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k–p theory of the Franz-Keldysh effect

Jörg Hader,* Norbert Linder, and Gottfried H. Do¨hler
Institut für Technische Physik I, Universita¨t Erlangen, Erwin-Rommel-Strasse 1, D-91058 Erlangen, Germany

~Received 13 September 1996!

We use thek•p formalism to calculate Franz-Keldysh~FK! absorption spectra in direct-band-gap III-V
semiconductors. This method allows us to include band anisotropy and nonparabolicity as well as band mixing.
With k•p models of various complexity, we investigate how these phenomena influence the main features of
the electroabsorption using GaAs as an example. We show that the dependence of the FK absorption on the
polarization of the incoming light can be understood in analogy to quasi-two-dimensional systems by mostly
decoupled heavy- and light-hole bands involving the anisotropy of the bulk-momentum matrix elements. On
the other hand, the FK absorption tail and the periods of the FK oscillations are mainly determined by the
realistic energy dispersions of the bands. We discuss the applicability and the limits of simplified models and
demonstrate that for most cases the field-induced interband mixing is negligible in comparison with the
zero-field coupling of the bands. As an application, we show the consequences for the widely used method to
determine the electric field from the FK oscillation periods measured by absorption or photoreflectance ex-
periments. Most of the basic features have been observed in experiments. The qualitative details are of general
validity. @S0163-1829~97!00707-8#
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I. INTRODUCTION

The influence of a homogeneous electric fieldF on the
optical properties of a semiconductor is one of the ba
problems of optoelectronics. Although the potential-ene
term eF•x has a very simple form, attempts to develop
realistic picture of the situation including all aspects of cry
tal physics have to use certain approximations and prog
was only gradually achieved.

In 1958, Franz1 and Keldysh2 used the isotropic effective
mass approximation~EMA! to show that the influence of a
electric field leads to an exponential tail of the absorpt
coefficient of a direct semiconductor for photon energ
\v smaller than the gap energyEg . The reason is that the
Bloch states of the unperturbed crystal become coup
along the direction of the field. The resulting states de
exponentially into the gap region and oscillate within t
bands~Fig. 1!. Therefore, the absorption coefficienta(v),
which is proportional to the square of the overlap betwe
the electron and hole states, exhibits the above-mentio
exponential tail for\v,Eg and the well-known Franz
Keldysh~FK! oscillations around the zero-field spectrum d
to interference of the oscillating parts of the states
\v.Eg . The exponential tail, as well as the periods a
amplitudes of the FK oscillations, increases withF.

In the late 1960s Aspnes3,4 greatly improved the under
standing of the FK effect. He expanded the work
Tharmalingam5 and Penchina,6 who had calculated the elec
troabsorption in direct and indirect semiconductors, resp
tively, in terms of Airy functions, assuming an isotropic m
dium. The Airy functions are the solutions for electrons a
holes in the presence of a uniform electric field in the EM
envelope-function formalism. Aspnes obtained closed-fo
expressions for the FK absorption in the vicinity of all kin
of critical points of the combined density of statesMi
( i50,1,2,3), for anisotropic effective masses and arbitra
oriented fields.
550163-1829/97/55~11!/6960~15!/$10.00
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In order to get quantitatively correct spectra the Coulo
interaction cannot be neglected. This was pointed out
Dow and Redfield7 and Blossey.8 They gave exact numerica
solutions of the problem based on the EMA with isotrop
effective masses. A semiempirical approach that is able
account partially for the carrier-lattice interaction, band a
isotropy, lifetime broadening and surface effects in addit
to the Coulomb interaction was proposed by Rees.9 Using an
expression that mainly consists of a convolution of the ze
field absorption~including those effects! and a broadening
due to the field-induced changes expressed in terms of A
functions, he achieved satisfactory agreement with exp
mental results. Comparisons with experimental data w
also given by Galbraith and Ryvkin,10 who further refined

FIG. 1. Schematic drawing of conduction- and valence-ba
edges, the envelopes of typical FK eigenstates, and possible op
transitions of a semiconductor in a homogeneous electric field.
6960 © 1997 The American Physical Society
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55 6961k•p THEORY OF THE FRANZ-KELDYSH EFFECT
Rees’s model, and by Linderet al.,11 who focused their at-
tention on the importance of excitonic effects with regard
a quantitative description of the effect.

In order to obtain closed-form expressions for the FK a
sorption at photon energies above as well as belowEg , all
approaches so far used the EMA, i.e., they assumed de
pled parabolic bands. In most direct semiconductors thi
only a crude approximation to the actual band structure
such materials the light- and heavy-hole bands are dege
ate at the valence-band maximum and the interaction
tween states of different bands causes distinct nonparabo
ties, especially in the lowest conduction and the light-h
band, and strong warping of the heavy-hole band~cf. Fig. 2!.

Initial efforts to take into account the complex structure
the fourfold degenerate valence bands in diamond and z
blende crystals were made by Keldyshet al.12 Their results
include the coupling between light- and heavy-hole ban
but are valid only for photon energies far belowEg . For this
spectral region the authors give estimates about the de
dence of the absorption coefficient on the orientation of
polarization vectore of the incoming light relative to the
direction of the applied electric field.

The k•p Hamiltonian as introduced by Kane13 represents
the realistic coupled band structure in the vicinity of theG
point in the absence of a perturbing potential. Using t
Hamiltonian in thek-space representation of the FK proble
~without the Coulomb interaction! leads to a system o
coupled differential equations from which, as we will sho
the FK eigenstates, as the basis for the determination of
absorption coefficient, can be evaluated numerically. Us
k•p Hamiltonians of different complexity and comparing th
results with those of EMA calculations allows us to inves
gate the influences of nonparabolicity. Due to the orientat

FIG. 2. Conduction- and valence-band dispersions of GaAs,
culated within the 838 k•p model, the Luttinger model, and th
EMA B.
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dependence of thek•p Hamiltonian, reflecting the non
spherical symmetry of the crystal, the polarization dep
dence of the absorption is implicitly taken into account.

Sheen and Pollak14 deduced a formula from the EMA
expressions for the electroabsorption that allows one to
termine either the electric field~if the reduced effective mas
m! is known! or the reduced effective mass~if the field is
given! from the positions of the extrema of the FK oscill
tions. The pronounced nonparabolicity of conduction and
lence bands, however, makes it dubious whether it is re
possible to use this relation to deriveF or m! from experi-
mental FK spectra. Our calculations prove that a sligh
modified relation still holds in spite of the deviations fro
the parabolic EMA dispersions in those energy regio
where the oscillations occur.

Since the excitonic interaction is neglected in our calc
lations our spectra will not give absolute evidence about
sorption strength and the absorption edge will be reprodu
incorrectly. Nevertheless, the effects of band mixing a
mostly insensitive to this since the additional isotropic Co
lomb potential primarily changes the states close toEg . Thus
it should not essentially affect our results, which are focus
on the spectral regions ‘‘far’’~i.e., many exciton Rydberg
energies away! from Eg .

In Sec. II the basic theoretical concepts of thek•p ap-
proach and its numerical realization will be presented.
Sec. III we will show typical FK spectra obtained from ou
calculations and compare them to EMA and zero-field res
in order to explain the changes induced by the realistic b
structure. Afterward, the influences of the features includ
in our calculations are studied in detail, first the nonpara
licity effects and second the polarization dependence.

II. THEORY

A. Coupled-band FK eigenstates

The k•p method is a well-known tool to include ban
coupling into calculations of the band structure. It is bas
on an expansion of the crystal Hamiltonian in terms of Blo
functions in the vicinity of high-symmetry points of the Bri
louin zone. Through the introduction of a small set of sem
empirical parameters, high accuracy with respect to ener
and the explicit shape of the wave functions can be achiev
Since the direct absorption in semiconductors such as G
involves only states close to theG point, this method is well
suited to calculate the states for the FK absorption, tak
into account all aspects of the realistic dispersion, i.e. n
parabolicity, band mixing, and effects of anisotropy. Follo
ing the lines of Kane13 for transferring the unperturbe
single-particle lattice Hamiltonian

H05
p2

2m
1VG~x!1

\

4m2c2
@s3“VG~x!#•p ~1!

from the real-space representation to thek•p representation
Hk•p, it is straightforward to do the same for the potent
termeF•x. The solutionsCF,«(x) of Schrödinger’s equation

~H01eF•x2«!CF,«~x!50 ~2!

l-
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TABLE I. Lattice-symmetric functionsuno , which are the basis states of the irreducible representat
G6, G7, andG8 of theG-point double group in the zinc-blende structure. They have the symmetry of an
momentum eigenstatesu j ,m( j 1 , j 2)&. The conduction-band~CB! states posesssG6, heavy-~hh! and light-hole
~lh! G8, and split-off~SO! holeG7 symmetry. The notation follows that of Dresselhaus~Ref. 33!.

Angular momentum
Representation Bands eigenstates

G6 CB u1/2,11/2(0,1/2)& us&↑
u1/2,21/2(0,1/2)& us&↓

G7 SO u1/2,11/2(1,1/2)& 1/A3@2ux&2 i uy&]↓2uz&↑
u1/2,21/2(1,1/2)& 1/A3@2ux&1 i uy&]↑1uz&↓

G8 hh u3/2,13/2(1,1/2)& 1/A2@ ux&1 i uy&]↑
u3/2,23/2(1,1/2)& 1/A2@ ux&2 i uy&]↓

lh u3/2,11/2(1,1/2)& 1/A6@ ux&1 i uy&]↓22uz&↑
u3/2,21/2(1,1/2)& 1/A6@ ux&2 i uy&]↑12uz&↓
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are expanded in terms of theG-point Bloch functions
un0(x)

~3!

By multiplication withxn8k8
! from the left-hand side and in

tegration over the crystal volume, using

^xn8k8ueF•xuxnk&5 ieFdnn8d~k2k8!“k , ~4!

Eq. ~2! transforms to a matrix equation for theki dependence
of the complex coefficient functionscn,k'

F,« (ki):

(
n

FHn8n
k•p

~ki ,k'!1dn8nieF
]

]ki
Gcn,k'

F,« ~ki!5dn8n«cn,k'

F,« ~ki!.

~5!

Here the continuous variablek has been separated into th
components parallel (ki) and perpendicular (k') to the elec-
tric field. The eigenenergy« is treated as continuous. Th
discrete nature of« due to the Wannier-Stark effect can b
neglected since the Stark steps are very small and thus to
obscured by the natural lifetime line broadening presen
bulk semiconductors. The FK eigenstates are multicom
nent functions, thenth component of which can finally b
written

@Ck'

F,«~x!#n5un0~x!•eik'•x'
V1/3

2p E dkie
ik ixicn,k'

F,« ~ki!. ~6!

whereV is the volume of the Wigner-Seitz cell.
The functionsun0 are specified in Table I. They have th

symmetry of angular momentum eigenstates with the qu
tum numbers given there and transform under the operat
of the double group according to states of the representat
G6 , G7 , and G8. Due to the first property, the spin-orb
coupling becomes diagonal in the band indexn; the second
helps to reduce the numerical effort. In terms of these st
thek•p Hamilton matrix including the light-hole, the heavy
hole, the split-off-hole and the lowests-like conduction
bands, each being doubly Kramers degenerate, has the
given in Table II~in the matrix expansion we follow Ref. 1
and use the parameter values given in Table III!. This fully
lly
n
o-

n-
ns
ns

es

rm

coupled 838 matrix is the most complex one for which w
calculated absorption spectra. To obtain correct band dis
sions and effective masses, which the FK effect is sensi
to, the remote bands have been included via the Lo¨wdin
renormalization.16,13,15 If these bands were taken into a
count explicitly one would obtain rapidly oscillating coeffi
cient functionscn(ki) for them, which would multiply the
numerical effort. A comparison of the«(k) dispersions in
various models shows that usingk•p Hamiltonians larger
than 838 would not lead to substantial improvements in t
relevantk range either.

For a matrixHk•p as given by Table II, Eq.~5! can be
solved only numerically. For this purpose Eq.~5! is rewritten
as an integral equation

ck'

F,«~ki!5ck'

F,«~ki0!1E
ki0

ki
dki8F i

eF
~H ~k' ,ki8!•p2«!ck'

F,«~ki8!G .
~7!

Equation ~7! has to be solved for every possible value
k' , each resulting in one vectorc of coefficient-functions. If
N is the dimension of thek•p matrix, there areN linearly
independent initial conditionsck'

(m)(ki0), leading toN solu-

tionsck'

(m)(ki) (m50, . . . ,N21). Without any restriction we

choose for the initial conditions

~cn!k'

~m!~ki050!5
1

AD i
dmn , ~8!

with D i being the length of the integration interval. In prin
ciple, the integration has to be performed over the whole fi
Brillouin zone. However, since increasing values ofk corre-
spond to states of increasing energy their contribution
comes less important for transitions with\v'Eg . Thus the
highest values we include in the calculations a
ukiu50.7p/a0 (0.35p/a0) and uk'u50.25p/a0 (0.15p/a0)
for GaAs ~InSb!. A comparison of the dispersions of th
838 model with that of a 16316 k•p Hamiltonian ~not
shown here! indicates that thek•p models we used are stil
fairly correct for such values ofk. Also the results of the FK
calculations do not change if we extend the integration ra
beyond the limits as given above.



T nstants are given in Table III and follow the notation of Cardonaet al. ~Ref. 15!.
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ABLE II. Fully coupled 838 k•p Hamilton matrix for a diamond lattice~in a.u.!. The values for the co
kx6 iky . The matrix is Hermitian.
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TABLE III. Parameters for GaAs and InSb, entering thek•p matrices. The values for the Luttinge
parameters~LP! g i8 for the 838 k•p model follow from those for the usual valuesg i by taking into account
the remote bands via the Lo¨wdin renormalization as presented by Cardonaet al. ~Ref. 15!.

Parameter GaAs InSb

a0(Å) lattice constant 5.65325a 6.479b

mc
! ~a.u.! 0.0665a 0.014b

E0 ~eV! b «G
6
c2«G

8
v 1.519 0.235

D0 ~eV! b «G
8
v2«G

7
v 0.340 0.803

P ~a.u.! b ^G7,8,x
v upxuG6

c& 0.692 0.661
g1

b LP 6.85 40.1
g2

b LP 2.10 18.1
g3

b LP 2.90 9.2
gc LP @51/(2mc

!)# 7.519 35.71
g18 LP 1.13 6.37
g28 LP 20.759 1.24
g38 LP 0.0405 2.34
gc8 LP 20.538 21.83

aFrom Ref. 34.
bFrom Ref. 15.
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It can be shown that the eigenstates obtained with the
of linear independent initial conditions~8! are orthonormal
~see Appendix B!. Therefore, the absorption coefficient ca
be calculated directly from these states.

Equation~5! reveals the main advantages of solving t
FK problem ink space instead of real space. First the eig
state problem has been reduced from a second- to a
order differential equation. Transforming Eq.~5! into the in-
tegral equation~7! implies the second advantage: improp
eigenstates will not occur in the solution, since the Fou
transform applied during the transformation from real sp
to k space implicitly suppresses non-normalizable solutio
Finally, it can easily be seen that states of different energ
are related to each other via

cn,k'

F,«1D«~ki!5cn,k'

F,« ~ki!e
2 i ~D«/eF!ki. ~9!

Thus it is sufficient to solve Eq.~5! for one energy«0, which
is chosen in the center of the gap in order to keep the os
lations of all spinor components a minimum. States of d
ferent energies are derived via Eq.~9!.

B. The absorption coefficient

Inserting the states obtained via Eq.~5! into the well-
known formula for the absorption coefficient for direct sem
conductors in the dipole approximation~cf., e.g., Ref. 17!
leads to

a~\v!5
e2

4pm2c

1

vn~v!

1

eF(i , f E dk'u (
ni ,nf

E
D i

dkick'nf«0
* ~ f !

3~ki!ck'ni«0
~ i ! ~ki!e

2 i ~\v/eF!kiê•@\kdninf1Pnfni#u
2,

~10!

where the momentum of the photon has been neglectei
and f both include states, the initial conditions of whic
correspond to valence-bandand conduction-band states. A
is obvious from the real-space band diagram~Fig. 1! transi-
et

-
st-

r
r
e
s.
s

il-
-

.

tions from conduction-band states to valence-band state
higher energy become possible when an electric field is
plied. Roughly speaking, conduction-band states can be
cupied even at zero excitation intensity since every eig
state of the system is an admixture of conduction- a
valence-band states. However, the probability for this p
cess is very small. Neglecting them did not visibly chan
our absorption spectra.

n(v) is the index of refraction~values from Ref. 18!. The
absorption coefficient includes interband transitions via
term Pnfni as well as intraband transitions via the ter

\kdninf . Calculations including the second term have co
firmed the assumption expressed previously by some aut
~see, e.g., Ref. 13! that the latter kind of transitions can b
neglected. They lead to minimum changes ofa only for
\v high aboveEg ~of the order of 1%! and are thus omitted
in the calculations presented here.

The polarization dependence enters through the bulk
mentum matrix elements

Pnfni5^unf0upuuni0&. ~11!

There are two choices for the polarization vector being
special importance: in transverse magnetic~TM! polarization
ê is parallel to the static field and in transverse electric~TE!
polarization it is orthogonal to the field. For these orien
tions the transitions from different valence bands a
weighted with different matrix elementsê•Pnfni. The Pnfni
for the functionsun0 of Table I are given in Table IV.

C. Tools for the numerical realization

In spite of the simplicity of Eq.~5!, the numerical evalu-
ation requires a considerable amount of computing time.
reduce it, the full symmetry of the crystal has to be exploit
Each symmetry operation of the lattice has an analog in
coupled spin, real, andk-space representation used in t
k•p expansion~see, e.g., Jones, Ref. 19 and referen
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TABLE IV. Matrix elementsPnfni for the functionsun0 of Table I. P5 i\/m^ j upj us& for jP$x,y,z%,
Pz5(0,0,P), andP65(P,6 iP,0).

u 12,
1
2& u 12,2

1
2& u 32,

3
2& u 32,

1
2& u 32,2

1
2& u 32,2

3
2&

^su↑
2 i

A3
Pz

2 i

A3
P2

i

A2P1 2 iA2
3Pz

i

A6
P2 0

^su↓
2 i

A3
P1

i

A3
Pz 0

i

A6
P1 iA 2

3Pz

i

A2
P2
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therein!, leaving the matrixHk•p invariant. Since the func-
tions un0 are chosen to have the symmetry of the crys
operations that leave the plane perpendicular to the field
variant do so also for the whole Eq.~5!. Therefore, it is
sufficient to calculate states for thek' values of one invari-
ant sector of this plane. The numerical effort can thus
reduced by a factor of 4 in the zinc-blende structure, and
the diamond-structure even by a factor of 8 if the field
parallel to one of the main crystal axes.20 For this reason we
approximated the GaAs structure by the diamond struc
neglecting the small-k linear terms in thek•p Hamiltonian.
Calculations of the dispersions for both structures confirm
that this causes negligible changes in the absorption o
which are especially irrelevant for the effects on which
have focused our attention.

Since the system is invariant under time inversion it
sufficient to calculate the statesc(m) for half the initial con-
ditions m. The other states can be derived from these
simple exchange relations and complex conjugation.

A numerical problem is the noise in the absorption spec
caused by the arbitrary upper integration limit in the det
mination of the FK eigenstates. Although the maximum v
ues of ki we used are in a region where thecnk'

(ki) are
already oscillating so rapidly that destructive interference
tween these parts of the wave functions makes their co
bution to the overlap very small, unfinished oscillation pe
ods at the edge of the integration interval result
nonvanishing fluctuating contributions. This effect produc
an error in the overlap that is detrimental to the calculatio
in the range of very-low-a values. In order to reduce thi
error we introduce a damping functiond(k) in the overlap.
This function has to be chosen such that it does not affect
parts of the states corresponding to low values ofki , but,
nevertheless, still drastically suppresses the last oscilla
We obtained the best results with

d~k!5expF2d0
uku j

ukmaxu j
G ~12!

and j54. ukmaxu is the maximumuku occurring in the calcu-
lations. For higher values ofj the damping sets in too late
for lower values it is too early. Forj54, d054 turned out to
be the best choice. The effect of this damping is not visi
for photon energies aboveEg , but improved the accuracy o
the spectra by almost two orders of magnitude below
band gap~thus we reach an accuracy ina of more than
104). Such a damping function is not just an artifical tool f
l,
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improving the numerics, but also corresponds
k-dependent broadening mechanisms present in the real
tal.

III. RESULTS

In the following, results obtained for GaAs as one of t
most common III-V semiconductors will be used to demo
strate the main features of the FK absorption in our reali
band-structure model in comparison with calculations ba
on the EMA. Additional results are given for InSb as a
example for a low-gap semiconductor, in which band co
pling is much more pronounced. The field is assumed to
in the @001# direction, which is the typical case for epitax
ally grownp-i -n junctions. The results will be discussed fo
a set of field values betweenF531.25 andF5250 kV/cm
with an increase of a factor of 2 from each one to the n
value. In this way, they cover the range of low fields to
value somewhat below the breakthrough field.

A. The k–p models used for the calculations

A number of differentk•p models are used for the FK
calculations in order to reveal the different features of
band structure with respect to their influence on the cha
teristics of the absorption spectra. The considerations wil
restricted to the energy range around the fundamental
energy. Thus the split-off~SO! holes can be neglected if the
are decoupled from the other bands in the respective mo
The models are the following.

1. The fully coupled 838 k–p model
This model is the most realistic available description

the band-structure effects in the relevantk range. It includes
theG6

c , G7
v , andG8

v bands in the vicinity of the fundamenta
gap and the full range of renormalized interaction terms
tween them. The FK absorption spectra obtained in t
model are considered to be exact within the single-part
approximation.

2. The Luttinger model

This model consists of theG6
c conduction bands and th

G8
v valence bands, described by the Lutting

Hamiltonian.21,22 Here the coupling between the heavy-ho
~HH! and light-hole~lh! bands is fully included up to secon
order ink, but the interaction between the conduction and
valence bands and the interaction between the SO vale
band and the hh/lh valence bands are neglected. There
the band dispersions are purely parabolic and a compar
with the 838 k•p model reveals the importance of nonp
rabolicity effects.
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6966 55JÖRG HADER, NORBERT LINDER, AND GOTTFRIED H. DO¨ HLER
3. A nonparabolic EMA model

In this model, the Hamilton matrixHn8n
k•p(ki ,k') appear-

ing in Eq. ~5! is diagonal, the diagonal elements containi
the dispersion relations«n(ki ,k') of the bands as obtaine
from a diagonalization of the zero-fieldk•p Hamiltonian.
Equations~5! are now decoupled and can be integrated a
lytically, yielding

cn,k'

F,« ~ki!5cn,k'

F,« ~0!expH i

eFE0
ki

@«n~ki8 ,k'!2«#dki8J . ~13!

Furthermore, the momentum matrix elementsuêPnfniu
2 in

Eq. ~10! are replaced by ak-independent angular averag
giving

uêPc,hhu25uêPc, lhu25
2
3 P

2, ~14!

using the results of Yamanishi and Suemune.23 The above
representation can be obtained from Eq.~5! by a unitary
transformation if one neglects the interband matrix eleme
of the electric field. In this way it contains the band nonp
rabolicity exactly on the level of the dispersion relations, b
does not account for the explicit band coupling through
field. By the use of the averaged momentum matrix eleme
polarization effects are suppressed. In the zero-field case
calculated absorption is proportional to the combined den
of states of electrons and holes, which deviates slightly fr
the real single-particle absorption because theuku depen-
dence of the momentum matrix elements is neglected. T
model is expected to be good for weak fields and to acco
well for the influence of band nonparabolicity on the peri
of the FK oscillations and the decay constant of the abso
tion tail.

4. The two-dimensional (2D) diagonal approximation (two-
dimensional EMA)

This model consist of the diagonal parts of theG6
c con-

duction bands~CB’s! and theG8
v valence bands~VB’s!. In

this model the hh and lh states are decoupled, which
comes exact in the limit of vanishing in-planek vector and
zero CB-VB coupling. The electrons are characterized by
isotropic effective massmc* the hole masses, however, ha
different components for thez direction (mhh/lh,i* ) and the
in-plane direction (mhh/lh,'* ):

mhh,i* 5
m

g122g2
, mhh,'* 5

m

g11g2
, ~15!

mlh,i* 5
m

g112g2
, mlh,'* 5

m

g12g2
. ~16!

The momentum matrix elements, contained in Table IV,
polarization dependent:

uêpc,hhu25~ex
21ey

2!P2, ~17!

uêpc, lhu25@ 1
3 ~ex

21ey
2!1 4

3 ez
2#P2. ~18!

Therefore, this model yields a difference in the absorpt
for radiation polarized in thex-y and thez direction, which
-
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is not allowed for the zero field due to the isotropy of t
crystal. Although the zero-field limit is inconsistent, it wi
be shown that the polarization dependence of the absorp
tail below the band gap should be described correctly by
model. Furthermore, it contains more realistic hh and lh d
sities of states than the EMA modelsA andB ~see below!,
since it includes the mass reversal effect. This model is id
tical to the widely used EMA for two-dimensional system
such as quantum-well structures.

5. Two EMA models reflecting the properties of three-
dimensional systems (3D-diagonal approximation)

In both models the conduction-band dispersions are c
acterized by a constant effective massmc* . In the one model
~EMA A) the holes are described by keeping only the s-l
part of the diagonal terms of the Luttinger Hamiltonian a
removing all off-diagonal terms.24 Then, the holes are de
scribed by a common isotropic effective mass

mv*5mhh* 5mlh*5
m

g1
~19!

for both the light and heavy holes. For the other mod
~EMA B) the spherical approximation25 is applied, giving
isotropic effective hole masses

mhh* 5
m

g122gsph
, ~20!

mlh*5
m

g112gsph
, ~21!

with gsph5
1
5(2g213g3)'g2. In the expressions of the ab

sorption the averaged momentum matrix elements of
~14! are used. Both models do not account for any of
band structure effects and cannot describe the polariza
dependence of the absorption. Thus a comparison with
above models can reveal how important these effects are
the FK absorption.

6. An EMA model that totally neglects any hole dispersion
„µcv5mc* …

In this model the momentum matrix elements are cho
as in Eq.~14!.

B. Zero-field absorption: Density-of-states effects

One of the most basic improvements of refinedk•p mod-
els in comparison with the EMA are quantitative changes
the absorption coefficient due to both changes in the co
bined density of states~CDOS! of electrons and holes an
the bulk momentum matrix elements. In order to investig
this effect in more detail, the dispersion relations of the r
evant bands of GaAs, calculated with different models,
plotted in Fig. 2. In a small energy range around the ba
gap (\v2Eg,300 meV, corresponding tok,0.1p/a0),
the deviations between the exact dispersions and the E
seem to be comparably small, except for the strong warp
of the hh band. However, it is difficult to estimate the effe
on the CDOS quantitatively from the dispersion relations
is interesting to note that the CB-VB coupling, which is on
present in the 838 k•p model, even tends to decrease the
DOS in comparison with the Luttinger model. However, d
to the band warping it remains higher than in the EMA.

Figure 3 shows single-particle zero-field absorption sp
tra calculated with the full 838 k•p model, the nonpara-
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bolic EMA, and the EMAB. For the nonparabolic EMA and
the EMA B the absorption is~neglecting the contribution o
the SO holes!

a~v!}
1

v (
v5hh,lh

2

3
P2Dcv~\v!, ~22!

whereDcv(\v) is the CDOS for electrons and holes in th
respective model. Thus the absorption coefficient is dire
proportional to the CDOS, apart from an additional fac
1/v.

The values obtained with the nonparabolic EMA, whi
reflect the CDOS of the full 838 k•p Hamiltonian, are con-
siderably enhanced in comparison with the EMAB, the
amount increasing with increasing energy. The enhancem
factor reaches a value of approximately 1.5 at an energ
300 meV above the band-gap energy and is nearly the s
for the heavy holes and the light holes, indicating tha
mainly results from the nonparabolicity of the conducti
band.

The situation is different for the exactly calculated a
sorption spectra, including the band mixing in the mome
tum matrix elements. Here the expression for the absorp
coefficient in the 838 k•p model becomes

a~v!}
1

v (
v5hh,lh

upcvu2Dcv~\v!, ~23!

where upcvu2 is an average over the momentum matrix e
ments of all transitions at an energy\v. upcvu2 becomes
equal to 2

3P
2 for \v→Eg , but deviates from this value fo

increasing energy. The absorption calculated for the 838
k•p model is still increased in comparison to the EMAB,
but the enhancement is much less than for the nonparab
EMA. This is a result of states mixing in the momentu
matrix elements. The CB Bloch states gain contributio
from theG-point VB states and vice versa for the VB state
In total, however, they have to remain normalized. The m
mentum matrix elements now contain contributions of

FIG. 3. Zero-field single-particle absorption of GaAs, calcula
within the 838 k•p model and the EMAB.
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type ^fc0upŴ ufc0& and ^fv0upŴ ufv0& (c and v stand for the
possible CB and VB orbitals!, which are zero and reduc
their total average squares below23P

2. This property is re-
sponsible for the fact that the exact absorption curves
only slightly enhanced in comparison to the EMAB.

In order to see the nonparabolicity effects more clea
InSb has been chosen as an example for a low-gap mat
(Eg50.235eV forT50 K! with a much more pronounce
band coupling. Here the deviations of the realistic ba
structure from the EMA are large~Fig. 4!. Note that the
coupling of heavy holes to the split-off holes is so small~the

FIG. 4. Conduction- and valence-band dispersions of InSb,
culated within the 838 k•p model, the Luttinger model, and th
EMA B.

FIG. 5. Zero-field and Franz-Keldysh absorption spectra
InSb, calculated within the 838 k•p model and the EMA models
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G7
v-G8

v splitting isD050.803 eV! that thek•p model and the
Luttinger model are in full agreement for the hh dispersio
The zero-field absorption spectra are included in Fig.
There is a steep increase of the absorption above the
gap in the 838 k•p model, whereas the EMA absorptio
curves even obtain a negative slope, resulting from thev
behavior of Eq.~22!, the decrease of which exceeds the
crease of the square-root-shaped CDOS.

C. Comparison with EMA spectra

For the parabolic EMA models the expressions~13! and
~10! can be evaluated analytically, yielding3

a~v,F !5
2pe2

m2cvn~v!\2eF

3 (
v5urmhh,lh

mcv,'

\ucv
uêpcvu2$@Ai 8~xcv!#2

2xcvAi ~xcv!%, ~24!

with

\ucv5F ~eF\!2

2mcv,i
G1/3, ~25!

xcv5
Eg2\v

\ucv
. ~26!

The energy dependence of the structures in the absorp
spectra is therefore determined by the Airy function Ai(x)
and its derivative@the smoothly varying factor 1/vn(v) can
be neglected#, depending on the dimensionless variab
xcv . xcv is determined by the electric fieldF and the reduced
effective mass of electrons and holesmcv,i such that the FK
absorption tail and the period of the FK oscillations gro
when the field is increased or the effective mass reduc
The total absorption is the sum of a hh and a lh part,
contribution of each depending mainly on the individual v
ues ofuêpcvu2.

In Fig. 6, FK spectra for GaAs at two different values
the electric field are shown. The spectra using the 838
k•p model have been calculated for the incident radiat
polarized parallel~TM! and perpendicular~TE! to the static
electric field. The EMA models cannot distinguish betwe
the polarization directions.

The band coupling does not alter the basic characteris
of the FK effect, i.e., an exponentially decreasing absorp
tail below the band-gap energy and oscillations around
zero-field absorption above. The fact that the FK absorp
curves in the 838 k•p model seem to lie above the zer
field absorption for high energies is due to numerical erro
A couple of features can be recognized in the FK absorp
spectra, which will be discussed in detail in the followin
sections.

~i! A clear difference is observed between TE- and T
polarized absorption spectra, both with respect to the ma
tude of the absorption tail and the period of the FK oscil
tions. In addition, a beating of the FK oscillations occurs
.
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the TE polarization~between the third and the fourth FK
oscillation maximum in theF562.5 kVcm spectrum!, which
is absent for the TM polarization. It results from the interfe
ence of the hh-CB and lh-CB contributions to the absorpt
~the position of a hh-c oscillation minimum coincides with a
lh-CB maximum! and is also present in the EMAB, whereas
the EMA A fails to reproduce this feature, as it contains on
one hole type.

~ii ! The FK oscillation periods in the 838 k•p model
deviate from the EMA models. This effect can mainly b
attributed to band nonparabolicity and is important for t
interpretation and possible experimental evaluation of d
such as electric fields and effective masses from the abs
tion spectra. In general, the oscillation period is reduc
when the reduced effective mass is increased. This is a c
mon property of the wave functions and the absorption sp
tra. The oscillation periods in the EMA modelA are larger
than in modelB, since the averaged reduced effective ma
of modelA is smaller than the hh-CB mass of modelB, the
contribution of which dominates the absorption in mod
B.

Similar to the CDOS effects, the above effects are mu

FIG. 6. Franz-Keldysh absorption spectra of GaAs for two v
ues of the electric field, calculated within the 838 k•p model and
the EMA models. For comparison the zero-field spectra are
cluded as well.
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55 6969k•p THEORY OF THE FRANZ-KELDYSH EFFECT
more prominent in the low-gap semiconductor InSb~Fig. 5!.
The comparative weakness of the band coupling effect
large-gap semiconductors such as GaAs is responsible fo
EMA theories to be a good approximation, but they clea
fail in the case of low-gap semiconductors such as InSb

D. Polarization dependence of the absorption

The origin of the polarization dependence of the FK a
sorption spectra can be understood in analogy to quas
systems by the anisotropy of the hh and lh orbitals, orien
along the electric field axis, which is the direction in whic
the cubic symmetry of the crystal is broken. In quantum-w
structures the quantum-well potential leads to a splitting
the hh and the lh states. If thez direction is chosen to be th
growth direction and the in-plane wa vevectork' equal to
zero, the hh and lh states can mostly precisely be descr
by the functions contained in Table I. Thus each subb
contributes a very simple and pronounced polarization
havior at the subband edge, which reflects the angular de
dence of the basis states and can be calculated using
~17! and ~18!. This is valid as long as the coupling betwe
hh and lh subbands is weak, i.e., the energy separation
tween the subbands larger than thek'-dependent off-
diagonal terms in thek•p matrices.

For the bulk electroabsorption case, however, hh and
states are degenerate for every value of the energy and e
value of the in-planek vector. Consequently, contribution
of both hole types are present at any point of the absorp
spectrum. Moreover, the absorption at each value of the p
ton energy is, in principle, composed of contributions w
arbitrary values ofk' since the energy spectrum is contin
ous and unbounded in both directions and an eigenstate
ists for any value ofk' . Therefore, the off-diagonal terms o
thek•p matrices are always large and a decoupling of hh
lh states as obtained fork'50 in quantum-well structures
does never occur. This makes the situation highly compl

Practically, however, the range of relevantk' vectors has
an upper limit, as mentioned in Sec. II A. Here the con
quences shall be dicussed in some more detail. An E
picture will be used because it allows for a separation of
total energy into a component in the field direction (« i) and
the in-plane direction. If the total transition energy

\v5«c,i2«v,i1
\2k'

2

2mc,'*
1

\2k'
2

2mv,'*
5«c,i2«v,i1

\2k'
2

2mcv,'
~27!

is kept constant and the value ofk' increased,«c,i2«v,i has
to decrease. If it falls below the band gap energyEg , i.e.,

\2k'
2

2mcv,'
.\v2Eg , ~28!

the contributions to the absorption will decay rapidly sin
they correspond to pairs of electron and hole wave functio
which only overlap in their tail regions. These consideratio
remain valid if the full band coupling is included.

Equation~28! is always fulfilled for photon energies be
low the band-gap energyEg . In this case only a small rang
of k' values aroundk'50 contributes significantly to the
absorption and the off-diagonal coupling between the sp
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components of the corresponding states is small. Theref
the application of the 2D diagonal approximation should
satisfied. This limit has been discussed by Keldyshet al.12

before, who obtained the same results. In any other c
however, the full coupling between the bands has to be
cluded.

Figure 7~a! shows the FK absorption tails below the ban
gap energy in a logarithmic scale for various values of
electric field, calculated with different models. Here TE d
notes a component with the polarization perpendicular to
field, i.e., in thex direction; for TM the polarization is par
allel to the field. The TM absorption exceeds the TE abso
tion in the whole energy range below the band gap, in b
the 838 k•p model and the 2D diagonal approximatio
This can be easily understood in the 2D diagonal approxim
tion. Using Eqs.~17! and~18! it is possible to decompose th
total absorption into its hh-CB and lh-CB contributions, wr
ing, for TE and TM absorption, respectively,

aTE~v!5P2ahh~v!1 1
3 P

2a lh~v!, ~29!

FIG. 7. Franz-Keldysh absorption of GaAs in TE and TM p
larization, calculated with different models.~a! Absorption tail be-
low the band-gap energy and~b! FK oscillations above the band
gap energy.
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aTM~v!5 4
3 P

2a lh~v!. ~30!

ahh anda lh differ from each other by the square of the e
velope function overlaps with respect to the field directi
and the CDOS in the perpendicular direction. In the 2D
agonal approximation the lh-CB CDOS is larger than
hh-c CDOS due to the mass-reversal effect. Furthermore,
tunneling tail of the hh envelopes into the band-gap reg
decays more rapidly than that of the lh envelopes, yield
smaller overlaps with the electron envelopes for photon
ergies below the band-gap energy. Both causea lh to be
larger thanahh and the ratio grows with decreasing phot
energy. Thus the TM absorption, which entirely consists
lh-CB contributions, exceeds the TE absorption, which
dominated by hh-CB contributions.

In Fig. 7~a! one realizes that the agreement between
838 k•p model and the 2D diagonal approximation
nearly perfect with respect to the energy dependence of
absorption. The total values differ by a small and nea
constant factor, resulting from the higher in-plane CDOS
the 838 k•p model due to band warping and band nonp
rabolicity. The deviations for small photon energies are d
to numerical errors. There is also good agreement of
EMA model B with the TE absorption of the 838 k•p
model, but the absorption decay with the energy is sligh
smaller. This results from the fact that the contribution
lh-c transitions in comparison to the hh-CB transitions is t
large in the EMAB.

Figure 7~b! contains a comparison of TE and TM absor
tion spectra above the band-gap energy. Although the
diagonal approximation should not be valid in this ener
range, results are given for comparison. Surprisingly,
agreement with the 838 k•p model is rather good. Even th
magnitudes of TE and TM absorption almost seem to co
cide, although this is not necessary in the 2D diagonal
proximation. Indeed, the calculation of the zero-field abso
tion in this model accidentally yields TE and TM values th
differ by less than 1%, but this is only possible as long as
low CB mass dominates the reduced effective mass.

Nevertheless, the system behaves, as if hh-CB and lh
transitions were nearly decoupled. The width of the osci
tion periods in TE polarization is smaller than in TM pola
ization because the absorption is dominated by the hh
contributions, which have shorter oscillation periods than
lh-CB contributions. Additionally, a beating of the hh-C
and the lh-CB contributions occurs in the TE polarization b
not in the TM polarization, which has already been discus
in Sec. III C. Apart from slight deviations of the FK oscilla
tion periods, which will be discussed in Sec. III E, the ba
coupling manifests only in an increased damping of
higher FK oscillations in the TM mode and a reduced dam
ing in the TE mode.

The difference between the TE and the TM absorption
energies below the band gap has been observed in se
experiments.26–28Recently the polarization characteristics
the FK absorption has also been investigated above the b
gap energy in experiments on low-temperature gro
GaAs.29 Owing to the high breakthrough fields in this mat
rial, high voltages could be applied between lateral conta
allowing for polarization-dependent transmission measu
ments with light incidence perpendicular to the sample s
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face. As predicted by theory, a comparison of the TM w
the TE absorption yielded higher absorption values be
the band-gap energy and larger FK oscillation widths abo
Unfortunately, more than one FK oscillation could not
resolved due to broadening and field inhomogeneity, so
the beating of the hh-CB and lh-CB contributions was n
visible. It has, however, been observed in many photorefl
tance experiments, e.g., in Refs. 30 and 31.

E. Band nonparabolicity effects

Apart from the density of states, which has been discus
in Sec. III B, the band coupling also affects the dynamics
the carriers, i.e., the shape and, in particular, the oscilla
frequencies of the wave functions. The latter is closely
lated to the period of the FK oscillations in the electroa
sorption spectra, which consequently should be an indic
for this effect.

To estimate its importance and its consequences, the
oscillations obtained within the various models are co
pared. For this reason, the derivatives of the absorption w
respect to the photon energy are shown for the TE mod
GaAs atF562.5 kV/cm in Fig. 8.

Each of the models leads to its own line shapes, but th
are a couple of common characteristics related to the p
erties of the band structure. First, the total values of the
rivatives do not differ very much since the absorption valu

FIG. 8. Derivative of the Franz-Keldysh absorption of GaA
with respect to the photon energy, calculated for several mod
The vertical lines mark the positions of the oscillation maxima
the 838 k•p model.
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are rather similar~cf. Fig. 7!. This would be different in the
low-gap material InSb, where the models involving ba
coupling strongly deviate from the EMA models. The no
parabolic EMA and the EMA neglecting the hole dispersi
yield higher values of the absorption and its derivative
cause the former does not include the decreased values o
momentum matrix element resulting from CB-VB couplin
and the latter overestimates the CDOS strongly.

In all models that explicitly include the heavy and lig
holes, there occurs a beating between the hh-CB and
lh-CB absorption contributions between the third and fou
oscillation periods. This behavior indicates that a decom
sition of the absorption spectra into independent contri
tions from the light holes and heavy holes is not too far fro
reality. However, the magnitude of the oscillation interfe
ence differs strongly between the various models. It is ne
equivalent in the 838 k•p model and the Luttinger mode
which shows that the hh-lh mixing only slightly depends
higher-order terms of the CB-VB coupling~up to second
order in k it is already contained in the renormalized Lu
tinger Hamiltonian!. If the coupled-band models are com
pared to the EMA models, an interesting result is obtain
The beating is more pronounced than in the 2D diago
approximation, but less than in the 3D diagonal EMAB.
This is again an indication that the system is between 2D
3D character.

As discussed in Sec. III D, the periods of the FK oscil
tions are dominated by the hh contributions in the TE po
ization and by the lh contributions in the TM polarizatio
An analysis of the oscillation periods, therefore, reveals
influence of band nonparabolicity on the respective abso
tion component. In Fig. 8 the position of the oscillatio
maxima obtained with the full 838 k•p Hamiltonian are
marked by vertical lines. In general, deviations between
different models are small. Obviously, neglecting the expl
G6-G7/8 interaction, i.e., the CB-VB coupling~Luttinger
k•p!, and any explicit interaction terms between the band
all ~2D diagonal EMA! leads to an enhancement of the o
cillation periods by a similar amount. In both cases the r
son for this behavior is decreasing effective masses: In
former case, the suppression of CB-VB coupling yields
reduced electron effective mass, in particular for higher
ergies, in the latter case, neglecting the off-diagonal term
the Luttinger Hamiltonian leads to lower hh masses fork'

Þ0. It is interesting to note that the nonparabolic EMA r
sults in almost the same FK oscillation periods as the ex
model, in spite of the deviations in the oscillation amp
tudes. However, it does not reproduce the interference
tween hh and lh FK oscillations properly since the hh co
tribution, which is strongly overestimated due to the lar
CDOS, completely dominates the spectra. This indicates
the oscillation periods mainly depend on the realistic sh
of the«(k) dispersions, whereas the explicit consideration
the interband coupling terms mostly affects the FK osci
tion amplitudes and the hh-lh interference. The results of
EMA B are nearly equivalent to those of the 2D diagon
approximation since hh and lh contribution only differ
magnitude due to different values of the momentum ma
element and the CDOS. In contrast, the EMAA yields oscil-
lation periods that are clearly too large, resulting from t
smaller values of the reduced effective masses. If, howe
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the reduced effective hole mass is assumed to be infinite
FK oscillation widths are nearly equivalent to those of t
838 k•p model, although the positions of the maxima a
slightly shifted to lower energies. This behavior, which w
unexplained before, has already been observed by Ree
electroabsorption experiments on GaAs.32

The nonparabolicity effects can be expressed in terms
an electro-optic reduced effective mass. It will be defined
an evaluation of the FK oscillation extrema based on
EMA theory as given by expression~24!. We will consider
the derivative of the absorption with respect to the pho
energy (1/\)(]a/]v). If one neglects the factor 1/vn(v),
the energy dependence of this expression is proportiona
Ai2(xcv). Assuming that either the hh or the lh contributio
dominates, a single-band approximation is satisfied, and
this component the energies\vn for the minima of the FK
oscillations can approximately be related to the zeros of
Airy function Ai(xn) by

xn5
Eg2\vn

\ucv
. ~31!

Equation~31! can be solved for the reduced mass of ele
trons and holes

mcv5
1

2

~eF\!2xn
3

~Eg2\vn!
3 . ~32!

Equation~32! can be used to define a reduced mass, wh
will be called the electro-optic mass. For a single-band EM
its value is, of course, constant and equal to the nom
value at the band-gap energy. In any other case, howeve
will be energy dependent.

The reduced electrooptic effective mass will be compa
with a reduced ‘‘energy effective mass’’ defined by

mcv,i
E ~kz!5

\2kz
2

2@«cv~kz!2Eg#
, ~33!

and a ‘‘curvature effective mass’’ given by

mcv,i
curv~kz!5F 1\2

]2«cv~kz!

]kz
2 G21

. ~34!

The former is obtained by writing the interband energy in t
form of a free-particle dispersion

«cv~kz!2Eg5
\2kz

2

2mcv,i
E ~kz!

; ~35!

the latter describes the local properties of the interband
persion around the pointkz in terms of a curvature param
eter. In our context, both functions are defined fork'50.

In Fig. 9 the electro-optic mass as derived from t
minima of the FK oscillations in the 838 k•p model for an
electric field ofF531.25 kV/cm is shown by dots for the TE
polarization and by asterisks for the TM polarization. F
comparison, the reduced energy and curvature effec
masses are included. Here the energy dependence o
masses has been transformed to the variablexn by solving
the equation
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xn5
Eg2«cv~ki!

\ucv~ki!
~36!

for ki ~in field direction! for each pointxn . Afterward the
value obtained forki is used to calculate the effective mass
from the exact dispersion relations obtained within t
838 k•p model. In the limitxn→0, both energy and curva
ture effective masses reach the same values, which are g
by the nominal values at theG point. Obviously the energy
effective masses are in good agreement with the electro-o
masses rather than the curvature effective masses. Due t
dominance of either type of hole contribution the hh-CB
duced mass is obtained in the TE polarization and the lh-
mass in the TM polarization. The deviations of the positio
of dots and asterisks from a smooth line are caused by
merical errors.

The results of Fig. 9 can be interpreted in terms of
nonparabolic EMA description Eq.~13!. The envelope coef-
ficientscnk'

F,« (ki) are determined by a finite integral over th

«(k) dispersion of the band. In Fig. 10 a schematic picture
a nonparabolic dispersion is plotted~solid line!. Considering

FIG. 9. Values of the energy-dependent electro-optic mas
obtained from the energy positions of the FK oscillation minima
the evaluation procedure described in the text.

FIG. 10. Schematic picture of a nonparabolic band dispers
~solid line! and the parabolic approximations related to the ene
effective mass~dotted line! and the curvature effective mas
~dashed line!.
s

en

tic
the
-
B
s
u-

e

f

a certain pointk0 on the dispersion line, the nonparabol
dispersion curve is only poorly represented if it is replac
with a purely parabolic curve that has the samecurvaturein
k0 ~dashed line!, corresponding to the curvature effectiv
mass. It is, however, well approximated by a parabola t
has the same origin andintersectsthe dispersion at the poin
k0 ~dotted line!, corresponding to an energy effective ma
Hence the parabolic dispersion relations, corresponding t
energy effective mass, are a better approximation to the r
nonparabolic dispersion curves.

There is an important consequence of this result. The
sition of the minima of the FK oscillations can be describ
very precisely by an energy effective mass, which is o
weakly dependent on the photon energy in wide-gap mat
als ~small nonparabolicity!. Therefore, an experimental de
termination of the electric field from the FK oscillations
fairly accurate in such materials if theG-point effective
masses are well known and the energy dependence is
glected. A common procedure is to use Eq.~31! and the
asymptotic expression for the zerosxn of the Airy function

xn52F3p

2 S n2
1

4D G
2/3

. ~37!

Substitutingxn leads to

2

3p
~\vn2Eg!

3/25~\ucv!
3/2S n2

1

4D . ~38!

This equation is valid for integer values ofn. It also holds for
the maxima of the FK oscillations ifn is equal to an integer
plus 1/2. From a plot of the left-hand side of Eq.~38! versus
n, using either experimental values for\vn or, as done be-
low, the values of our refined theories, one can ded
(\ucv)

3/2 from the slope of the~ideally linear! curve.

as

n
y

FIG. 11. Evaluation of electrical fields from the spectral po
tions of the FK oscillations as described in the text: a compariso
the results of various models.
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(\ucv)
3/2, on the other hand, is proportional toF/m1/2. In

order to show the validity of this method for the realis
band structure FK models, a comparison of the results of
simulations is shown in Fig. 11.

The values obtained within the 838 k•p model, which
are considered to be a reference for the other models,
represented by dots and the solid lines. The EMAA ~dashed
lines! clearly yields too high slopes and, therefore, too h
values of the field. The dotted lines are obtained if the
duced mass is assumed to be equal to the hh-CB mass w
the 2D diagonal approximation or, equivalently, the EM
B. The dash-dotted lines are calculated for holes with
infinite effective mass. An unambiguous decision betwe
the validity of these models is not possible, but the influen
of the band coupling seems to imply a tendency towards
infinite-hole-mass model (mcv5mc* ) rather than the 2D di-
agonal approximation EMAB (mcv5mc,hh). The latter is
consistent with the observations in Fig. 8, where nearly eq
oscillation periods are obtained for the 838 k•p model and
the dispersionless holes.

As a consequence, the common method of field eva
tion from the FK oscillation periods does not fail in larg
gap semiconductors when band-structure effects are inclu
because the deviations between the results of the sim
EMA and realistic band-structure models are small. In pr
ciple, the energy dependence of the FK oscillations can
be used to determine the energy dependence of the en
reduced effective masses in the field direction. However,
method is applicable only in very pure material of a hi
crystalline quality since the observability of a large numb
of FK oscillations is necessary to obtain reliable results.

IV. CONCLUSION

We have calculated the field-dependent absorption spe
of GaAs ~Franz-Keldysh absorption! in the framework of
k•p theory. Our model is an extension of the well-know
effective-mass theories of the FK effect accounting for
realistic band structure, including band nonparabolicity a
band anisotropy. Two mechanisms influence the absorp
characteristics: The field-induced intraband coupling
Bloch states along the field direction, which is also presen
the EMA picture, and the coupling between states belong
to different bands. The former leads to the basic characte
tics of FK absorption spectra, i.e., an absorption tail for p
ton energies below the band-gap energy and oscillat
above, and the latter is responsible for the modifications
troduced by the complicated band structure of real semic
ductors. Three aspects of the problem have been discuss
particular: the implications on the density of states, wh
are also present in the zero-field limit, the polarization d
pendence of the spectra, and the width of the FK oscillatio

A direct comparison with effective-mass models sho
that the CDOS is strongly increased for realistic ban
structure models, especially for energies sufficiently ab
the band-gap energy. The increase of the CDOS, howeve
not fully reproduced in the absorption spectra due to decr
ing momentum matrix elements. The deviations from
EMA are relatively small for GaAs, but become more impo
tant for low-gap semiconductors such as InSb, as the am
of band coupling in increased.
ur

re

-
hin

n
n
e
e

al

a-

ed
le
-
so
rgy
is

r

tra

e
d
n
f
in
g
is-
-
s
-
n-
in

h
-
s.
s
-
e
is
s-
e
-
nt

For the field-dependent spectra we have demonstrated
a correct description of the polarization dependence is
possible in the EMA models since they either do not cont
polarization-dependent momentum matrix elements at
~3D diagonal approximation! or become inconsistent in th
zero-field limit ~2D diagonal approximation!. Nevertheless,
the results of the calculations within the fullk•p model have
shown that the basic FK absorption characteristics can
well understood if one assumes that the hh and the lh ba
are decoupled. The absorption is dominated by the hh-
transitions if the polarization is perpendicular to the sta
field ~TE!, whereas for the case of parallel polarization~TM!
the lh-CB transitions prevail. In this respect the system
haves like a quasi-2D system. This property can be sho
exactly in the limiting case of energies deep in the band g
but it is astonishing for energies above the band gap, whe
stronger influence of state mixing would be expected. A
consequence, the 2D diagonal approximation yields good
sults, although it is not able to account for the amount of
difference between TE and TM polarization in the absorpt
tails. A comparison with experimental results confirmed t
theoretical findings.

The nonparabolicity of the band dispersions is reflected
the period lengths of the FK oscillations. We have sho
that they depend almost exclusively on the zero-field ba
dispersions, whereas the explicit band-to-band coup
terms mainly affect the overall magnitude of the absorpti
An evaluation of the oscillation maxima shows that th
position can be described in terms of an energy-depen
effective mass, obtained from the realistic combin
electron-hole band dispersions, evaluated at an energy v
corresponding to the photon energy. Basically this eff
should be taken into account if one tries to evaluate the e
tric field from the position of the FK oscillation extrema. I
large-gap semiconductors such as GaAs, however, it is c
parably small and can be neglected for a first approximat
Nevertheless, even in GaAs the deviations are such tha
series of oscillation extrema in TE polarization are bet
described assuming an infinite hole mass rather than rea
G-point values for the hh mass.

In summary, thek•p method has proved to be a ver
powerful tool to describe these effects. However, the num
cal efforts are enormous and inhibit a furthera priori inclu-
sion of the Coulomb interaction. In spite of this deficien
our spectra provide good agreement with available exp
mental findings. More detailed experimental investigatio
possibly in lower-gap materials, should be able to reveal f
ther details of our theoretical predictions.

APPENDIX A: THE k –p HAMILTONIAN

The lattice-periodic functionsun0 are unambiguous excep
for a free overall phase for the Clebsh-Gordon coefficient
they are chosen to have both the symmetry of angu
momentum eigenstates and the symmetry of the dou
group at theG-point of the crystal. We choose for the phas
the Condon-Shortley convention

^ j j ~ j 1 , j 2!u@ u j 1 j 1& ^ u j 2 j 2&]51, ~A1!

where j5 j 11 j 2 and j 1 and j 2 are the quantum numbers o
respectively, the absolute value of angular momentum of
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spin and the orbital angular momentum of an electron in
atom-like stateu. The resulting states are shown in Table
the 838 k•p Hamiltonian expanded in these states is giv
in Table II.

APPENDIX B: ORTHONORMALITY
OF THE FK EIGENSTATES

To prove the orthonormality of the FK eigenstates o
tained by Eq.~7! we proceed in two steps. First we show th
the states for different initial conditionsk' are orthogonal;
second we demonstrate that the states for the samek' are
orthonormal. With the form of the solutions~6! the inner
product between two states of differentk' is

^Ck
'8

Ck'
&5

V2/3

4p2(
n,n8

E dki E dki8E dxei ~k2k8!•xun0~x!

3un80
!

~x!cnk'
~ki!cn8k'8

!
~ki8!

5
V2/3

4p2 d~k'2k'8 !

3(
n
E dkiun0~x!un0

! ~x!cnk'
~ki!cnk'

! ~ki!,

~B1!
-

n
,

n
,
n

-
t

where we have used that^xnkuxn8k8&5dnn8d(k2k8) @with
x as defined in Eq.~3!; cf. Ref. 21#.

To prove that the states for different initial condition
c( i ) are orthonormal it is sufficient to show tha

^c( i ),c( i 8)&5d i i 8, where the inner product is defined b
^a,b&5(m*D i

dkiam
! (ki)bm(ki). The states belonging to the

initial conditions ~8! clearly fulfill this orthonormality if
there is a unitary operatorU(ki) with

c~n!~ki!5U~ki!c
~n!~0!. ~B2!

This unitary operator can be constructed in analogy to t
time-evolution operator in time dependent perturbatio
theory:

U~ki!5texpH i

eFE0
ki
dki8~H

~k' ,ki8!•p2«!J . ~B3!

Since, in general, the operatorsHk•p for different k do not
commute, the operatort has to be introduced, which ar-
ranges them after increasingki in the series expansion of the
exponential function.U is completely analogous to the time
evolution operator if one identifieski with t, (1/eF)@Hk•p

2«] with (21/\)H(t), and t with Dyson’s time-ordering
symbol. ThusU(ki) as defined by Eq.~B3! is the operator
wanted.
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