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Transport relaxation rate of a two-dimensional electron gas:
Surface acoustic-phonon contribution

Andreas Kna¨bchen
Weizmann Institute of Science, Department of Condensed Matter Physics, 76100 Rehovot, Israel

~Received 7 October 1996!

The transport relaxation rate 1/t of a two-dimensional electron gas due to scattering by thermally excited
surface acoustic phonons is calculated. The temperature dependence of 1/t is found to be linear inT for high
temperatures, but decreases likeTa as T drops below the Bloch-Gru¨neisen temperature for surface sound;
a57 ~5! for the deformation-potential~piezoelectric! interaction. The effect of a finite distance between the
crystal surface and the two-dimensional electron gas is discussed. The results are compared with those that
have been calculated for three- and two-dimensional phonons interacting with a two-dimensional electron gas.
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At low temperaturesT, the mobility ~or transport relax-
ation timet) of the two-dimensional electron gas~2DEG! in
GaAs/AlxGa12xAs heterostructures is mainly limited b
scattering from impurities and imperfections. In a degene
electron system, these scattering processes are tempe
independent. They are thus described by a constant tran
relaxation timet i . Assuming Matthiesen’s rule, the tota
transport relaxation rate can be written ast21(T)
5t i

211tph
21(T), where tph(T) may be identified with the

temperature-dependent effect of phonon scattering ont.
Even though the ratet i

21 might not be well known, the tem
perature dependence oftph enables one to extract informa
tion on the electron-phonon scattering from mobility me
surements. Indeed, an experiment of this kind has b
performed by Sto¨rmer et al.1 The results have been ex
plained in terms of the scattering of three-dimensional~3D!
phonons from 2D electrons using predictions of a the
developed by Price.2 According to Price, the temperature d
pendence oftph

21(T) undergoes a smooth transition from
linearT dependence to a strongerTa dependence as the tem
perature is reduced belowkBTBG52kF\c, wherekF is the
Fermi wave vector of the 2DEG andc is, depending on the
phonon mode involved, the longitudinal or transversal sou
velocity. The exponenta is equal to 5 for the piezoelectri
electron-phonon interaction, whereas deformation-poten
coupling leads toa57. TBG determines the temperature
which short-wavelength phonons~phonon wave vector
q'2kF) cease to contribute to the electron-phonon scat
ing processes. ForT,TBG, only electron-phonon scatterin
through small angles remains (q!2kF). The transition from
a high-temperature to a low-temperature regime can
viewed as a result of the phase-space restriction for elect
phonon interaction processes imposed at temperatures
thanTBG. In this sense, the low-temperature range may
referred to as the Bloch-Gru¨neisen~BG! regime.2,1 Note that
TBG is much smaller than the Debye temperature since
inverse lattice constant greatly exceedskF .

It is the purpose of this paper to discuss the contribut
of thermally excited surface acoustic phonons~SAP’s! to the
transport relaxation rate of the 2DEG. Lealet al.3 have al-
ready tried to address this problem. However, these aut
550163-1829/97/55~11!/6701~3!/$10.00
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replaced the surface phonons by a strictly 2D phonon sys
~i.e., a layer of vibrating atoms!. Our calculations are base
on the proper matrix elements for the interaction betwe
SAP’s and 2D electrons.4 We shall show that the replace
ment of SAP’s by 2D phonons leads to a differentT depen-
dence and a different order of magnitude oftph

21(T). In fact,
theT dependence of the relaxation rate due to scattering
surface phonons agrees with that arising from the interac
with 3D phonons and the contributions of SAP’s and 3
phonons totph

21(T) can be of the same order of magnitud
This is in contrast to the results of Ref. 3 which predict th
SAP’s dominate 1/tph once T drops sufficiently below
TBG. Moreover, our calculations show clearly that and ho
the effect of SAP’s ontph

21(T) depends on the distance of th
2DEG from the surface of the heterostructure.

The transport relaxation rate associated with surf
phonons can be written as

1

tsap
5 (

q,k,k8
@12cosu~k,k8!#Wk,k8

6q f k~12 f k8!, ~1!

whereq is the 2D wave vector of a SAP,k andk8 refer to the
2D wave vectors of an electron prior to and after an electr
phonon interaction,u is the angle betweenk andk8, and f is
the Fermi distribution function. The transition rateW is
given by

Wk,k8
6q

5
2p

\

uM k,k8
6q u2

u«~q!u2 SNq1
1

2
6
1

2D d~ek2ek87\vq!. ~2!

The dispersion law for surface acoustic waves isvq5sq,
wheres denotes their sound velocity (s5jct , wherect is the
transversal sound velocity andj'0.9 for GaAs; cf. Ref. 4!.
The upper/lower sign in Eq.~2! refers to the emission
absorption of a SAP.Nq5@exp(\vq /kBT)21#21 is the pho-
non distribution function. The matrix elements for th
electron-SAP interaction are given by4

uM k,k8
6q u25

\

L2rs
e22kqz0Bnq

ndk6q,k8, ~3!
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Bnq
n5HB2q

25cDAJ2q2 for deformation-potential interaction

B05cPA~eb!2 for piezoelectric interaction.
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B0 represents an angle average with respect toq̂. L2, r, J,
e, andb are the normalization area in the 2D plane of t
electron gas, the mass density of GaAs, the deformat
potential constant, the electron charge, and the piezoele
modulus, respectively.cDA and cPA are numerical coeffi-
cients of order unity. The exponential function accounts fo
finite distancez0 of the 2DEG from the surface. The decay
a surface acoustic wave towards the interior of the samp
determined by the decay length (kq)21. For the
deformation-potential interaction, only one coefficientk oc-
curs that coincides with the decay constant of the longitu
nal component of the surface wavek5k l'0.8. For the pi-
ezoelectric interaction, three different coefficientsk i<1,
i51,2,3, appear. For the sake of simplicity, all of them a
replaced by an effective decay constantk.

The experimental results of Ref. 1 confirm that the scre
ing of the electron-phonon coupling due to the 2DEG is
negligible. Screening is accounted for in Eq.~2! by the di-
electric function5

«~q!511
1

aB* q
H~q!, ~4!

whereaB* is the effective Bohr radius. Up to the functio
H, the latter expression agrees with the dielectric function
a strictly 2D electron system.6 H comprises the effects due t
a finite thicknessd of the 2DEG. In the limiting cases
qd!1 and qd@1 it approaches unity or behaves lik
(qd)21, respectively. This implies the following approxima
tions for large~high-T range! and small~low-T range! wave
vectors,«(2kF)'1 and «(q!2kF)'(aB* q)

21, which will
be used below.

Substituting expressions~2!–~4! into Eq. ~1!, we obtain

1

tsap
5
231nm* kF

nBn

p\2rsa31n E
0

a

dx
x31n

A12x2/a2

3
e24kkFz0x/a

u«~2kFx/a!u2
ex

~ex21!2
, ~5!

wherem* is the effective electron mass,n52 ~0! for the
deformation potential ~piezoelectric! interaction, and
a[2\kFs/kBT. The decay of the surface waves with i
creasing distance from the surface is generally irrelevan
4kkFz0<1. For GaAs/AlxGa12xAs heterostructures
(4kkF)

21 is of the order of 3 nm. Let us first assume th
z0 is of this order and then consider how the result
changed due to a larger~more realistic! distancez0 between
the surface and the 2DEG. In the case under considera
the BG temperature can be defined bya51, i.e.,
kBTBG52\kFs. TBG.6 K is thus in the same range as f
3D phonons. In the high-temperature regimea!1, formula
~5! reduces to
n-
ric

a

is

i-

e

-
t

f

if

t

n,

1

tsap
5
2ncnm* kF

n21

\3rs2
BnkBT, ~6!

wherec255/16 andc051. That is, the transport relaxatio
rate exhibits a linearT dependence independent of th
electron-phonon interaction involved. This is a natural res
because all SAP’s that may contribute to scattering proce
are thermally excited and a further rise of the temperat
increases only the number of phonons. This number is p
portional toT. For a@1 ~BG regime!, Eq. ~5! can be ap-
proximated by

1

tsap
5

~51n!! z~51n!m* ~aB* !2

p\2kF
3rs

BnS kBT\s D 51n

, ~7!

i.e., the deformation-potential and piezoelectric interactio
give rise to aT7 and aT5 dependence, respectively. Thus t
power laws for the temperature dependence of 1/tsap agree
with those valid for 3D phonons in the high-temperature
well as in the BG regime. Neglecting the minor differenc
betweens and the longitudinal and transversal sound velo
ties, agreement is also found with respect to the other ph
cal quantities determining the order of magnitude of the
laxation times. This implies that SAP’s can contribu
significantly to the temperature-dependent part of the tra
port relaxation rate if the distance between the surface
the 2DEG is small enough.

A value z0.(4kkF)
21 results in the following modifica-

tions of the above expressions. The high-temperature re
~6! is reduced by a factor of the order of (4kkFz0)

2(21n) if
the screening of the largest wave vectors that are of
evance in the integral~5! is small,«(1/2kz0)'1. For effi-
cient screening or larger distancesz0, the reduction is given
by (2kFaB* )

2/(4kkFz0)
41n, i.e., the influence of the SAP’s

on the 2DEG decreases according to a power law in
quantity (kFz0)

21. This modified high-temperature result re
mains valid untilT drops below a reduced BG temperatu
TBG8 5TBG/4kkFz0. For temperatures belowTBG8 the relax-
ation rate is again given by Eq.~7!.

Let us now compare our results with those following fro
a replacement of the SAP’s by a 2D phonon system. In R
3, the transport relaxation rate 1/t2D due to deformation po-
tential interaction between 2D phonons and the 2DEG
been calculated. Screening was not taken into account. A
result, 1/t2D depends linearly on temperature forT.TBG,
but shows aT4 dependence in the opposite case. Omitti
the influence of screening in Eq.~5!, «[1, we find
1/tsap;T5 @instead of;T7 with screening; see Eq.~7!# in
the BG regime. The magnitude of the rates can be compa
replacing the numberN of lattice cells in the normalization
area used in Ref. 3 byL2/b2, whereb is the lattice constant
Suppressing numerical prefactors, the ratio of the relaxa
rates can be written as (t2D)

21/(tsap)
21.(bkF)

21 in the
high-temperature range, whereas (t2D)

21/(tsap)
21

.a(bkF)
21 is found for T,TBG ~i.e., a.1). Since
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bkF!1, the replacement of surface waves by a 2D sou
wave leads to a significant overestimation of the transp
relaxation rate. The discrepancy becomes larger when
incorporate the effect of a finite distancez0.(4kkF)

21.
The relations among the various transport relaxation tim

for 3D, 2D, and surface acoustic phonons can be unders
by considering the interplay between the matrix element
the electron-phonon interaction and the density of sta
~DOS! of phonons. The matrix elements in Eq.~3! for SAP’s
have one power ofq more compared to those for 3D
phonons.4 This compensates exactly for the reduced DOS
SAP’s, appearing in Eq.~1! when integrating overq. The
qualitative agreement oft3D andtsap is therefore natural. On
the other hand, the matrix elements for 2D phonons3 are
constructed in analogy with those for 3D phonons and he
exhibit the sameq dependence. Consequently, the reduc
DOS of 2D phonons is not compensated, resulting in an
sentially different transport relaxation time.

We have seen that SAP’s make a substantial contribu
to the total phonon-induced transport relaxation rate in
small-z0 and/or low-T limits, i.e., when the largest wave vec
tors q of the thermally excited SAP’s become of the sam
order as (z0)

21. In this case, the influence of the surfa
cannot be considered as a small perturbation. This pose
question whether extended bulk phonons2,1 represent an ap
propriate description of the corresponding elastic displa
ment modes in this regime. To answer this question, we h
,

a

n,
d
rt
e

s
od
r
s

f

e
d
s-

n
e

the

e-
ve

employed a formalism developed by Badalyan a
Levinson,7 which describes all branches of elastic modes
the same footing, i.e., both SAP’s~decaying exponentially
with increasing distance from the surface! and 3D phonons
~nondecaying! are subject to the elastic boundary conditio
imposed at the surface. It turns out that all elastic mo
lead, up to numerical factors, to the same high-T @Eq. ~6!#
and low-T @Eq. ~7!# limiting forms as far as 1/tph(T) is con-
cerned. That is, bulk phonons provide a qualitatively corr
description also in the case where the 2DEG is very clos
the surface of the sample. Since the approach of Ref. 7
plies to the deformation-potential coupling, it remains to
seen whether this is true for the piezoelectric interaction
well.

In conclusion, we have shown that surface acous
phonons lead to the same temperature dependence o
transport relaxation time as 3D phonons. They even cont
ute a term of the same order of magnitude if the dista
z0 between the surface and the 2DEG is smaller th
(4kkF)

21. For surface phonons, the onset temperature of
Bloch-Grüneisen regime depends onz0 and is given by
kBTBG52\kFs/max$4kkFz0 , 1%.
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