ta) FV1(21) +Vo(2) + V(21,22 R1.Ry), (13
and
where
20f ,= wi(1+ae” ). 7
ChaepliTae T " N YEATK
Vi(z)=—€?y, —— (14)
v, represents the two coupled plasmon modes. When ok hogk
2kL<1 the effect of the coupling is large and two distinct
plasmon modes, one symmetric and the other antisymmetric, B 22 |Fa,k(22)|2
are given by Eq(7). The coupling decreases whekl12>1 Va(zp)=—e S hogk (15
and the two coupled mode frequencies merge into the com- ’
mon value(w3/2)"2 and
We now mtroduce the Platzmntransformation to re-
write the Hamiltonian. The unitary transformation is defined
by Va(z:.22.R1.Rp) =262, exilik- (Ry~Ry)]
U=exp( > (far@ax—f* @l o, (8) XUy (z2)T o (Z) hwy . (16)
K,a ’ ’

wheref,  is a parameter whose value is determined by thé/1(z;) andV,(z,) are respectively the self-energies of the
need that the transformed Hamiltonian can be given a simplglectron and of the nucleus arising from its interaction with
interpretation. It is straightforward to obtain the relationshipthe metal surfacev,(z;), as expected, depends on the sepa-
ration of the electron from the surface and is independent of
its planar coordinate. It represents the self-energy of the va-
U la, U—a, +f,. (9) Ier_u:_e electron (_)bt_ai_ned by §umming the potential energy
’ ' ’ arising from the infinite set of images formed by the electron
in the metal. Similarly,(z,), for the nucleus, has the same
The transformed HamiltoniaH, is defined by interpretation a8/,(z;). V5(21,2,,R1,Ry) corresponds to the
interaction energy of the electron interacting with the images
of the nucleus and the energy of the nucleus interacting with
H.=U HU (10) the images of the electron. It depends not only on the sepa-
¢ . i .
ration of the charges from the surface but also on their planar
separation. The effective potential energy of the atom can

We now ascribe a value th, , such that in the transformed NOW be expressed a8(z;,2;,Ry,Ry) such that

Hamiltonian terms linear ira,  and aak are eliminated.
This requires that the value éf, x be 2

e
V(ZlaZZaRlaRZ):m

e .
ﬁwa,k [exq_lk‘Rl)Fa,k(Zl) +V3(211221R11R2)1 (17)

+Vi1(z1) +Va(2p)

fa,k:

—exp(—ik-Ry)T', k(22)]. (11

where the first term on the right-hand side is the bare Cou-
The transformed Hamiltonian contains two main changestomb energy between the two charges and the last three
Hmeta IS altered and the change can be expressed as a shiftiarms arise as a result of the interaction of the charges with
the zero-point energy of the surface plasmons. The changélse two surfaces.
in the kinetic energies of the electron and the nucleus also We now define the coordinate of the nucleus as=2,
occur but they lead to the velocity dependent effect on thevhich corresponds to the approximate position of the center
self-energy which we neglect. The transformed Hamiltoniarof mass of the atom and define the electron coordinate with
is expressed by respect to the nucleus as=Z+z.
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Substituting Egqs(4)—(7) into Egs. (14)—(16) and com-

pleting the angular integration, we write

Vi(Z'+7)= cost{(k'L")[(Z"+2')IL']}

—e? [
L Jo
. sintf?{(k'L")[(Z'+2')/L"]}

2sinhk’L")
Xexp(—k’'L")d(k'L"),

2 cosltk’L")

wherek’, L', andz’ are dimensionless quantities defined in
terms ofa, which is related to the spread of the electron
wave function and has the dimension of length. The precise

(18)

value ofa will depend on the state of the atom and will be
defined later. Thusk’=ka, L'=(L/a), Z'=(Z/a), and

z'=(z/a). Similarly

100000

cost[(k'L")(Z'/L")]

Vao(Z))=— fo

2 costik’L’)

2sinik'L")
X exp(—k’L")d(k'L")

sinhz[(k’L’)(Z’/L’)]}

and

Va(21,25,[R1=Ry)

2e? (=
=T J Jo[(K'L")(JR1—R,|/L")]
0

X[ cosh(k'L")(zy/L")]cosh (k'L")(zy/L")]

2 cosltk’L")
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FIG. 1. The variation of the self-energy ex-
pressed in terms of a frequency shift as a function
of the gap width for the 18 state of the sodium
atom placed at the center of the gap. The self-
energy given by the full line uses the dipolar ap-
proximation while the dashed line contains all

(19

FIG. 2. The variation of the self-energy ex-
pressed as a frequency shift as a function of the
gap width for the 18 state of the sodium atom
placed at the center of the gap. The self-energy
given by the full line uses the dipolar approxima-
tion while the dashed line contains all multipolar
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sini (k'L")(z;/L)]sinH (k'L")(z5/L")] We now consider the limiting case for the self-energy
+ 2 sint(k'L") using the dipolar approximation. Assume that the nucleus is
at the center of the gap so tha&0. In the dipolar approxi-
xexp(—k'L")dk'L". (20 mation, we expand’s in Egs.(18)—(20) in powers ofz and

_ _ and of |R;—R,| and retain up to quadratic terms mand
In Eq. (20), Jo is the Bessel function of order zero. |R,—R,|. Substituting the approximated expressions into Eq.

As remarked earlierV,(Z') is the self-energy of the (53 anq after some lengthy algebra we get the well-known
nucleus and hence corresponds to the result obtained by Sqlsq it used in the analysis of Sandoghdaral, 2

and Ritchi€ when the dynamical effects from their work are
removed. For confirmation, we perform the integration in Eq.

7\[e?
(19 to get AE,=— E) (F) Z(3)(n|r?|n), (24)
V,(Z)=—(e?/8L)[ 2y 1} — {(1/2)+ (Z/2L)}
B _ where((3)=1.2 is the Riemann zeta function. In E§4) the
Yl(12) = (ZI2L)}], @D effect of the quantum defect is introduced by replaainiy
where n* =(n+1.35). The expressiof24) is a reasonable approxi-
. mation if the gap is much larger than the size of the atom. In
N dt ,p  the experiments reported by Sandogheleal 1° the gap is of
Yly)= 1—e t 7T (22) the order of a micrometer, which is more than 500 times the
0

size of the tenth quantum state of the sodium atom. Thus the

We can also obtain the corresponding expression fo(ise of the approximate result given by E2) is appropriate
V1(Z+2z), the self-energy of the electron. in the work of Sandoghdaet al*®

The shift AE in the energy of the atom is obtained by  we have obtained the changes in the self-energy of the
using the first-order perturbation theory. We note that thesjectron without making the dipolar approximation in Eq.
self-energy contains second-order contributions in the inter¢23). The theoretical expression is therefore valid even when
action potential but our use of the transformed Hamiltoniargap widths are Comparab|e to but approximate]y greater than
allows us to express the self-energy as a first-order change tRe atomic size. The numerical results with and without the
the perturbation. For theth radial quantum state of the atom dipo]ar approximation for the excited states of the sodium
the shift in the energy is given by atom at presented and discussed in the following section.

AE,=(n|V(z;,2,,R;,R5)|n). (23 lll. RESULTS AND DISCUSSION

We have evaluated numerically the changes in the self-
For a givennS state, the exponential decrease in the waveenergy of the electron using E®3), which includes multi-
function is proportional to exp-2r/nay) where a, is the  polar interaction of the atom with the surface for the two
Bohr radius. The value o that was introduced in Egs. excited states of the sodium atom corresponding to the radial
(18)—(20) can now be specified as=nay/2. The definition quantum numbersi=10 and 14. We have considered the
of a is made purely for computational purposes in obtainingcase in which the center of mass of the atom is located at the
the average value of the self-energy in E2P) for a given  center of the gap. The gap width between the two metal slabs
state of the atom. is allowed to vary. The changes in the self-energy expressed
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as a change in the frequency shift=(AE/h) are shown in IV. CONCLUDING REMARKS

Fig. 1 forn=10 and in Fig. 2 fom=14 with the doted lines Our numerical results show that the potential energy of
using Eq.(23) and the full lines using the dipolar approxi- the atom is attractive toward the surface and that it decreases

mation. Forn=10 the changes in the self-energy using the . ; i
dipolar approximation and considering the multipolar inter-2> the width of the gap is reduced. The decrease in the self-

=3
actions are close to each other when the gap width exceede 'Yy follows the. * dependence on the gap based on the

40 i but e the Gap 1 smaller than 40 i the seiIPor SPPIOKITallr bl e dependence s much sronge
energy given by multipolar interaction exceeds significantly P

d : ) . ortant. The expression for the potential energy given by Eq.
the value obtained using the dipolar approximation. FO'%L?) contains in addition to the Coulomb energy three more

g;plfstgilgsvp%gu;e;_ bgg;@”ﬁ;?&;ﬁg?gﬁgwrfrv(;lrme?h?erms. The first two terms refe_r to the potential energies of

fact that the effect of the multipola_r excitations would be g]ned %l:gggg ggghg]zegi?aet?osnIgftgzcﬁrferZ%]?ﬁeogutr?Zczl_jg%iﬁ
710 excied state. 1t should be poticed that the size of tl125€ (1S ave rise to an attractve force towards the sur-
atom forn=10 or forn=14 is st smaller than the gap 2% 1C 0 S08 SRR D e e
widths considered in Figs. 1 and 2. Although the figures lectron and the nucleus. The third term in E17) depends

show the self-energy for extremely small gaps, we should b%n the separation between the electron and the nucleus in the

cautious with the use of perturbative theory for widths below lane parallel to the surface and also on the separations of
15 nm for the case of the Fostate of the atom and for Fhe chaF\)r es from the surface. The latter otential—gner term
widths less than 30 nm for the $4state. For these small 9 ; : P gy

can produce a repulsion between the electron and the nucleus

gaps the perturbation theory may not be fully justified. In T . .
Fig. 3, we have plotted the variation of the self-energy as thgnd. t_he repulsion INCreases as the width IS decregsed._ Ata
Sufficiently small width the force of repulsion can in prin-

position of the center of the atom is varied within 2 nm from . . . o
the midpoint position. for the gap of 42 nm and for thes14 ciple exceed the Coulombic attraction. This will cause the
h b : 9ap atom to ionize within the gap. This qualitative picture may

state of the sodium atom. The potential energy is nearly COMe approximately correct but such conclusions are not evi-

stant within a distance of about 1 nm on both sides of thedent in our calculations since the ionization is expected to
center. This feature is similar to the one obtained by San- P

doghdaret al 3 for the 18 state of the sodium atom for the occur at extremely small gap widths where our theory would

gap of a micrometer with the important difference that thebreak down mainly because the perturbative treatment will

region of approximately constant potential energy in the cal—nOt hold.
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