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k-p theory of the Franz-Keldysh effect
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We use thek-p formalism to calculate Franz-KeldydlrK) absorption spectra in direct-band-gap 1lI-V
semiconductors. This method allows us to include band anisotropy and nonparabolicity as well as band mixing.
With k-p models of various complexity, we investigate how these phenomena influence the main features of
the electroabsorption using GaAs as an example. We show that the dependence of the FK absorption on the
polarization of the incoming light can be understood in analogy to quasi-two-dimensional systems by mostly
decoupled heavy- and light-hole bands involving the anisotropy of the bulk-momentum matrix elements. On
the other hand, the FK absorption tail and the periods of the FK oscillations are mainly determined by the
realistic energy dispersions of the bands. We discuss the applicability and the limits of simplified models and
demonstrate that for most cases the field-induced interband mixing is negligible in comparison with the
zero-field coupling of the bands. As an application, we show the consequences for the widely used method to
determine the electric field from the FK oscillation periods measured by absorption or photoreflectance ex-
periments. Most of the basic features have been observed in experiments. The qualitative details are of general
validity. [S0163-1827)00707-9

[. INTRODUCTION In order to get quantitatively correct spectra the Coulomb
interaction cannot be neglected. This was pointed out by
The influence of a homogeneous electric fi€lcbn the  Dow and Redfieldand Blossey.They gave exact numerical
optical properties of a semiconductor is one of the basisolutions of the problem based on the EMA with isotropic
problems of optoelectronics. Although the potential-energyeffective masses. A semiempirical approach that is able to
term eF-x has a very simple form, attempts to develop aaccount partially for the carrier-lattice interaction, band an-
realistic picture of the situation including all aspects of crys-isotropy, lifetime broadening and surface effects in addition
tal physics have to use certain approximations and progrese the Coulomb interaction was proposed by Redsing an
was only gradually achieved. expression that mainly consists of a convolution of the zero-
In 1958, Franzand KeldysR used the isotropic effective- field absorption(including those effecjsand a broadening
mass approximatiofEMA) to show that the influence of an due to the field-induced changes expressed in terms of Airy
electric field leads to an exponential tail of the absorptionfunctions, he achieved satisfactory agreement with experi-
coefficient of a direct semiconductor for photon energiesmental results. Comparisons with experimental data were
fiw smaller than the gap enerdy;,. The reason is that the also given by Galbraith and Ryvkif,who further refined
Bloch states of the unperturbed crystal become coupled
along the direction of the field. The resulting states decay
exponentially into the gap region and oscillate within the
bands(Fig. 1). Therefore, the absorption coefficiea{ w), €
which is proportional to the square of the overlap between
the electron and hole states, exhibits the above-mentioned
exponential tail forhiw<Ey and the well-known Franz-
Keldysh(FK) oscillations around the zero-field spectrum due
to interference of the oscillating parts of the states for
fio>E4. The exponential tail, as well as the periods and
amplitudes of the FK oscillations, increases whth
In the late 1960s Aspné$ greatly improved the under-
standing of the FK effect. He expanded the work of
Tharmalingam and Penchinwho had calculated the elec-
troabsorption in direct and indirect semiconductors, respec-
tively, in terms of Airy functions, assuming an isotropic me-
dium. The Airy functions are the solutions for electrons and
holes in the presence of a uniform electric field in the EMA
envelope-function formalism. Aspnes obtained closed-form
expressions for the FK absorption in the vicinity of all kinds
of critical points of the combined density of statds; FIG. 1. Schematic drawing of conduction- and valence-band
(i=0,1,2,3), for anisotropic effective masses and arbitrarilyedges, the envelopes of typical FK eigenstates, and possible optical
oriented fields. transitions of a semiconductor in a homogeneous electric field.
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dependence of thd-p Hamiltonian, reflecting the non-
spherical symmetry of the crystal, the polarization depen-
dence of the absorption is implicitly taken into account.

Sheen and Polldk deduced a formula from the EMA
expressions for the electroabsorption that allows one to de-
termine either the electric fieldf the reduced effective mass
p* is known or the reduced effective masi the field is
] given from the positions of the extrema of the FK oscilla-
GaAs ] tions. The pronounced nonparabolicity of conduction and va-
] lence bands, however, makes it dubious whether it is really
] possible to use this relation to deri¥eor u* from experi-
Luttinger | 1 mental FK spectra. Our calculations prove that a slightly
] modified relation still holds in spite of the deviations from
the parabolic EMA dispersions in those energy regions
where the oscillations occur.

Since the excitonic interaction is neglected in our calcu-
lations our spectra will not give absolute evidence about ab-
sorption strength and the absorption edge will be reproduced
incorrectly. Nevertheless, the effects of band mixing are
mostly insensitive to this since the additional isotropic Cou-
lomb potential primarily changes the states closego Thus

062 01 00 0.1 02 it should not essentially affect our results, which are focused
«[l111*k T k *[002] — on the spectral regions “far'{i.e., many exciton Rydberg
energies awayfrom Eg.

FIG. 2. Conduction- and valence-band dispersions of GaAs, cal- In Sec. Il the basic theoretical concepts of thep ap-
culated within the &8 k-p model, the Luttinger model, and the Proach and its numerical realization will be presented. In
EMA B. Sec. 1l we will show typical FK spectra obtained from our

calculations and compare them to EMA and zero-field results
Rees’s model, and by Lindest al,'* who focused their at- in order to explain the changes induced by the realistic band
tention on the importance of excitonic effects with regard tostructure. Afterward, the influences of the features included
a quantitative description of the effect. in our calculations are studied in detail, first the nonparabo-

In order to obtain closed-form expressions for the FK abdicity effects and second the polarization dependence.
sorption at photon energies above as well as begw all
approaches so far used the EMA, i.e., they assumed decou-
pled parabolic bands. In most direct semiconductors this is Il. THEORY
only a crude approximation to the actual band structure. In A. Coupled-band FK eigenstates
such materials the light- and heavy-hole bands are degener- . .
ate at the valence-band maximum and the interaction be- Th? k-'p method IS a well-known to0l 10 '”C'“d? band
tween states of different bands causes distinct nonparabolic‘i:-oLjpllng Into _calm;la:;uons of tlh: balnd structure. It 'Sf g?ser?
ties, especially in the lowest conduction and the "ght'hOIG?unnztri]oiXspi?]ntﬂgr:/i?; ir:ite gp;wsiti]-sarrr]::r;[gtr;lan(;?nirggsthoe Br(ijl?
band, and strong warping of the heavy-hole b&fdFig. 2). loui Th h tﬁ . tgd yt' fy P Il set of .

Initial efforts to take into account the complex structure of ouin zone. Through the infroduction ot a small et ot semi

the fourfold degenerate valence bands in diamond and zince-mplrlcal parameters, high accuracy with respect to energies

blende crystals were made by Keldyshall? Their results and the explicit shape of the wave functions can be achieved.

include the coupling between light- and heavy-hole bandsSince the direct absorption in semiconductors such as GaAs

but are valid only for photon energies far bel@y. For this i'n\{olves only states close to thepoint, this method' s weII'
spectral region the authors give estimates about the depeﬁl—mEEOI to calculate the states for the FK absorption, taking

dence of the absorption coefficient on the orientation of thénto account all aspects of the realistic dls_persmn, I.e. non-
polarization vectore of the incoming light relative to the parabollc!ty, band mixing, and effects_of anisotropy. Follow-
direction of the applied electric field ing the lines of Kan¥ for transferring the unperturbed

Thek-p Hamiltonian as introduced by Katierepresents single-particle lattice Hamiltonian
the realistic coupled band structure in the vicinity of the
point in the absence of a perturbing potential. Using this h
Hamiltonian in thek-space representation of the FK problem Ho=5m Ve + gzl oxXVVel-p - (1)
(without the Coulomb interactignleads to a system of

coupled Qifferential equations ffom which, as we Wi!l show, from the real-space representation to kh@ representation
the FK eigenstates, as the basis for the determination of thew.p i straightforward to do the same for the potential

absorptlo_n cqeffluentz can be evalua_ted numencally. Usmqerm eF-x. The solutionsF™*(x) of Schralinger’s equation
k- p Hamiltonians of different complexity and comparing the
results with those of EMA calculations allows us to investi-
gate the influences of nonparabolicity. Due to the orientation (Ho+eF-x—g)¥F?(x)=0 (2

8*8 kp
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TABLE I. Lattice-symmetric functionsl,,,, which are the basis states of the irreducible representations
I's, I'7, andI'g of theI'-point double group in the zinc-blende structure. They have the symmetry of angular
momentum eigenstatésm(j1,j,)). The conduction-ban(CB) states posesd;, heavy-(hh) and light-hole
(Ih) I'g, and split-off(SO) holeT'; symmetry. The notation follows that of DresselhdBRef. 33.

Angular momentum

Representation Bands eigenstates

T's CB [1/2,+1/2(0,1/2) Is)1
|1/2,—1/2(0,1/2) BY

I, SO [1/2,+1/2(1,1/2) INB[ = |x) =iyl —12)1
|1/2,—1/2(1,1/2) I3[ = |x)+i|y)] T +|2) ]

Ty hh |3/2,+3/2(1,1/2) IN2Z[X)+ily)]T
|3/2,—3/2(1,1/2) N2[]x)—i|y)] |

lh [3/2,+1/2(1,1/2) VB[ |x)+ily)] | —2|2)1

|3/2,—1/2(1,1/2) VB[ |x)—i|y)] T +2|2)|

are expanded in terms of thE-point Bloch functions coupled 8<8 matrix is the most complex one for which we

Upo(X) calculated absorption spectra. To obtain correct band disper-
Fe F.e Kex sions and effective masses, which the FK effect is sensitive
v (x)=§,‘ ¢ (R)uno(x)e™* (3 to, the remote bands have been included via thevdio
) [ ——

renormalizationt®3° If these bands were taken into ac-
count explicitly one would obtain rapidly oscillating coeffi-
cient functionsc, (k) for them, which would multiply the
numerical effort. A comparison of the(k) dispersions in
various models shows that usigp Hamiltonians larger

Xnk(X)

By multiplication with X;,k, from the left-hand side and in-
tegration over the crystal volume, using

) _ Lt than 8x 8 would not lead to substantial improvements in the
(X |8F X xnwg =1€F S Sk =k )V, @ relevantk range either.
Eq. (2) transforms to a matrix equation for tkedependence For a matrixH* P as given by Table I, Eq(5) can be
of the complex coefficient functions{f;,fl(ku): solved only numerically. For this purpose E§) is rewritten
as an integral equation
> THSPK K, )+ 6, eF - |cFe (k)= SnrneCte ()
= n K RL n’n ﬁkH nk, (B n'n&%nk, K-

k I ’
) CEf(k)=CEf(ko)+fkodlq1[;(H<kwk>~P—s)cﬁf(kﬁ) .

Here the continuous variable has been separated into the ™
components parallek() and perpendiculark( ) to the elec-
tr_lc field. The eigenenergy is treate-d as continuous. The k, , each resulting in one vectarof coefficient-functions. If
discrete nature of due to the Wannier-Stark effect can be \"is the dimension of théc. p matrix, there areN linearly
neglected since the Stark steps are very small and thus tote_ll dependent initial conditions(km)(kno), leading toN solu-
obscured by the natural lifetime line broadening present in 1

bulk semiconductors. The FK eigenstates are multicompoﬂonSC(kT)(kH) (m=0, ... N—1). Without any restriction we
nent functions, thenth component of which can finally be choose for the initial conditions

written

Equation(7) has to be solved for every possible value of

. 0 ' (m) o1

F.,e _ k, - k F.e (C ) (k _0)_ 1 ' (8)
(" (0 Jn=Uno() - € 21— f dkje Pien, (k). ©) T

where() is the volume of the Wigner-Seitz cell. with A being the length of the integration interval. In prin-

The functionsu,¢ are specified in Table I. They have the ciple, the integration has to be performed over the whole first
symmetry of angular momentum eigenstates with the quarBrillouin zone. However, since increasing valueskoforre-
tum numbers given there and transform under the operatiorgpond to states of increasing energy their contribution be-
of the double group according to states of the representatioromes less important for transitions wiilw~E,. Thus the
I's, I';, andT'g. Due to the first property, the spin-orbit highest values we include in the calculations are
coupling becomes diagonal in the band inadexhe second |k|=0.77/a, (0.357/a,5) and |k, |=0.257/a, (0.157/a,)
helps to reduce the numerical effort. In terms of these statefor GaAs (InSh). A comparison of the dispersions of the
the k- p Hamilton matrix including the light-hole, the heavy- 88 model with that of a 1816 k-p Hamiltonian (not
hole, the split-off-hole and the lowest-like conduction shown hergindicates that thé-p models we used are still
bands, each being doubly Kramers degenerate, has the forfairly correct for such values . Also the results of the FK
given in Table lI(in the matrix expansion we follow Ref. 13 calculations do not change if we extend the integration range
and use the parameter values given in Table This fully ~ beyond the limits as given above.



TABLE II. Fully coupled 8<8 k-p Hamilton matrix for a diamond latticén a.u). The values for the constants are given in Table 1l and follow the notation of Caetaala(Ref. 15.

k. =Kk,*ik,. The matrix is Hermitian.

5 I} ¢
|7+9) - [543 5+ 152 59 B9 |-
8u0~Ag ‘[?’—: Vo2 2 V3 ‘/37/2 2. 1 1
VP 0 ﬁ'y3k1k+ Eyz(kx+ky—2kz) \/—Eygkzk_ —272(kx—ky)—z\/€y§kxky szkz zﬁPk_
1 \/5 ’ . ! 3 ’ 1 ’ \/5 ’ .l 1
£y0— Ao 27K’ Eyz(kf—ki)ﬂ\/ghkxky -—\573kzk+ —ﬁyz(k§+k§—2k§) —Ehkzk, IEPk+ —i\/—EPkZ
! 1 ¥ 3 1
Eo0= 2Y1K2 = 3y3 (K3 + K~ 2k2) V3 yhkok __i__y;(kg_k;)ﬂﬁy;kxky 0 —i Pk 0
1 132,10 1,12 2 2 0 \/37 1012 2 . ’ \/E 1
v0— TVIK2+ Y3 (K2+K2—2K2) ——Z—yz(kx—ky)+z\/§'y3kxky z‘/—ngz —z\/—gPIL
, ) , 1 V2
0= TVIKE+ Sy + K2~ 2k2) —Byhkk_ iﬁPk+ —-iEsz
1
1 r32 1 1,32 2 2
ey0— 271k — 372k + k5 —2k7) 0 —i—=Pk,
V2
g0t YIK? 0
8,_‘0+’)’£k2

|U'I
)]
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TABLE Illl. Parameters for GaAs and InSb, entering thep matrices. The values for the Luttinger
parametergLP) y; for the 8x8 k- p model follow from those for the usual valugsby taking into account
the remote bands via the alin renormalization as presented by Cardenal. (Ref. 15.

Parameter GaAs InSb
ao(A) lattice constant 5.6532% 6.479°
m; (a.u) 0.0665% 0.014°
Eo (eV) P ere—erv 1.519 0.235
Ao (eV) P Ero—&po 0.340 0.803
P (a.u)® (T o P T) 0.692 0.661
y1° LP 6.85 40.1
72 P LP 2.10 18.1
v3P® LP 2.90 9.2
Ye LP [=1/(2m})] 7.519 35.71
¥} LP 1.13 6.37
5 LP -0.759 1.24
5 LP 0.0405 2.34
Y LP -0.538 -1.83
%From Ref. 34.

bFrom Ref. 15.

It can be shown that the eigenstates obtained with the s¢ibns from conduction-band states to valence-band states of
of linear independent initial condition®) are orthonormal higher energy become possible when an electric field is ap-
(see Appendix B Therefore, the absorption coefficient can plied. Roughly speaking, conduction-band states can be oc-
be calculated directly from these states. cupied even at zero excitation intensity since every eigen-

Equation(5) reveals the main advantages of solving thestate of the system is an admixture of conduction- and
FK problem ink space instead of real space. First the eigenvalence-band states. However, the probability for this pro-
state problem has been reduced from a second- to a firstess is very small. Neglecting them did not visibly change
order differential equation. Transforming E®) into the in-  our absorption spectra.
tegral equatior(7) implies the second advantage: improper n(w) is the index of refractiorivalues from Ref. 18 The
eigenstates will not occur in the solution, since the Fourieabsorption coefficient includes interband transitions via the
transform applied during the transformation from real spaceerm Pnn, as well as intraband transitions via the term

to k space implicitly suppresses non-normalizable solutions ks, , . Calculations including the second term have con-

Finally, it can easily be seen that states of different energieﬁrmed the assumption expressed previously by some authors
are related to each other via

(see, e.g., Ref. 23hat the latter kind of transitions can be
chetde(y=che (ke i(Ae/ePk| 9) neglected. They lead to minimum changes cofonly for
nk, 17k A ' fiw high aboveE  (of the order of 1%and are thus omitted
Thus it is sufficient to solve Eq5) for one energy,, which N the calculations presented here.
is chosen in the center of the gap in order to keep the oscil- 1he polarization dependence enters through the bulk mo-
lations of all spinor components a minimum. States of dif-Mentum matrix elements
ferent energies are derived via HE).

Pnfni:<unf0|p|uni0>' (11
B. The absorption coefficient There are two choices for the polarization vector being of
Inserting the states obtained via E®) into the well-  special importance: in transverse magnéfil) polarization

known formula for the absorption coefficient for direct semi- g is parallel to the static field and in transverse eled(fiE)
conductors in the dipole approximatidof., e.g., Ref. 1 polarization it is orthogonal to the field. For these orienta-

leads to tions the transitions from different valence bands are
e2 1 1 “ weighted with different matrix elements Pnn,- The Pnn,
how)= —_— dk dkicy i i i .
a(hw) A7m2c on(@) eF% Llﬂ%f z ICk nreq for the functionsu,q of Table | are given in Table IV
X(k”)c(kijniso(kH)efNﬁw/eF)kHé.[ﬁkgnianr Pnfni]|2’ C. Tools for the numerical realization

(10) In spite of the simplicity of Eq(5), the numerical evalu-
ation requires a considerable amount of computing time. To
where the momentum of the photon has been neglected.reduce it, the full symmetry of the crystal has to be exploited.
and f both include states, the initial conditions of which Each symmetry operation of the lattice has an analog in the
correspond to valence-barahd conduction-band states. As coupled spin, real, an#-space representation used in the
is obvious from the real-space band diagréfig. 1) transi- k-p expansion(see, e.g., Jones, Ref. 19 and references
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TABLE IV. Matrix elementsP, , for the functionsuy, of Table I. P=in/m(j|p|s) for je{x.y.z},
P,=(0,0,P), andP.=(P,*xiP,0).

11 1 1 33 31 3_1 3_3
|2v2 2y 2 |2v2> |2v2 2 2 2 2
—i —i i 5 i
s —P —P_ P -iV3P —P_ 0
<|T \/§ z \/§ nh+ \/; z \/6
—i i i s i
s —P —P 0 —P iViP —P_
<|l \/§ + \/§ z \/6 + \/; z \/5

therein, leaving the matrixH*? invariant. Since the func- improving the numerics, but also corresponds to
tions u,, are chosen to have the symmetry of the crystalk-dependent broadening mechanisms present in the real crys-
operations that leave the plane perpendicular to the field intal.

variant do so also for the whole E¢5). Therefore, it is

sufficient to calculate states for ttke values of one invari- . RESULTS

ant sector of this plane. The numerical effort can thus be | the following, results obtained for GaAs as one of the
reduced by a factor of 4 in the zinc-blende Structure, and iri'nost common -V Semiconductors will be used to demon_
the diamond-structure even by a factor of 8 if the field isstrate the main features of the FK absorption in our realistic
parallel to one of the main crystal ax@s-or this reason we  phand-structure model in comparison with calculations based
approximated the GaAs structure by the diamond structurgn the EMA. Additional results are given for InSb as an
neglecting the smalk-linear terms in thd(p Hamiltonian. examp]e for a |0W_gap semiconductor, in which band cou-
Calculations of the dispersions for both structures confirmeg|ing is much more pronounced. The field is assumed to be
that this causes negligible changes in the absorption onlyp the [001] direction, which is the typical case for epitaxi-
which are especially irrelevant for the effects on which wega|ly grown p-i-n junctions. The results will be discussed for
have focused our attention. a set of field values betwedh=31.25 andF =250 kV/cm

Since the system is invariant under time inversion it iswijth an increase of a factor of 2 from each one to the next
sufficient to calculate the Stategn) for half the initial con- value. In this way, they cover the range of low fields to a

ditions m. The other states can be derived from these byalue somewhat below the breakthrough field.
simple exchange relations and complex conjugation.

A numerical problem is the noise in the absorption spectra A. The k-p models used for the calculations
caused by the arbitrary upper integration limit in the deter-
mination of the FK eigenstates. Although the maximum Val'calculations in order to reveal the different features of the

ues ofkj we used are in a region where tig (k) are o0 4 iricture with respect to their influence on the charac-
already oscillating so rapidly that destructive interference beteristics of the absorption spectra. The considerations will be
tween these parts of the wave functions makes their contrirestricted to the energy range around the fundamental gap
bution to the overlap very small, unfinished oscillation peri-energy. Thus the split-offSO) holes can be neglected if they

ods at the edge of the integration interval result inare decoupled from the other bands in the respective model.
nonvanishing fluctuating contributions. This effect producesrhe models are the following.

an error in the overlap that is detrimental to the calculations

in the range of very-lowr values. In order to reduce this 1. The fully coupled & 8 k-p model

error we introduce a damping functiat{k) in the overlap. This model is the most realistic available description of

This function has to be chosen such that it does not affect ththe band-structure effects in the relevamange. It includes

parts of the states corresponding to low valuekf but, the rg, I'y, andT'g bands in the vicinity of the fundamental

nevertheless, still drastically suppresses the last oscillatiomyap and the full range of renormalized interaction terms be-

We obtained the best results with tween them. The FK absorption spectra obtained in this
model are considered to be exact within the single-particle
approximation.

A number of differentk-p models are used for the FK

j
d(k)zexr{ —dg |k|k—|xlj} (12 2. The Luttinger model
ma This model consists of thE§ conduction bands and the
I't valence bands, described by the Luttinger
andj=4. |Knad is the maximunk| occurring in the calcu- Hamiltonian?'?2 Here the coupling between the heavy-hole
lations. For higher values df the damping sets in too late, (HH) and light-hole(lh) bands is fully included up to second
for lower values it is too early. Fgr=4,dy=4 turned outto  order ink, but the interaction between the conduction and the
be the best choice. The effect of this damping is not visiblevalence bands and the interaction between the SO valence
for photon energies abo\g;, but improved the accuracy of band and the hh/lh valence bands are neglected. Therefore,
the spectra by almost two orders of magnitude below thehe band dispersions are purely parabolic and a comparison
band gap(thus we reach an accuracy m of more than with the 8<x8 k-p model reveals the importance of nonpa-
10%. Such a damping function is not just an artifical tool for rabolicity effects.
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3. A nonparabolic EMA model is not allowed for the zero field due to the isotropy of the
. . ikep _crystal. Although the zero-field limit is inconsistent, it will
. Ir'1 this moqel’ Fhe Hamilton mat”’dn’n(k” ki) appeqr . be shown that the polarization dependence of the absorption
ing in Eq. (5) is diagonal, the diagonal elements containingyyi| helow the band gap should be described correctly by this
the dispersion relations,(k;,k,) of the bands as obtained model. Furthermore, it contains more realistic hh and Ih den-
from a diagonalization of the zero-field-p Hamiltonian.  sjties of states than the EMA modefsand B (see below;
Equations(5) are now decoupled and can be integrated anasince it includes the mass reversal effect. This model is iden-

lytically, yielding tical to the widely used EMA for two-dimensional systems
_— such as quantum-well structures.
& & I H ! !
CE,’kL(k):CE,'kL(O)eXP[ EJO Len(K| k) —eldkjr. (13 5. Two EMA models reflecting the properties of three-

dimensional systems (3D-diagonal approximation)

Furthermore, the momentum matrix elemefeg, , |2 in In both models the conduction-band dispersions are char-
’ : r acterized by a constant effective mas§. In the one model
Ei?/'in(lo) are replaced by #-independent angular average, (EMA A) the holes are described by keeping only the s-like
gving part of the diagonal terms of thé? Luttinger Hamiltonian and
- - removing all off-diagonal terms: Then, the holes are de-
6P 2= &P, 2= P2, (14) b S

scribed by a common isotropic effective mass

using the results of Yamanishi and Sueméh&he above m

representation can be obtained from Ef) by a unitary mr =myi,=mji=— (19
transformation if one neglects the interband matrix elements 71

of the electric field. In this way it contains the band nonpa-for both the light and heavy holes. For the other model
rabolicity exactly on the level of the dispersion relations, but(EMA B) the spherical approximatiéhis applied, giving
does not account for the explicit band coupling through thesotropic effective hole masses

field. By the use of the averaged momentum matrix elements

polarization effects are suppressed. In the zero-field case the mﬁh:L, (20)
calculated absorption is proportional to the combined density Y1~ 2¥sph

of states of electrons and holes, which deviates slightly from

the real single-particle absorption because fkie depen- m __m (21)
dence of the momentum matrix elements is neglected. This "yt 2ysph

model is expected to be good for weak figlt_:is and to accoungith —— }(2y,+3y3)~7,. In the expressions of the ab-
well for the influence of band nonparabolicity on the perlodsorption the averaged momentum matrix elements of Eq.
of the FK oscillations and the decay constant of the absorpe14) are used. Both models do not account for any of the
tion tail. band structure effects and cannot describe the polarization
dependence of the absorption. Thus a comparison with the
4. The two-dimensional (2D) diagonal approximation (two-  above models can reveal how important these effects are for

dimensional EMA) the FK absorption.
This model consist of the diagonal parts of thig con- 6. An EMA model that totally neglects any hole dispersion
duction bandgCB’s) and thel'y valence bandg¢VB’s). In (Mep=m¥)

this model the hh and Ih states are decoupled, which be- | this model the momentum matrix elements are chosen
comes exact in the limit of vanishing in-plakevector and 5 in Eq.(14).

zero CB-VB coupling. The electrons are characterized by an

isotropic effective masm; the hole masses, however, have B. Zero-field absorption: Density-of-states effects
different components for the direction (M) and the One of the most basic improvements of refikeg mod-
in-plane direction @, ): els in comparison with the EMA are quantitative changes of
the absorption coefficient due to both changes in the com-
N m " m bined density of state€CDOS of electrons and holes and
Mpn = Yi—27, M, = yit v, (15) the bulk momentum matrix elements. In order to investigate
this effect in more detail, the dispersion relations of the rel-
m m evant bands of GaAs, calculated with different models, are
mﬁLH:Jr—z, mip, =———. (16 plotted in Fig. 2. In a small energy range around the band
Y1iTey2 1™ 72 gap (hw—E4<300 meV, corresponding t&<0.lm/ap),
The momentum matrix elements, contained in Table IV, aréhe deviations between the exact dispersions and the EMA
polarization dependent: seem to be comparably small, except for the strong warping

of the hh band. However, it is difficult to estimate the effect
17) on the CDOS quantitatively from the dispersion relations. It

is interesting to note that the CB-VB coupling, which is only
- 2 r1s.21 2% 4 2902 present in the & 8 k- p model, even tends to decrease the hh
lepe | *=[3 (e5+€)) + 3 €5]P% (18 DOS in comparison with the Luttinger model. However, due
to the band warping it remains higher than in the EMA.
n Figure 3 shows single-particle zero-field absorption spec-
tra calculated with the full &8 k-p model, the nonpara-

|epc n?= (e +€e5)P?,

Therefore, this model yields a difference in the absorptio
for radiation polarized in the&-y and thez direction, which
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FIG. 3. Zero-field single-particle absorption of GaAs, calculated
within the 8x8 k-p model and the EMAB. — T

T
0.2 0.1

bolic EMA, and the EMAB. For the nonparabolic EMA and —[l11]*k r k * [002] —
the EMA B the absorption igneglecting the contribution of
the SO holep FIG. 4. Conduction- and valence-band dispersions of InSh, cal-
culated within the &8 k-p model, the Luttinger model, and the
1 2 EMA B.
a(w)x— >, =P?Dg(hw), (22)
® ,=Fhih 3

type ( beol Bl beo) and (ol Pl buo) (¢ andv stand for the
ossible CB and VB orbitals which are zero and reduce

heir total average squares beld®?. This property is re-

sponsible for the fact that the exact absorption curves are

. . . . only slightly enhanced in comparison to the EMBA

reflzé(ta tle%es ggt;'rt]ﬁg fw;fg?i noﬂgﬁ:?&?;fgg ng'Ch In order to see the nonparabolicity effects more clearly,
derabl h di u P 'tr|1 thl E r fh " InSb has been chosen as an example for a low-gap material

siderably enhanced In comparison wi e EMB, the §Eg=0.235ev forT=0 K) with a much more pronounced

whereD, (% w) is the CDOS for electrons and holes in the
respective model. Thus the absorption coefficient is directl
proportional to the CDOS, apart from an additional factor
lw.

?arg%inrte'gggzass;ng;;ﬁ? (l)r;c;eaf(ljr:(?me;&rgyl. ;—h; er']h::gfmeo nd coupling. Here the deviations of the realistic band
PP y 2. 9 %Uiyucture from the EMA are largéFig. 4). Note that the

300 meV above the band-gap energy and is nearly the sa . g :
for the heavy holes and the light holes, indicating that it %uplmg of heavy holes to the split-off holes is so snfdie

mainly results from the nonparabolicity of the conduction

band. 10
The situation is different for the exactly calculated ab-

sorption spectra, including the band mixing in the momen-

tum matrix elements. Here the expression for the absorption

coefficient in the & 8 k-p model becomes

InSb  62.5 kV/cm

8*8 kp TE

1 -

a(@)x = D |pey|?Dey(fiw), (23)
@ p=hh,lh

o (10%/cm)

where|p,,|? is an average over the momentum matrix ele-
ments of all transitions at an enerdyw. |p.,|> becomes
equal to2P? for fio—Ey, but deviates from this value for
increasing energy. The absorption calculated for the88
k-p model is still increased in comparison to the EMBA

but the enhancement is much less than for the nonparabolic
EMA. This is a result of states mixing in the momentum
matrix elements. The CB Bloch states gain contributions E -E, (meV)

from theI'-point VB states and vice versa for the VB states.

In total, however, they have to remain normalized. The mo- FIG. 5. Zero-field and Franz-Keldysh absorption spectra of
mentum matrix elements now contain contributions of thelnSb, calculated within the 88 k- p model and the EMA models.

0 100 200 300
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I'3-T'g splitting isA,=0.803 eV} that thek - p model and the 15 ——
Luttinger model are in full agreement for the hh dispersions. 1 (8 GaAs 62.5kV/cm
The zero-field absorption spectra are included in Fig. 5. T
There is a steep increase of the absorption above the band
gap in the &8 k-p model, whereas the EMA absorption

curves even obtain a negative slope, resulting from tlae 1/ o) 10 ]
behavior of Eq.(22), the decrease of which exceeds the in- R3]
crease of the square-root-shaped CDOS. "’2

. . 3 ]

C. Comparison with EMA spectra 5 4

............ 8*8 kp TM |

For the parabolic EMA models the expressidt8) and
(10) can be evaluated analytically, yieldihg

2

2me

a(w’F):mECwn(w)hieF

X e A )

=[rmhh,h 7 O,
= XepAl(Xep) s (24)
with

o (10%/cm)

(29

Cuv

(th)Z} 1/3
2y |

_5g ' '
Xeo = hon (26) -100 0 100 200 300

The energy dependence of the structures in the absorption

spec_tra is _therefore determined by_ the Airy functioni( FIG. 6. Franz-Keldysh absorption spectra of GaAs for two val-
and its derivativgthe smoothly varying factor &n(w) can ues of the electric field, calculated within thex® k-p model and

be neglectef} depending on the dimensionless variableye gpma models. For comparison the zero-field spectra are in-
Xey - Xgy IS determined by the electric fiefd and the reduced | ded as well.

effective mass of electrons and holeg, | such that the FK

absorption tail and the period of the FK oscillations grow

when the field is increased or the effective mass reduced.

The total absorption is the sum of a hh and a |h part, thehe TE polarization(between the third and the fourth FK

contribution of each depending mainly on the individual val- oscillation maximum in thé& =62.5 kVcm spectrui which

ues of|ep,,|2. is absent for the TM polarization. It results from the interfer-
In Fig. 6, FK spectra for GaAs at two different values of ence of the hh-CB and |h-CB contributions to the absorption

the electric field are shown. The spectra using the88 (the position of a hle oscillation minimum coincides with a

k-p model have been calculated for the incident radiatiolh-CB maximum and is also present in the EMB, whereas

polarized paralle(TM) and perpendiculafTE) to the static the EMA A fails to reproduce this feature, as it contains only

electric field. The EMA models cannot distinguish betweenone hole type.

the polarization directions. (iil) The FK oscillation periods in the 88 k-p model
The band coupling does not alter the basic characteristicdeviate from the EMA models. This effect can mainly be

of the FK effect, i.e., an exponentially decreasing absorptiorttributed to band nonparabolicity and is important for the

tail below the band-gap energy and oscillations around thénterpretation and possible experimental evaluation of data

zero-field absorption above. The fact that the FK absorptiorsuch as electric fields and effective masses from the absorp-

curves in the &8 k-p model seem to lie above the zero- tion spectra. In general, the oscillation period is reduced

field absorption for high energies is due to numerical errorswhen the reduced effective mass is increased. This is a com-

A couple of features can be recognized in the FK absorptiommon property of the wave functions and the absorption spec-

spectra, which will be discussed in detail in the following tra. The oscillation periods in the EMA modal are larger

sections. than in modelB, since the averaged reduced effective mass
(i) A clear difference is observed between TE- and TM-of modelA is smaller than the hh-CB mass of modklthe

polarized absorption spectra, both with respect to the magniontribution of which dominates the absorption in model

tude of the absorption tail and the period of the FK oscilla-B.

tions. In addition, a beating of the FK oscillations occurs for ~ Similar to the CDOS effects, the above effects are much
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more prominent in the low-gap semiconductor In&hy. 5.

The comparative weakness of the band coupling effects in
large-gap semiconductors such as GaAs is responsible for the
EMA theories to be a good approximation, but they clearly
fail in the case of low-gap semiconductors such as InSb.

D. Polarization dependence of the absorption

The origin of the polarization dependence of the FK ab-
sorption spectra can be understood in analogy to quasi-2D
systems by the anisotropy of the hh and Ih orbitals, oriented
along the electric field axis, which is the direction in which
the cubic symmetry of the crystal is broken. In quantum-well
structures the quantum-well potential leads to a splitting of
the hh and the Ih states. If tlredirection is chosen to be the
growth direction and the in-plane wa vevector equal to

0.1

o (10%/cm)

0.001 §
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zero, the hh and Ih states can mostly precisely be described
by the functions contained in Table |. Thus each subband
contributes a very simple and pronounced polarization be-
havior at the subband edge, which reflects the angular depen-
dence of the basis states and can be calculated using Egs.
(17) and(18). This is valid as long as the coupling between
hh and lh subbands is weak, i.e., the energy separation be-
tween the subbands larger than the-dependent off-
diagonal terms in th&- p matrices.

For the bulk electroabsorption case, however, hh and lh
states are degenerate for every value of the energy and every
value of the in-plan& vector. Consequently, contributions
of both hole types are present at any point of the absorption
spectrum. Moreover, the absorption at each value of the pho- ,
ton energy is, in principle, composed of contributions with |74
arbitrary values ok, since the energy spectrum is continu- ]
ous and unbounded in both directions and an eigenstate ex-
ists for any value ok, . Therefore, the off-diagonal terms of
thek- p matrices are always large and a decoupling of hh and
Ih states as obtained fd¢, =0 in quantum-well structures
does never occur. This makes the situation highly complex.

Practically, however, the range of relevantvectors has ~ FIG. 7. Franz-Keldysh absorption of GaAs in TE and TM po-
an upper limit, as mentioned in Sec. Il A. Here the conselarization, calculated with different mod_el@) Absorption tail be-
quences shall be dicussed in some more detail. An EMAPW the band-gap energy arit) FK oscillations above the band-
picture will be used because it allows for a separation of th&aP €neray
total energy into a component in the field directian)(and
the in-plane direction. If the total transition energy

E- Eg (meV)

—
(=]
1

%]
1

o (10%/cm)

EMA 2D-diag TE

EMA 2D-diag TM

-—-—-=--  EMAB (-1*103/cm)J
T ! T '

0 100 200
E-E, (meV)

300

components of the corresponding states is small. Therefore,
the application of the 2D diagonal approximation should be

RAC BAC 12K2 satisfied. This limit has been discussed by Keldgstal 12
ﬁw=80’”—sl,’”+W+F=sc’”—svy||+2 before, who obtained the same results. In any other case,
c,L v,L Moev,L however, the full coupling between the bands has to be in-
27 Ccluded.

Figure {a) shows the FK absorption tails below the band-
gap energy in a logarithmic scale for various values of the
electric field, calculated with different models. Here TE de-
notes a component with the polarization perpendicular to the
field, i.e., in thex direction; for TM the polarization is par-
allel to the field. The TM absorption exceeds the TE absorp-
the contributions to the absorption will decay rapidly sincetion in the whole energy range below the band gap, in both
they correspond to pairs of electron and hole wave functionghe 8x8 k-p model and the 2D diagonal approximation.
which only overlap in their tail regions. These considerationsThis can be easily understood in the 2D diagonal approxima-
remain valid if the full band coupling is included. tion. Using Eqs(17) and(18) it is possible to decompose the

Equation(28) is always fulfilled for photon energies be- total absorption into its hh-CB and Ih-CB contributions, writ-
low the band-gap enerdy, . In this case only a small range ing, for TE and TM absorption, respectively,
of k, values aroundk, =0 contributes significantly to the
absorption and the off-diagonal coupling between the spinor

is kept constant and the value lof increasedg . | —&, | has
to decrease. If it falls below the band gap enekgy i.e.,

(28)

are(0)=P?apy(0)+ 3 Play(w), (29
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amw(w) =3 P?ap(w). (30 - - -
\GaAs, TE, 62.5 kV/cm £ kp
apn and a, differ from each other by the square of the en-
velope function overlaps with respect to the field direction VA \/\/\/
and the CDOS in the perpendicular direction. In the 2D di- v ,V v
agonal approximation the |h-CB CDOS is larger than the onporabolic EMA
hh-c CDOS due to the mass-reversal effect. Furthermore, the \/\/\/\/ /
tunneling tail of the hh envelopes into the band-gap region v
decays more rapidly than that of the Ih envelopes, yielding ~ Luttinger kp
smaller overlaps with the electron envelopes for photon en- ot \/
ergies below the band-gap energy. Both caugeto be = / \/\/\V’\V’\
larger thanay,, and the ratio grows with decreasing photon i EMA 2D ding
energy. Thus the TM absorption, which entirely consists of 8;1
Ih-CB contributions, exceeds the TE absorption, which is ﬁo /\/\/\/\ aa
dominated by hh-CB contributions. g
In Fig. 7(a) one realizes that the agreement between the % w EMA B
8% 8 k-p model and the 2D diagonal approximation is 3
nearly perfect with respect to the energy dependence of the = \'/\/\/\ \
absorption. The total values differ by a small and nearly EMA A
constant factor, resulting from the higher in-plane CDOS of \
the 8x8 k-p model due to band warping and band nonpa- / \ /\ NN
rabolicity. The deviations for small photon energies are due -
to numerical errors. There is also good agreement of the o e
EMA model B with the TE absorption of the 88 k-p / / / / N/
model, but the absorption decay with the energy is slightly MRS AEAEN
smaller. This results from the fact that the contribution of T T y T
Ih-c transitions in comparison to the hh-CB transitions is too 0 100 200 300
large in the EMAB. E- Eg (meV)

Figure 7b) contains a comparison of TE and TM absorp-

tion spectra above the band-gap energy. Although the 2D G, g. Derivative of the Franz-Keldysh absorption of GaAs
diagonal approximation should not be valid in this energywith respect to the photon energy, calculated for several models.
range, results are given for comparison. Surprisingly, therhe vertical lines mark the positions of the oscillation maxima in
agreement with the 88 k- p model is rather good. Even the the 8x8 k-p model.

magnitudes of TE and TM absorption almost seem to coin-

cide, although this is not necessary in the 2D diagonal apface. As predicted by theory, a comparison of the TM with
proximation. Indeed, the calculation of the zero-field absorpthe TE absorption yielded higher absorption values below
tion in this model accidentally erIdS TE and TM values thatthe band_gap energy and |arger FK oscillation widths above.
differ by less than 1%, but this is only possible as long as theJnfortunately, more than one FK oscillation could not be
low CB mass dominates the reduced effective mass. resolved due to broadening and field inhomogeneity, so that

Nevertheless, the system behaves, as if hh-CB and Ih-Ckhe beating of the hh-CB and |h-CB contributions was not
transitions were nearly decoupled. The width of the oscilla-isible. It has, however, been observed in many photoreflec-
tion periods in TE polarization is smaller than in TM polar- tance experiments, e.g., in Refs. 30 and 31.
ization because the absorption is dominated by the hh-CB
contributions, which have shorter oscillation periods than the
Ih-CB contributions. Additionally, a beating of the hh-CB
and the |h-CB contributions occurs in the TE polarization but  Apart from the density of states, which has been discussed
not in the TM polarization, which has already been discusseth Sec. |l B, the band coupling also affects the dynamics of
in Sec. Il C. Apart from slight deviations of the FK oscilla- the carriers, i.e., the shape and, in particular, the oscillation
tion periods, which will be discussed in Sec. Il E, the bandfrequencies of the wave functions. The latter is closely re-
coupling manifests only in an increased damping of thdated to the period of the FK oscillations in the electroab-
higher FK oscillations in the TM mode and a reduced damp=sorption spectra, which consequently should be an indicator
ing in the TE mode. for this effect.

The difference between the TE and the TM absorption for To estimate its importance and its consequences, the FK
energies below the band gap has been observed in severcillations obtained within the various models are com-
experiment$-22Recently the polarization characteristics of pared. For this reason, the derivatives of the absorption with
the FK absorption has also been investigated above the bantespect to the photon energy are shown for the TE mode of
gap energy in experiments on low-temperature growrGaAs atF=62.5 kV/cm in Fig. 8.

GaAs?® Owing to the high breakthrough fields in this mate-  Each of the models leads to its own line shapes, but there
rial, high voltages could be applied between lateral contactsgre a couple of common characteristics related to the prop-
allowing for polarization-dependent transmission measureerties of the band structure. First, the total values of the de-
ments with light incidence perpendicular to the sample sursivatives do not differ very much since the absorption values

E. Band nonparabolicity effects
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are rather similacfcf. Fig. 7). This would be different in the the reduced effective hole mass is assumed to be infinite, the
low-gap material InSb, where the models involving bandFK oscillation widths are nearly equivalent to those of the
coupling strongly deviate from the EMA models. The non-8X8 k-p model, although the positions of the maxima are
parabolic EMA and the EMA neglecting the hole dispersionslightly shifted to lower energies. This behavior, which was
yield higher values of the absorption and its derivative beunexplained before, has already been observed by Rees in
cause the former does not include the decreased values of tRictroabsorption experiments on GaAs.

momentum matrix element resulting from CB-VB coupling ~ The nonparabolicity effects can be expressed in terms of
and the latter overestimates the CDOS strongly. an electro-optic reduced effective mass. It will be defined by

In all models that explicitly include the heavy and light &1 evaluation of the FK oscillation extrema based on the

holes, there occurs a beating between the hh-CB and tHeMA theory as given by expressid@4). We will consider
Ih-CB absorption contributions between the third and fourththe derivative of the absorption with respect to the photon
oscillation periods. This behavior indicates that a decompoenergy (1#)(da/dw). If one neglects the factor @h(w),
sition of the absorption spectra into independent contributhe energy dependence of this expression is proportional to
tions from the light holes and heavy holes is not too far fromAi*(Xc,). Assuming that either the hh or the Ih contribution
reality. However, the magnitude of the oscillation interfer- dominates, a single-band approximation is satisfied, and for
ence differs strongly between the various models. It is nearlyhis component the energiéso, for the minima of the FK
equivalent in the &8 k-p model and the Luttinger model, O0scillations can approximately be related to the zeros of the
which shows that the hh-lh mixing only slightly depends onAiry function Ai(x,) by
higher-order terms of the CB-VB couplinqup to second
order ink it is already contained in the renormalized Lut- X =Eg_ﬁwn
tinger Hamiltonian. If the coupled-band models are com- n ho.,
pared to the EMA models, an interesting result is obtained. )
The beating is more pronounced than in the 2D diagonaEquatlon(31) can be solved for the reduced mass of elec-
approximation, but less than in the 3D diagonal ENBA  trons and holes
This is again an indication that the system is between 2D and 5 3
3D character. _1 (eF)™,
As discussed in Sec. lll D, the periods of the FK oscilla- Hev™2 (Eq—fiwn)®
tions are dominated by the hh contributions in the TE polar-
ization and by the |h contributions in the TM polarization. Equation(32) can be used to define a reduced mass, which
An analysis of the oscillation periods, therefore, reveals thavill be called the electro-optic mass. For a single-band EMA
influence of band nonparabolicity on the respective absorpitS value is, of course, constant and equal to the nominal
tion component. In Fig. 8 the position of the oscillation value at the band-gap energy. In any other case, however, it
maxima obtained with the full 88 k-p Hamiltonian are Will be energy dependent.
marked by vertical lines. In general, deviations between the The reduced electrooptic effective mass will be compared
different models are small. Obviously, neglecting the explicitWith a reduced “energy effective mass™ defined by
I's-I';5 interaction, i.e., the CB-VB couplingLuttinger
k-p), and any explicit interaction terms between the bands at

(31)

(32

h2K2

E
all (2D diagonal EMA leads to an enhancement of the os- “CU'”(kZ)_Z[sCU(kZ)—Eg]’ 33
cillation periods by a similar amount. In both cases the rea-
son for this behavior is decreasing effective masses: In thand a “curvature effective mass” given by
former case, the suppression of CB-VB coupling yields a ) .
reduced electron effective mass, in particular for higher en- cuny |y — i 9% cy(Ky) 34
ergies, in the latter case, neglecting the off-diagonal terms of Koo (ke =| 72 okZ (34

the Luttinger Hamiltonian leads to lower hh massesKor

#0. It is interesting to note that the nonparabolic EMA re- The former is obtained by writing the interband energy in the
sults in almost the same FK oscillation periods as the exaderm of a free-particle dispersion
model, in spite of the deviations in the oscillation ampli-

tudes. However, it does not reproduce the interference be- ﬁzkg
tween hh and Ih FK oscillations properly since the hh con- scv(kz)_EgzzﬂE ||(kz);
tribution, which is strongly overestimated due to the large «“
CDOS, completely dominates the spectra. This indicates thdhe latter describes the local properties of the interband dis-
the oscillation periods mainly depend on the realistic shap@ersion around the poirlt, in terms of a curvature param-

of thee(k) dispersions, whereas the explicit consideration ofeter. In our context, both functions are defined Kor=0.

the interband coupling terms mostly affects the FK oscilla- In Fig. 9 the electro-optic mass as derived from the
tion amplitudes and the hh-lh interference. The results of theninima of the FK oscillations in the 88 k-p model for an
EMA B are nearly equivalent to those of the 2D diagonalelectric field ofF =31.25 kV/cm is shown by dots for the TE
approximation since hh and lh contribution only differ in polarization and by asterisks for the TM polarization. For
magnitude due to different values of the momentum matrixcomparison, the reduced energy and curvature effective
element and the CDOS. In contrast, the EMAyields oscil- masses are included. Here the energy dependence of the
lation periods that are clearly too large, resulting from themasses has been transformed to the variahley solving
smaller values of the reduced effective masses. If, howevethe equation

(39
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FIG. 9. Values of the energy-dependent electro-optic mass as Index n of Extremum

obtained from the energy positions of the FK oscillation minima by

the evaluation procedure described in the text. FIG. 11. Evaluation of electrical fields from the spectral posi-

tions of the FK oscillations as described in the text: a comparison of
the results of various models.
_Eg_SCU(kH) (36)
" h0e(k) a certain pointk, on the dispersion line, the nonparabolic
o o ) dispersion curve is only poorly represented if it is replaced
for k; (in field direction) for each pointx,. Afterward the it 4 purely parabolic curve that has the satnevaturein
value obtained fokj is used to calculate the effective massesy  (dashed ling corresponding to the curvature effective
from the exact dispersion relations obtained within theqaes 1t is, however, well approximated by a parabola that
8x8 k-p model. In the limitx,—0, both energy and curva- a5 the same origin aridtersectsthe dispersion at the point
ture effectlv_e masses reach the same vglues, which are 9iVEN (dotted ling, corresponding to an energy effective mass.
by the nominal values at thé point. Obviously the energy Hence the parabolic dispersion relations, corresponding to an
effective masses are in good agreement with the electro-optigyergy effective mass, are a better approximation to the real,
masses rather than the curvature effective masses. Due to tHSnparabolic dispersion curves.
dominance of either type of hole contribution the hh-CB re-  There is an important consequence of this result. The po-
duced mass is obtained in the TE polarization and the Ih-CBijtion of the minima of the FK oscillations can be described
mass in the TM p_olarlzatlon. The dewe_mons of the posmonsVery precisely by an energy effective mass, which is only
of d_ots and asterisks from a smooth line are caused by NYyeakly dependent on the photon energy in wide-gap materi-
merical errors. , , , als (small nonparabolicity Therefore, an experimental de-
The results of Fig. 9 can be interpreted in terms of theiermination of the electric field from the FK oscillations is
no_nparal:F)oI|c EMA description Eq13). The envelope coef- ¢4y accurate in such materials if thE-point effective
ficientsc” (k) are determined by a finite integral over the masses are well known and the energy dependence is ne-
e(k) dispersion of the band. In Fig. 10 a schematic picture ofglected. A common procedure is to use E81) and the
a nonparabolic dispersion is plottésblid line). Considering asymptotic expression for the zems of the Airy function

37 1 2/3
e(k) 4 ,:’i xn:—[T(n—ZH . (37)

Substitutingx,, leads to

2 1
ek~ - g(ﬁwn_Eg)S/zz(ﬁﬁw)w(”_ ik (38)
o v This equation is valid for integer valuesoflt also holds for

the maxima of the FK oscillations if is equal to an integer

FIG. 10. Schematic picture of a nonparabolic band dispersioPlUs _1/2- F_rom a plot_of the left-hand side of E§8) versus
(solid line) and the parabolic approximations related to the energyn, using either experimental values fbt,, or, as done be-
effective mass(dotted liné and the curvature effective mass low, the values of our refined theories, one can deduce

(dashed ling (16,,)%? from the slope of the(ideally linea) curve.
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(%6,,)%? on the other hand, is proportional &/ u*2 In For the field-dependent spectra we have demonstrated that
order to show the validity of this method for the realistic a correct description of the polarization dependence is not
band structure FK models, a comparison of the results of oypossible in the EMA models since they either do not contain
simulations is shown in Fig. 11. polarization-dependent momentum matrix elements at all
The values obtained within the>88 k-p model, which (3D diagonal approximatignor become inconsistent in the
are considered to be a reference for the other models, amero-field limit (2D diagonal approximation Nevertheless,
represented by dots and the solid lines. The EMAdashed the results of the calculations within the fldl p model have
lines clearly yields too high slopes and, therefore, too highshown that the basic FK absorption characteristics can be
values of the field. The dotted lines are obtained if the rewell understood if one assumes that the hh and the |h bands
duced mass is assumed to be equal to the hh-CB mass withéme decoupled. The absorption is dominated by the hh-CB
the 2D diagonal approximation or, equivalently, the EMA transitions if the polarization is perpendicular to the static
B. The dash-dotted lines are calculated for holes with ardield (TE), whereas for the case of parallel polarizat{@m)
infinite effective mass. An unambiguous decision betweerthe 1h-CB transitions prevail. In this respect the system be-
the validity of these models is not possible, but the influencénaves like a quasi-2D system. This property can be shown
of the band coupling seems to imply a tendency towards thexactly in the limiting case of energies deep in the band gap,
infinite-hole-mass modely., =m?) rather than the 2D di- but itis astonishing for energies above the band gap, where a
agonal approximation EMAB (¢, = pcny). The latter is — stronger influence of state mixing would be expected. As a
consistent with the observations in Fig. 8, where nearly equatonsequence, the 2D diagonal approximation yields good re-
oscillation periods are obtained for thex® k-p model and  sults, although it is not able to account for the amount of the
the dispersionless holes. difference between TE and TM polarization in the absorption
As a consequence, the common method of field evaluatils. A comparison with experimental results confirmed the
tion from the FK oscillation periods does not fail in large- theoretical findings.
gap semiconductors when band-structure effects are included The nonparabolicity of the band dispersions is reflected in
because the deviations between the results of the simpl@e period lengths of the FK oscillations. We have shown
EMA and realistic band-structure models are small. In printhat they depend almost exclusively on the zero-field band
ciple, the energy dependence of the FK oscillations can alsgispersions, whereas the explicit band-to-band coupling
be used to determine the energy dependence of the enerf§ms mainly affect the overall magnitude of the absorption.
reduced effective masses in the field direction. However, thi&n evaluation of the oscillation maxima shows that their
method is applicable only in very pure material of a highposition can be described in terms of an energy-dependent
crystalline quality since the observability of a large numbereffective mass, obtained from the realistic combined

of FK oscillations is necessary to obtain reliable results. ~ electron-hole band dispersions, evaluated at an energy value
corresponding to the photon energy. Basically this effect

should be taken into account if one tries to evaluate the elec-
IV. CONCLUSION tric field from the position of the FK oscillation extrema. In

We have calculated the field-dependent absorption spect{2r9e-9ap semiconductors such as GaAs, however, it is com-
of GaAs (Franz-Keldysh absorptionin the framework of parably small and can be neglected for a first approximation.
k-p theory. Our model is an extension of the well-known Nevertheless, even in GaAs the deviations are such that the

effective-mass theories of the FK effect accounting for theseries of osciIIatipn extrema in TE polarization are bet;er.
realistic band structure, including band nonparabolicity andEeSC_”bed assuming an infinite hole mass rather than realistic
band anisotropy. Two mechanisms influence the absorptiohPCINt values for the hh mass.

characteristics: The field-induced intraband coupling of !N summary, thek-p method has proved to be a very.
Bloch states along the field direction, which is also present i?OWerful tool to describe these effects. However, the numeri-
the EMA picture, and the coupling between states belongingf'il efforts are enormous and inhibit a furtteepriori inclu-

to different bands. The former leads to the basic characteriion Of the Coulomb interaction. In spite of this deficiency
tics of FK absorption spectra, i.e., an absorption tail for pho-0Ur SPectra provide good agreement with available experi-
ton energies below the band-gap energy and oscillation@ent,al fmdmgs. More deta!led experimental investigations,
above, and the latter is responsible for the modifications inPOSSiPly in lower-gap materials, should be able to reveal fur-
troduced by the complicated band structure of real semicori1€r details of our theoretical predictions.

ductors. Three aspects of the problem have been discussed in

particular: the implications on the density of states, which APPENDIX A: THE k -p HAMILTONIAN

are also present in the zero-field limit, the polarization de-

. L The lattice-periodic functions,,o are unambiguous except
pe”def‘ce of the spectra, gnd the W!dth of the FK osmllaﬂon%r a free overall phase for the Clebsh-Gordon coefficients if
A direct comparison with effective-mass models shows

; ; " they are chosen to have both the symmetry of angular-
that the CDOS is strongly increased for realistic band-momentum eigenstates and the symmetry of the double

structure models, especially for energies sufficiently above i
the band-gap energy. The increase of the CDOS, however, roup at thd’-point of the crys_tal. We choose for the phases
e Condon-Shortley convention

not fully reproduced in the absorption spectra due to decreas-
ing momentum matrix elements. The deviations from the T iVl =1 Al
EMA are relatively small for GaAs, but become more impor- GiGuillideliz2l=1 (A1)

tant for low-gap semiconductors such as InSb, as the amoumtherej=j,+j, andj, andj, are the quantum numbers of
of band coupling in increased. respectively, the absolute value of angular momentum of the
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spin and the orbital angular momentum of an electron in awhere we have used th&k | xn k)= Snn S(k—K") [with

atom-like stateu. The resulting states are shown in Table I,

x as defined in Eq(3); cf. Ref. 21.

the 8X 8 k-p Hamiltonian expanded in these states is given To prove that the states for different initial conditions

in Table II.
APPENDIX B: ORTHONORMALITY
OF THE FK EIGENSTATES

To prove the orthonormality of the FK eigenstates ob-
tained by Eq(7) we proceed in two steps. First we show that
the states for different initial conditiorls, are orthogonal;
second we demonstrate that the states for the damare
orthonormal. With the form of the solution®) the inner
product between two states of differdat is

92/3 ) ,
<\Pki‘PkL>:mz/ fdk\lf dkﬁf dxe' T upg(x)
n,n

XU;/O(X)anl(kH)C;/ki(kH,)

02/3
=172 o(k, —k})

%3 [ dlungoousgcn, (e (k).

(B1)

¢ are orthonormal it is sufficient to show that
(c,c"y=g;,, where the inner product is defined by
(a,b>=EmfAHdk“ar*n(kH)bm(k“). The states belonging to the
initial conditions (8) clearly fulfill this orthonormality if
there is a unitary operatay (k) with

cM (k) =U(k)c™(0). (B2)

This unitary operator can be constructed in analogy to the
time-evolution operator in time dependent perturbation
theory:

. |
U(k|)=TeXP[#fOdkﬁ(H(kwkl)'p—s). (83)

Since, in general, the operatar& P for differentk do not
commute, the operator has to be introduced, which ar-
ranges them after increasikgin the series expansion of the
exponential functionU is completely analogous to the time-
evolution operator if one identifiel with t, (1/eF)[HKP
—¢] with (=1/4)H(t), and = with Dyson’s time-ordering
symbol. ThusU (k) as defined by Eq(B3) is the operator
wanted.
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