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Hole and pair structures in the t-J model
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Using numerical results from density matrix renormalization grddRG) calculations for the-J model,
on systems as large asX@, we examine the structure of the one and two hole ground states in ladder systems
and in two dimensional clusters. A simple theoretical framework is used to explain why holes bind in pairs in
two-dimensional antiferromagnets. For the cdse=0.5, which we have studied, the hole pairs reside pre-
dominantly on a X2 core plaquette with the probability that the holes are on diagonal sites greater than
nearest-neighbor sites. There is a strong singlet bond connecting the spins on the two remaining sites of the
plaquette. We find that a general characteristic of dynamic holes in an antiferromagnet is the presence of
frustrating antiferromagnetic bonds connecting next-nearest-neighbor sites across the holes. Pairs of holes bind
in order to share the frustrating bonds. At low doping, in addition to hole pairs, there are two additional
low-energy structures which spontaneously form on certain finite systems. The first is an urdoged
spin-liquid region, or ladder. The second is a hole moving along a one dimensional chain of sites. At higher
doping we expect that hole pairing is always favor&iD163-18207)05109-6

I. INTRODUCTION The t-J Hamiltonian ig?
The main obstacle to understanding two-dimensional _ _ 2 a _1
doped antiferromagnets has been the inadequacy of current H=THst HK_‘]% (S"Sj 4n‘ni)
analytical and numerical tools when applied to these sys-
tems. A number of analytical approaches are available which —t> Pg(clci s+l oPs, (1)
work well in either high dimensiongsuch as dynamical (s neThe ST

mean field theory) or one dimension (such as
bosonizatiof), but not in two dimensions. Numerical ap-
proaches such as quantum Monte Carland exact
diagonalizatioh™® have been very useful, but quantum
Monte Carlo suffers from a sign problem at low

mperatures,and ex iagonalization can onl li .
temperatureS.and exact diagonalization can only be app EmlchangerO.S. We have restricted ourselves to one value of

to small clusters. . . ) . ) .
0 smafl clusters . : N J/t in order to study a variety of different lattices in detail.
Recently, however, density matrix renormalization group:.

(DMRG) technigues have been developed which allow on This value ofJ/t was chosen because it lies in a region

. ) ) . .3<J/t<1.0 in which most numerical studies indicate that
to obtain accurate, detailed information about ground'StatBairing can occur but find that phase separation does not
expectation values on significantly larger clustérs We

: : occur*~1Furthermore, in order to focus on the origin of the
have performed DMRG calculations on a variettaf clus-  aiyraction between holes, we have restricted our consider-
ters. We have been able to treat systems of width 3 and 4 &ion to only one or two holes in these systems. In subse-

a variety of dopings, with lengths up to 32 sites. At low guent papers we will vary/t and discuss the effect of addi-
doping, we have results from wider systems, such agonal holes in various systems.

10X 7. Here we examine the structure of the ground state of
t-J clusters doped with one or two holes. Specifically, we
have calculated the ground state expectation value of the spin

S and the exchange fie|§i.§j around a dynamic hole or We first describe a simple theoretical framework for un-
pair of holes. We have also calculated the spatial kinetiglerstanding hole motion in &J model. Let|¢) be the
energy distribution of one or two holes in a cluster, the spaground state of a particular-J system withN sites and
tial kinetic energy distribution of one hole when a secondN-m electrons. Define a hole projection operator for sites
hole has been projected onto a particular site, and the hol@h(i)zci,lcﬁlcmcﬁ. Pn(i) projects out the part of a wave
hole correlation function in a two-hole state. From these calfunction in which sitei is vacant. Although we call this
culations one obtains insight into the nature of the structuregacant site a “hole,” there is not necessarily any spin asso-
holes can induce in an antiferromagnetic host and the origiciated with the vacancy: in the one dimensiotdl model,

of pair binding seen in some clusters. for example, there is not. A better term might be “dynamic

where(ij) denotes nearest-neighbor siteds a spin index,
é and CIS are electron spin and creation operators,
ni:CiT,TCi,T"'CiT,lCi,lv and the Gutzwiller projectoPg ex-
cludes configurations with doubly occupied sites. In the cal-
culations shown here, we set the hoppirgl and the ex-

Il. THEORETICAL FRAMEWORK
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vacancy,” but the use of the term “hole” has now become P, (h)AP;,(h)], normalizing by{#|Pn(h)|#). It is useful to
fairly standard. In some systems, such as even-leg ladders, ggea=S,. §j , wherei andj are near a hole or pair of holes.
extra Spin-1/2 is bound to the vacant Site, forming a COmpoOSThis measurement gives us a “Snapshot” of the Spin con-
ite object with charge and spin, which is sometimes called gigyration around a dynamic hoté.If this expectation value
“quasiparticle.” We define an operatoPp(h), which s close to—0.75 for two sites andj, we say that there is a
projects out a particular configuration ah holes, as “singlet bond” connecting andj, even if there is no term
Pn(h)=Pp(hy)- - -Pp(hy), where h=(h;,...hy), and in the Hamiltonian directly coupling and j. We use the
hi<---<hp,. We can then separatg)) into parts with  terms “antiferromagnetic bond,” “valence bond,” or just
specified hole locations as “bond” simply to indicate thay$- S;)<0. Of course, Nel
order makes weak “bonds” connecting widely separated
[g)y=> Pp(h)|y="> an|¢n), (2)  sites on opposite sublattices, but we will be particularly con-
h h cerned here with bonds connecting nearby sites orsdnee
where| ) is a normalized wave function with holes at the Sublattice.

specified sites, and,=0. The ground-state energy is given ~\We can also take a snapshot of the spin configuration
by usingA=S’ for a single hole on an even number of sites. In

that case, the ground state is degenerate $ith+1/2, so
that the expectation value &f in one of the ground states is
finite. One can also project out some of the holes, and use
bAznivsz ciT,sci,S, to find out where the unprojected holes
aYre, orA=Kj;= —tES(c:SCJ,S+ c}rﬁsciys), to study their mo-
tion.

E:; aﬁ<¢h|HS|¢h>+; hZ anan (Yn|Hgl ). (3)

The first term we refer to as the exchange energy, denoted
Es. The second term in Ed3), the hopping energy or ki-
netic energy, can be written as

T IIl. RESULTS
EK:_tE > anan (nlcl & ol ), (4) o _
(ii)s h The results in this paper were all calculated using the

¢ finite system version of DMR&’ keeping track of transfor-
mation matrices to construct the initial guess for each super-

we consider two hole configuratiors and h’ adjacentif ~ Plock diagonalizatiod! From 200 to 800 states were kept

they differ by a near-neighbor hop of a single hole. DefingP€" Plock, with 800 states necessary for the<Z0system.
the hopping overlap betwednandh’ as We performed hundreds or thousands of measurements for

each system. Ordinarily storing all the operators needed to
measure so many quantities would greatly increase the
On,hv = (¥l E (cf i s+ i o)l (5 memory used by the program, but since the transformation
(i) matrices contain a complete description of the approximate
Clearly a necessary condition far, ,,» to be nonzero is that wave function produced by the DMRG algorithm, the mea-
h andh’ are adjacent, in which case only one pair of sitessurements could be performed at the end of the calculation,
i, ] appears in the sum. i andh’ differ only in the position in manageable groups of 50 to 100. The large number of
of holem, h,#h/,, then measurements, at worst, doubled or tripled the computation
time. In these calculations no effort was made to make the
_ + warmup sweep especially accurate, for example, by inserting
Oh'h’_w*"zs‘ (Chyyr 5Chyy,9) [ Y1) ®  the holes at points where they were expected. Enough later
) o sweeps were made to reach the ground state, regardless of
It is easy to see thdOp /[<1. The kinetic energy can be the state at the end of the warmup sweep. Except where
written as noted, the truncation error was less than about®10

where the hole configuratiorsandh’ are the same, excep
thath has a hole at site andh’ has one at site. In general,

Ex= —tz apan Op p. (7) A. Single chain
h,h’ . . . .
As a warmup exercise, consider the one-dimensi¢ia)

We see that we can view the ground state as the result ¢fJ model, with one hole. One might consider as a variational
a set of coupled variational calculations, where the exchangansatz for|,,) a Neel arrangement of the electron spins,
energy of each wave functidwy,) is minimized, subject to  with one electron removed. In this ansatz we have made a
having as much overlap as possible with adjacent hole cor*quasiparticle,” since an extra spin 1/2 is associated with
figurations. Fort>J, the interplay between the kinetic and the hole. However, this is a very poor ansdtz;) has no
exchange terms is interesting. In the low-doping regimepverlap with|¢,.,). Alternatively, one can arrange the spins
since there are more exchange terms which come into plags shown in Fig. (), with shifted Nel arrangements sepa-
the bulk spin behavior is dominated by exchange. Close toated by the holé/ There are two spin wave functions
any holes, however, sinde>J, substantial modifications of |}), plus translations: foh odd (even, an up spin is to the
the local spin arrangements can occur. At higher doping, théeft of the hole, while foth even(odd), a down spin is to the
bulk spin behavior can be changed substantially as well. left of the hole. In this case there is complete overlap, and the

Using DMRG, we can studyi,) directly: we calculate kinetic energy associated with the hole takes on the maximal
|), and then measure operators of the foA®,(h) [or  (in magnitudg value —2t. This is a simple intuitive argu-
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with open boundary conditions. The width of the line corre-
| K28 G\ 28 B2 B 2K\ 28 8K\ 72 85\ 28 B/ sponding to each bond has been made proportional to the
@ bond strength, as indicated by the scale in the box. The maxi-
mum possible bond strength is3/4. The boundaries induce
dimerization in the system, and the results are quite similar
e o= @G=p O =@ = em=e e=mp to the valence bond configurations shown in Fifh)41(c).
) It is also possible to obtain results which look like Figa)l
In Fig. 1(f), we show results for th&?=1/2 ground state of
a system with an even number of sites and one hole. The
=6 Gmo @mo O O Gmo Gme G=o excess spin 1/2 is spread out over the lattice.
© Particularly interesting is the strength of the bond across
the hole in Fig. 1g). In order to maximize the hopping over-
lap with adjacent hole configurations, in addition to having
antiferromagnetic correlations on nearest neighbor links, we

(@ 025 expect such correlations betweeext-nearest-neighbaites
-— -0.65 i andj if there is a hole at sitk which is a nearest-neighbor
— to bothi andj. Such a valence bond becomes a nearest-
© neighbor link after one hop of the hole to either site, since
() moving the hole also moves the bond. For example, suppose
/I\ 02 the hole configuratioth has a hole at sit&, with i and j

nearest-neighbor sites to Let h’ be the hole configuration

P I b | \ | o I b | b4 after the hole hops frork to i. Sincej andk are nearest-

® neighbor sites, we expect a strong antiferromagnetic bond
between these sites |@,). In order to maximize the hop-
ping overlapOy, ,,+, there will also be a strong antiferromag-
netic bond between sitésandj in |¢,). This tendency ap-
plies to two dimensions as well as one, and appears as an
essential ingredient for pair binding in ladders and two di-
mensions.

FIG. 1. Spin structure near a single hdthe gray circle on a
1D t-J lattice.(a) Neel spin configuration, shifted by one spacing to
the right of the hole(b),(c) Valence bond configurations with a
hole. (d),(e) Results of a DMRG calculation for the ground state of
a 15 sitet-J system, withd/t=0.5, and open boundary conditions.
The thickness of the lines is proportional to the bond strengths,

(d’|§i'§j Pr(h)| )/ (| Pn(h)|¢), according to the scale shown. In B. Two chains

(d), h=7, and in(e), h=8. (f) Results of a DMRG calculation for . . L .
the ground state of a 16 site system, with= 0.5, and open bound- We now consider a two chain ladder system, with identi

L . . cal couplings along the legs and rungs,1 andJ=0.5. We
?gp&%r;gi}?;ﬁ;(mew.length of the arrow s proportional to consider first a single hole. In Fig.(@ we show bond
strengths in/¢,) in the vicinity of the dynamic hole for a
] o o 32x 2 lattice, withh on site (16,1). As we argued above, the
ment for spin-charge separation in a 13 model. Similar  gystem has a tendency to form antiferromagnetic correlations
pictures for spin-charge separation in aeNgicture have on next-nearest-neighbor sites around the hole. Except in one
been discussed by various authb”rsSmC_e a single hole gimensijon, this tendency introduc&sistration, since sites
moves freely, it also suggests that there is no kinematic regs, the same sublattice tend to be parallel. A single Heisen-
son for the binding of pairs of holes, although for unphysi-perg spin chain becomes dimerized for sufficiently large
cally largeJ/t the diagonal term in Eq(3) can cause bind-  frystrating next-nearest neighbor interactiod’ % 0.247).
ing. o 3 ] ) Similar dimerization is clearly evident in the two bonds
A justification for .conS|der'|ng these Idbconﬁguratlon; above the hole Fig. (2. The dimerization weakens one of
for the 1Dt-J model is the existence of power-law decaying the nearest-neighbor bonds around the hole sufficiently to
antiferromagnetic correlations in the 1D Heisenberg modelg|iow two of the next-nearest-neighbor links to form antifer-
Bond-bond correlationgS;- S; ;1 S;- Sj41) also decay as a romagnetic correlations. Since the hole is not quite at the
power law, suggesting a valence bond configuration as aenter of the system, the figure need not be symmetric.
complementary ansatz: valence bonds occupy @Eldén A single Heisenberg spin chain with frustrating next-
links to the left of the hole, and evéndd links to the right,  nearest neighbor interactidi>0.5J develops incommensu-
as shown in Fig. (). If one takes this configuration, and rate, spiral spin correlations, in addition to dimerizatt6r?°
appliesEsciT’Scj,S to move the hole to a neighboring site, one We have looked for this in|¢,) by measuring
obtains the configuration in Fig.(d), with a valence bond gixgj) . (§k>< §|), where the hole was on sité6,1) and the
straddling the hole. Consequently, if we let the valence bon pin operatord, j, k, and| were for sites(15,1), (15,2,
configuration of Fig. tb) define|y,) for all odd sitesh, and (17,2, and (17,1, respectively. No enhancement of this
let the configuration of Fig. (t) define[#y,) for all even  quantity by the presence of the hole was found, nor was any
sites, then the hole moves freely, with the kinetic energyfound in the other lattices we studied here. However, it still
taking on its maximal value- 2t. might occuf! in other parameter regimes, suchtasJ.
In Fig. 1(d)-1(e), we show DMRG results for the bond  uUnlike the single chain Heisenberg model, the undoped
strengthAzé-Sj for a single hole in a 15 site 1D chain, two chain ladder does not have gapless spin-1/2 excitations.
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(d)

/l\ 0.35

FIG. 2. A single hole on a two-chain ladder. Gray circles are  FIG. 3. Two dynamic holeggray circleg on a two-chain ladder.
dynamic holes, and black circles are static vacancies. Pictured is tHictured is the central region of a 82 lattice, with open boundary
central region of a 322 lattice, with open boundary conditions. conditions.(a) The hopping energyt23<cf,scjvs+ c},sci's) for each
All results are ford/t=0.5.(a) The bond strength&S; - S;) abouta  link when one hole is projected onto a particular site. The hopping
dynamic hole, as in Fig.(#)—1(e). All nearest-neighbor bonds are €nergy shown is associated with the hole which has not been pro-
shown. In addition, if two sites are both adjacent to the hole, and ifécted onto a particular site. The thickness of the lines is propor-
the bond is antiferromagneti¢S - S;)<0, it is also shown.(b) tional to energy, according to the scale shon-—(d) .The bond
(S%, as in Fig. 1f). (c) The bond strength§~§j> about a static strengths(_Si~Sj> after both hole_s _ha\_/e been prqjected. Next-
vacancy.(d) () about a static vacancy. nearest-nelghbor bonds are _show_n andj are bqth adjacent to the

same hole, and if the bond is antiferromagnetic.

Spin-charge separation does not occur in the two chain lad-

der, and an extra up or down spin is bound to a single holep 995 =1.991. The frustrating effects of a dynamic hole fur-
forming a quasiparticle. It is not possible to specify a precis&her increase the total exchange energy by 1).28it the
location for the extra spin, since every spin fluctuates bekinetic energy associated with the dynamic hole-ig.37.
tween up and down, but one can get some indication of its Next we consider the two chain system with two holes,
whereabouts by measurifigh,| Sf|¢y). In Fig. 2b) we show  \which bind to form a pair. In Fig. @) we show the expec-
this quantity for the samfjy,) shown in Fig. 2a), in which  tation value of the kinetic energy on each bond, when the
the extra spin points up. Clearly the extra spin is localizedocation of only one of the holes has been specified with the
close to the hole, spending most of the time on the same rungrojection operatorP,(h). This provides information not
as the hole. Short-range antiferromagnetic correlations caugghly on where the other hole is, but between which sites it
(Sf) to be negative for some of the nearby sites. hops the most. We see that the other hole spends most of its
In Fig. 2c)-2(d) we show similar results for &tatic  time on the opposite chain, close to the first hole. What frac-
hole?? In this case we remove one site, find the ground statetion of the time the other hole spends on each of the sites is
and measure its properties. In FigcPwe see that there is no obtained from(|Py(h)|#) with both locations specified.
dimerization of the bonds above the vacancy, and no antifetwe find if the first hole is at16,1), the probability for find-
romagnetic correlations between next-nearest-neighbor siteig the other on(15,2, (16,2, or (17,2, is about 0.15, for
In Fig. 2(d), we see that the extra spin is still mostly on the (14,2 or (18,2, about 0.075, and fof15,1) or (17,1), about
same rung as the static hole, but there is substantially mom@.055. The second hole spends more total time ontwoe
antiferromagnetic polarization caused by the extra spin. For gjtes a distancg2 away from the first hole than on thieree
dynamic hole, this polarization is mostly absent because ihearest-neighbors sites. The probability is over 0.99 that the
reduces the overlap between adjacent hole configurationsther hole is within a distance of six of the first hole.
since it is tied to the hole location. Hole-hole density correlation functions have been calcu-
The addition of a static hole increases the total exchanggted using Lanczos methods for two holes on clusters rang-
energy of the system, including the %Jninj term, by ing from 4x4 (Ref. 4,5 up to 26X 26 and using
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Green’s function Monte Carlo techniques on ark®
cluster?® It has been estimated thatt must be larger than
0.27 for pair binding to occu® Near-neighbor and next-
nearest-neighbor diagonal hole-hole correlations are domi-
nant for J/t>0.4. Based on the/26x /26 result$ for
J/t=0.5 the holes are about 20% more likely to be found
across a diagonal than on near-neighbor sitesJRogreater
than about 1.0, the near-neighbor correlation exceeds the di-
agonal one.

In Fig. 3(b)—3(d) we show the bond strengths when the
dynamic holes are in three possible configurations. The ex-
change energy ofyy,), compared to the system without
holes, is 1.46for (b), 1.71 for (c), and 1.92 for (d). Despite
these energies, the system spends as much time in configu-
ration (d) as in(b), and much more time in either of these
than in (c). Configuration(d) is favored, despite its high
exchange energy, because it connects with more hole con-
figurationsh’ than doegb) or (c), giving it more weight in
the kinetic part of the energy. There are six configurations
h’ connected tdd), but only four to(b) or (c) (counting hops
of either hole.

Perhaps the most remarkable aspect of Fig. 3 is the very
strong next-nearest-neighbor singlet bond crossing the holes
in Fig. 3(d). For four of the six hops available t@l), this
bond becomes a nearest-neighbor bond, and in each of those —— 0.0
neighboring configurations the bond is quite strong. There- e -0.65
fore, the kinetic term strongly favors a singlet bond connect-
ing these sites.

On the 3X 2 system, the kinetic energy of a pair of holes
is —4.57, compared with-4.74 for two separate holes. The
increase in exchange energy caused by a pair of holes is
2.06, compared with 2.51 for two separate holes. Thus the
slight increase in kinetic energy from binding a pair of holes
is more than made up for by a substantial decrease in ex-
change energy. The pair binding energy, defined as

(a)

(b)

(c)

(d)

E,=2E(1)—E(2)—E(0), (8)

where E(m) is the ground states energy with holes, is
E,=0.28.

It is useful to define théustration energyassociated with
a particular hole configuratioh as

E+(h)=(¢n|Hslthn) — (¥n statid Hs| ¥n, statio » 9

where| ¢, swtio IS the ground state in the static hole configu-
rationh. The frustration energy of two separate holes on the
32x 2 is 0.52. For two holes in configurationd), (c), and

(d), the frustration energies are 0.@70.249, and 0.066,
respectively, much less than for separate holes. The frustra-
tion energy associated with the strong diagonal frustrating
bond in(d) is rather small. This reflects the fact that a free RGN § 77 (f)
S=1/2 forms on the end of a two chain Heisenberg ladder eere e -
with one extra site on one chaifiand this extra spin can be o 012
used to form the diagonal singlet bond.

(e)

FIG. 4. Dynamic holes on a three-chain ladder, plotted similarly
to Figs. 2 and 3. Pari{g)—(e) are for a single hole, and) is for two
holes. Pictured is the central region of axl® lattice, with open

We next consider a three chain ladder system with @oundary conditions(a The hopping energy for each linkb),(c)
single hole. In Fig. @) we show the kinetic energy on each The bond strengthéS - S;). (d),(e) (S?) for each site about the hole.
link in a 16X 3 system, for sites near the center of the sys<f) The hopping energy in a two-hole system when one hole has
tem. It is clear that the hole resides mostly on the outer legsyeen projected onto one of its most probable locations.

C. Three chains
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and that when it does hop onto a center-leg site, it is most
likely to then hop to an outer leg. In Fig(®) we show the
exchange energy on each link near a mobile hole in the state
| ) with h on an outer leg near the center of the system.
The expected next-nearest-neighbor antiferromagnetic bond
has formed across the hole. The dimerization is quite differ-
ent than in the two-chain case: it forms in the vertical direc-
tion, where it is both more effective at accommodating the
frustration and less costly in energy. The dimerized bonds
form a structure resembling a short two-leg ladder. In Fig.
4(c) we show similar results for the hole on the adjacent
center-leg site. A particularly strong singlet bond forms
across the hole, reflecting a strong tendency to hop vertically.
Figure 4d) shows(S?) on sites about the hole of Fig(h).
The pattern strongly resembles that of a single chain. Instead
of being localized near the hole, the ex8& 1/2 is distrib-
uted about the system, indicating spin-charge separation. The
spins form a one-dimensional shifted-@l€onfiguration. On PV TR :
the same leg as the hole, the other two sites are bound tightly SO i:i ‘
©
Q

(a)

(b)

into a singlet, and(S*) is very small. Figure &) shows
similar results for the hole on the center leg. The frustration

M

energy of a single hole on an outer leg on three chains is 0.19
t, and on the center leg, 068 - -0.15
Two holes on a long three-chain ladder with=0.5 are i 0.15
not bound. The density of holes has two widely spaced broad
peaks. Figure &) shows the kinetic energy of one hole when
the other hole is projected onto a site at one of the peaks in 9_0 I
the density. Direct measurement of the hole-hole correlation !
function shows that the hole is found exactly where the ki- @—@ ® G—‘@ o
netic energy is large. e_e 0...9_9 °
Why are two holes bound on two chains and not on three pr—
chains? This is what one would expect based on arguments
using a resonating valence bofRIVB) variational ansatz for

the background spin systethHowever, those arguments are © 0 0060 00
based on a static treatment of holes, and as we have seen |

here, forJ/t=0.5 the holes cannot be treated statically. The G_e T Q_G o ©
RVB ansatz, as well as various analytical approaéhéS,

predicts the existence of free spinon excitations on ladders ?
with odd numbers of legs, and this is important. In the three O
chain system a hole can separate into a hole and a free,

zero-energy spinon, which one would expect to have lower
energy. It is interesting to compare Figb#tand Fig. Za):

on three chains, a low-energy local spin structure can form ©-o—¢ T o

involving vertical dimerization which allows easy hopping. O—Qf‘ oo Q—Q
On two chains, vertical dimerization is not possible, and the o ‘ e o $ é ®
bonds above the hole also carry the ex®al/2, reducing !
their strength. Direct comparison of the energies supports G—é} o006 60
this picture: on a 183 system, adding one holéand e -0.15

P y 0 o

spinon increases the exchange energy by f,.18nd de-

creases the kinetic energy by 2t5©0n a 16<2 system, the

exchange energy is increased by 1.26d the kinetic energy _ , ,

decreases by 2.86By this measure a pair of separated holes F!C: 5. A single dynamic hole on a four-chain ladder. All cal-
is lower in energy on three chains by 0t5Fhe pair binding culations are on a J>6_4 Ia_ttlce, with open boundary conditions.
energy on the two chain system is 0t28ss than the dif- Only the central region is shown),(b) The bond strengths

ference in hole energy between two and three chains. (Si~§j> for two diffferent hole locations(c),(d) The difference in
bond strengthgS;- S;) between the system with the dynamic hole

[as in(a) and (b)] and the same bond on the equivalenidoped

system. Solid lines indicate stronger bonds, and dashed indicate
We now consider a four chain ladder system with a singleveaker. Next-nearest-neighbor bonds are not shésytf) The dif-

hole. Unlike the three chain case, the probability of findingference in bond strengths between the system wiktatic hole or

the hole on the center two chains is about the same as findingicancy(black circlg and the equivalent undoped system.

D. Four chains
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' pY!
o—0—0 O—0—0
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FIG. 6. Two dynamic holes on a four-chain ladder. The figure g 7. Exchange energy for a £ system, with open bound-
shows the hopping energy of one dynamic hole when the other haéary conditions, and two dynamic holes.

been projected onto a particular site. All calculations are on a
16X 4 lattice, with open boundary conditions. Only the central re-
gion is shown.

frustration. Thus, there is an important difference between
the spin background around a dynamic hole and a static hole.

_ ) o . In the former case, the background adapts to the fact that the
it on an outer chain. This is despite the fact that only threg,g|e can hop.

bonds are broken when the hole is on an outer chain, Versus \ye now consider two holes on a four chain ladder. In Fig.

four for an inner chain. In Figs.(8 and Sb) we show the g \ve show the expectation value of the kinetic energy on
bond strengths about a dynamic hole on an outer chain anghcpy pond, when the location of only one of the holes has
on an inner chain. Next-nearest-ne|ghbo_r ant_lfer_romagnetlgeen specified with the projection operaRy(h). It is clear
bonds have formed across the hole. Dimerization is alsgyat the two holes are bound. However, the precise pattern of
present. The frustration energy of the hole locations showp,pping initially seems rather strange. The patterns primarily
in Figs. Ja) and §b) are 0.26 and 0.42, respectively. The  reflect the fact that anndopedwo-leg ladder configuration
additional spins surrounding the hole, compared to two oy spins is a low-energy configuration. One can compare
three chains, tend to reduce both horizontal and Verticatlmdoped ladders with even numbers of legs, which have a
dimerization. The precise pattern of frustrating bonds a”dspin gap, and odd numbers of legs, which are gapless. It is

dimgrizqtion is so_mewhat complicat_ed. O.ne could imaging,5tyral to expect that the gap comes about both by an in-
putting in a static vacancy and including next-nearestqrease in the spin excitation energyd a lowering in the

neighbor interactiong’ about the vacancy to approximate «acyum” ground-state energy. Thus we expect a two chain
the effect of hole motion. This approach neglects the ability,nqoped ladder, which has a very large gap of aboul, @b

of the hole to hop preferentially between some pairs of sitege an especially low energy system in some sense. Hence the
in order to adapt to the frustration. This effect is visible in o holes in Fig. 6 prefer to lie on either the top two legs or

Fig. 5(b), where the hole prefers to hop vertically rather thanie pottom two legs, or the top and the bottom legs, but not
horizontally, and the vertical frustrating bond is stronger. o, the first and third, second and third, or second and fourth.
In Figs. §c) and §d) we show the same results, but with ¢ 3 hole is on the “wrong leg,” it especially doesn't like to

the undoped spin background subtracted off. This |nd|cateﬁOp horizontally.

more clearly the distortion caused by the hole. Notice that all A four chain undoped system will also have low energy,
the bonds immediately surrounding the hole are weaker. Thigjnce it too has a spin gap. Tsunetsiwal2® have argued

is reminiscent of the spin-bag plctL?r_éHowever, rather than - {hat this can lead to striped phases in which one dimensional
a distortion of the local spin density wave amplitude, thejines of holes divide ladders with even numbers of legs. Our
S-S; exchange field is altered. Spin distortions around aesults clearly indicate that both single holes and pairs of
dynamic hole with momentum#/2,7/2) were previously holes often arrange their motion so that undoped two-leg
studied on periodic %4 and 20X 20 clusters® In this  ladder-like arrangements of spins can form. The tendency
case, on a lattice with periodic boundary conditions and @oward formation of four-leg ladder structures is weaker.
hole with momentum 4/2,7/2), the distortion of the ex- The three chain results can also be interpreted in terms of
change field occurs along a diagonal. In Fige)®and 5f) we  ladder formation, in that the holes predominantly sit on the
show the same results for static hol@acancies The dis-  outer legs, with the other two legs near each hole forming an
tortion of the spin background for static holes is muchundoped two chain system. For increased doping, an impor-
smaller, and for the bonds immediately surrounding the holetant difference between the structures we see and those sug-
opposite in sign. The static hole induces no dimerization ogested by Tsunetsugai al, is in the density of holes or pairs
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FIG. 8. A single dynamic hole on a five-chain ladder. All cal-
culations are for an 8 5 lattice, with open boundary conditior(s)
The hopping energy of the hol&) The bond strengths about the O>—o0—&—0—&

hole. (c) (S*) for each site about the hole. 00

of holes adjacent to the ladders: we see quite low densities,
while they suggested a line of holes with density near unity. FIG. 9. Two dynamic holes on a five-chain ladd@). The hop-

In Fig. 7 we show the bond strengths about the two mosping energy for an &5 cluster, with open boundary conditiorib)
probable hole configurations, which are almost equally probThe hopping energy for the system shown(a with one hole
able. In(a) we see the strong next-nearest-neighbor diagonarojected onto a sitéc) The hopping energy for an (6 cluster,
singlet bond crossing the holes. Horizontal hopping transWith open boundary conditiongd) The hopping energy for the
forms this diagonal bond into vertical bonds which sit onSYstem shown iric) with one hole projected onto a site.
each side of the pair, as seen(by.

The kinetic energy of a pair of holes is5.1@, compared energy corresponding to Fig(&f is 0.2a. For Fig. qb), it is
with —5.2% for two separate holes. The increase in ex-0.14. The frustration energy of two separate holes would be
change energy caused by a pair of holes ist2.4@mpared 0.5 if they were both on outer legs, and Ot6Bone was on
with 2.78& for two separate holes. As in the two-chain case,an outer leg and one on an inner leg.
the slight increase in kinetic energy from binding a pair of
holes is more than made up for by the decrease in exchange
energy. The pair binding energy B,=0.21. This pair
binding energy is smaller by 25% than the two chain value. We now consider a five chain ladder system with a single
In contrast, the spin gap for the undoped four chain system ikole. Recall that a single hole on a three chain ladder spent
smaller by over 60% compared to two chains. The frustrationmost of the time on an outer chain. Since the undoped three
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and five chain systems have similar, gapless ground states, o—0—o )
one might expect a hole on the five chain system to spend

more time on an outer chain than in the center. However, this C—© p—O
is not the case. In Fig.(8 we show the kinetic energy for a O—4 )
single hole on an 85 cluster. The hole spends most of the (a)
time on the center chain. By moving on the center chain, the da b— O
system is divided into two undoped two-chain ladder sys-

tems above and below the hole. As FigbBshows, this O—¢ e—0—0O
configuration allows the vertical dimerization found in the G—< NP NP N
three chain system to form both above and below the hole,

allowing a strong frustrating bond to form horizontally 7 %?

across the hole. The hole tends not to hop all the way to the
ends of the system so that vertical two-chain structures can
form there. The frustration energy at site4,3) is
E¢=0.2&. In Fig. 8¢), the corresponding spin configuration

is shown. The same shifted "Blepattern found in three
chains is again seen, with the spins on an entire five-site rung
shifting with the motion of the hole.

Two holes in this system repel. The spin configuration
around a single hole is highly favorable, as in the three chain
case. The “core” of a bound pair of holes is ax2
plaquette. If a pair were to form, it would divide the system
into a two chain ladder and a single chain, and the single
chain would have high energy. In fact, the separate holes
form the structure shown in Fig.(8, where the system is
divided into two-chain ladders both horizontally and verti-
cally. In Fig. 9b), we show the kinetic energy of one of the
holes when the other is projected onto a site. The holes
clearly are unbound. The system dimerizes vertically above
and below each hole, and horizontally to the left and right of
each hole.

The vertical hopping patterns are highly dependent on the
length of the system. An:85 system with two holes allows
convenient division of the system into width-two pieces in
both directions. In Figs. (@) and 9d), we show the results
similar to those shown in Figs.(& and 9b) but for a - 012
10X 5 system. In this case, some of the vertical pieces must nun_ 0.12
be of width greater than two. In Fig(®, we see that when
the first hole is on sit€3,3), the motion of the second holes
divides the right part of the system into either two horizontal
two-chain ladders or into a vertical two-chain and a vertical
four-chain ladder.

(b)

©

(d
F. A 8x6 cluster

We now consider an 86 cluster with a single hole. In
Fig. 10@ we show the kinetic energy per bond for the hole.
A single hole is likely to be found in the central sites of the
cluster, allowing a two leg ladder to run along the entire edge 'I'r"'l' 882
of the system. Some slight asymmetry is visible in the figure; :
this is a result of a slight numerical inaccuracy in the DMRG
calculation. We kept 600 states per block in this calculation;
despite this many states, the truncation efabso referred to
as th_es disparded weightwas relatively —high: _a_bOUt FIG. 10. A single dynamic hole on a>X86 system, with open
6Xx10 K This level of accuracy was, however, s_uff|C|ent to boundary conditions(a) The hopping energy of the holéo) The
determine the general structure of the hole. In Fighl@e  pond strengths about the hole) The difference in bond strengths
show the bond strengths about the hole projected onto a ceBetween the system with the dynamic hole and the same bond on
tral site. Next-nearest-neighbor antiferromagnetic bondshe equivalent undoped system. Solid lines indicate stronger bonds,
have formed across the hole, but they are somewhat weakghrd dashed indicate weakéd) The difference in bond strengths
than in the narrower systems. This reflects a decreased abilibetween the system withsdatic hole or vacancyblack circle and
to hop in this system, which is dominated more by the exthe equivalent undoped system.
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system with the dynamic hole and the same bond on the equivalent undoped system.

change energy. Dimerization is also present, particularly bethe hole are weaker. In Fig. dd) we show the same results
neath the hole, but it is also weaker than in the narrowefor a static hole. The distortion of the spin background is
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FIG. 11. Two dynamic holes on @86 system, with open boundary conditioia. The hopping energy for each link when one hole is
projected onto a particular sitéh)—(d) The bond strengths about the pair of holés,(f) The difference in bond strengths between the

systems. In Fig. 1@), we show the difference in bond much smaller than for a dynamic ho(eote the decreased

strength between the one hole system and the undoped syszalg, and for the bonds immediately surrounding the hole,
tem. The distortion caused by the hole is fairly substantiabpposite in sign. The frustration energy for this hole location

over a 5x5 region. All the bonds immediately surrounding is E;=0.29.
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800 states per block, with a total of 10 sweeps through the
lattice. The truncation error was fairly largex20 4, but it

was clear that the two holes were bound, and tended to stay
near the center of the cluster. In general, the results were
similar to the 8<6 cluster. We also studied ax8 cluster
with a staggered magnetic fieldl=0.15 applied to the edge
sites. The idea was to simulate théeéNspin background of

an infinite undoped lattice. The field strength was chosen to
represent a mean field coupling to surrounding sites, each
with an average magnetization ¢8’)=0.3. Again, two
FIG. 12. The 2 t-J cluster. Edge nearest-neighbor singlets N0lés were bound, with a pair binding energy of about

can form as well as diagondl-3,2-49 next-nearest-neighbor sin-
glets.

. H. A 2x2 cluster
In Fig. 11 we show results for two holes on arx8

cluster. Again we kept 600 states per block, but the trunca- The bound pair of holes which have been found in a num-
tion error was higher than in the single-hole calculation:ber of these clusters are characterized byxa22core region
2x 10 “. This was still sufficient to determine the structure over which the dominant hole-hole correlations occur. In or-
of the pair with reasonable accuracy and to determine theer to better understand this core we consider tle dat-
pair binding energy. In Fig. 14 we show the expectation tice shown in Fig. 12.
value of the kinetic energy of a hole, when the other hole has Introducing the singlet valence bond operator between
been projected onto a central site. The two holes are clearlyjtesj andj
bound. The hole is somewhat more likely to be to the left of
the projected hole than one might expect; however, this con- 1
figuration breaks the system vertically into two-chain and AiT-:—(CiT ch+cT CiT ), (10
four-chain undoped ladders, rather than two three-chain un- P2 s b
doped ladders. ]

In Fig. 11(b)—11(d) we show the bond strengths surround- the_ ground state of the undoped half-filled system can be
ing several likely configurations of the pair. The frustrating Written as
diagonal singlet crossing the pair is clearly present in Fig. R £t
11(b): this is the clearest “signature” of a bound pair of [#)0=No[A14A 73— A1,A3,]0), 11
holes, and is present in all the systems in which we have .
found pair binding. In addition, additional frustrating bonds With |0) the vacuum. The ground state of the two-hole sys-
crossing the holes are present in both directions. Vertical€™M IS
dimerization is present above and below the holes, where it + t t + + t
is expected, and to the left and right, where we might have |#)2=Na[a(Ap+ A+ Az + A1) +b(A1+A5,)](0),
expected horizontal dimerization. Even on a system of width (12

6, the boundaries are still substantially affecting the spin, 5=1 andb=[2+ (J/4t)2]~2— J/4t. In the doped, two-

structure surrounding the pair, and it is not clear which P& ole state|),, the ratio of the edge singlde.g., 1-3 to
of dimerization would appear in a large system. The mos iagonal singzlé(e.g. 1-3 amplitude is =

probable configuration of the pair is not show8;4)—(4,3),
with probability 0.018. Configuratiofb), (c), and (d) have a 1
probabilities of 0.014, 0.005, and 0.017, respectively. The == =17 :
frustration energie&;(h) for configurationgb), (c), and(d) b [2+(3/4)"]"— /4t

are 0.32, 0.54, and 0.20, respectively. The frustration en- For J/t=2, this ratio is unity. Fod/t<2, the diagonal am-

ergy of two separate holes is 0t58n Figs. 11e) and 11f) it de is larger than the edge amplitude. This is reflected in
we show the difference in bond strengths of the two-hol he t-J results previously discussed, where ft=0.5 the

system and the undoped system. Substantial distortion of the,|a_hole correlations were found to be larger for next-

spin structure occurs over & region. _ nearest-neighbor diagonal sites than for nearest-neighbor
The kinetic energy of a pair of holes on axx8 clusteris  gjiag.

—5.3&: Twice the kinetic energy of a single hole +s§.38 The ground state, Eq11), of the undoped X2 system
F. The increase in exc_hange energy caused by a pair of holgs;nsforms asd,e_,», while the two-hole state, Eq12),
is 2.7%, compared with 2.96for two separate holes. The yansforms as aswave. Thus the hole-pair creation operator

(13

increase in kinetic energy from binding a pair of holes iS4t connect§y), to | ), must transform aslz_ . 30 A
very tiny, and is more than made up for by the decrease i%imple nearest-neighbor operator of this form ié
exchange energy. The pair binding energyejs=0.24(2}.

This pair binding energy is slightly bigger than on axi4 A=Ay~ Agpt Aps—Asy. (14)

lattice.
Applying this to the undoped ground stdte), given by Eq.
G. 8x7 and 10x 7 clusters (11), one finds that
We have performed a few DMRG studies of width 7 sys- " " N N
tems. We studied a 207 cluster with two holes, keeping Alg)o=—2No[ Ao+ AgstAg+Ar]|0), (19



55 HOLE AND PAIR STRUCTURES IN THE-J MODEL

6515

which clearly has a nonzero overlap with the two-holeimplying that the frequency range of the gap is set by

ground statey),.

A d,2_2 hole pair creation operator, generalized to in-

(t3( ol A 2l o)/ (ol Al o)) 2.
Based on this, we believe that the bound hole pairs ob-

clude holes on next-nearest-neighbor diagonal sites, has beearved in various clusters should be thought ofdas 2
discussed by PoilblarftOne can expand a generalized hole-pairs. The diagonal-singlet bond as well as the nearest-
pair creation operator in terms of operators which create aeighbor singlet bonds reflect the two-hole structure of Eq.

pair of holes on sites separated by a distaRceFor our
2X 2 cluster this involves

(16)

with R=1 andR= 2. The nearest-neighbor operatby is
just the operator given in Eq14). As discussed by Poil-
blanc, a next-nearest-neighbor term possesdiag,> sym-
metry is

Ap=(5—53) Tru—(S,—Sy) Tay, (17)
with
= = 1 . ‘
Sl.T24:§(C1TC1T_Cllcll)(CZTC4l_C4TC21)
+CJC1|C21Cay +C1,C11C2  Cay - (18

Note that Sincel ,,= — T4, Eq. (17) hasd,2_y2 symmetry.

Acting on the undoped ground statke; generates the diag-

onal singlets

A gl o~ (Al5+A1)[0). (19

The operatorA 5, Eq. (17), is a composite operator com-
posed of four fermion operators. As discussed by Bonca an

(12). In the larger clusters the pair structure is more ex-
tended, corresponding to longer-range operatogsin Eq.
(16). The pair structure on larger systems includes both
larger separation of the holes and alterations of the spin
background near the pair. A similar conclusion regarding the
dy2_,2 structure of a pair has been reached in a variety of
numerical studies of 2D-J clusters with periodic boundary

conditions?~814

IV. DISCUSSION

In considering one and two hole ground states of a wide
variety of clusters, we have found a remarkable sensitivity to
the shape of the clustéf.Underlying the variety of results,
however, are a few basic low-energy structures. The nature
of the ground state of any particular system is based on
which arrangement of these basic structures is lowest in en-
ergy.

The most important structure is a bound pair of holes.
This structure allows the pair to hop rather freely in order to
decrease the kinetic energy, without disrupting the spin back-
ground more than necessary. The bound pair is characterized
by a 2x2 “core” region discussed above. Surrounding the
core and extending several lattice spacings further is a region
in which the spin structure is strongly perturbed. Within the
Qore, for the casé/t=0.5 which we have studied, the pair of

1 . . . .
Ba_latsky? thls operator can be wewed as arising from thep,jes is more likely to be at next-nearest-neighbor diagonal
spin-fluctuation dressing of the basic two-fermion nearestsjies than nearest-neighbor sites, in order to maximize the

neighbord,2_,2 operatorA given by Eq.(14). As they dis-
cuss, if one introduces the Gor’kov Green’s function

F(t):_i<l//o|T25 (—1)°(ci;(t)Ci 4 5,(0)

—Ci (1)Ci4 51 (0))|ho) (20

then

F(0)=—i{tolA| o). (21
ExpandingF(t) as a power series in time, we have

2

F(t)=F(0)+ %F’(O)+ e (22)
with
F(0)=i(tol[H,[H,A1] o). (23
One finds
[H,[H,A]]=tJA 5+ otheroperators. (24

hopping overlap with other hole configurations. When the
two holes are diagonally situated, a strong singlet bond is
present across the other two sites of the core. This singlet
becomes a strong nearest-neighbor singlet bond after one of
the holes hops next to the other. The singlet forms in order to
maximize the hopping overlap with these other hole configu-
rations. In order to respond to this frustrating bond, and to
other weaker frustrating bonds across each of the holes, the
surrounding spins dimerize, reducing the spin-spin correla-
tions around the pair. The effect of this dimerization is to
induce a “spin-liquid” region surrounding the pair.

Frustrating next-nearest-neighbor bonds forming across
holes are a universal feature in all of the clusters we have
studied. These bonds are necessary for hole motion. Holes
bind in pairs in order to share their frustration. This mecha-
nism for pairing is quite different from simple “broken-
bond” counting, which predicts nearest-neighbor pairing for
static holes: for two static holes, a nearest-neighbor configu-
ration eliminates seven bonds, while anything else eliminates
eight. For physical values od/t, such asJ/t=0.5, the
“broken-bond” effect enhances pair-binding somewhat, but
is not dominant. Consider once again the & cluster, with

Thus the diagonal hole-hole correlations reflect the dynamicgyo holes. Results for the hole-hole correlation function in-
of the pairing correlations. Specifically, the second momentgicate that the pair resides on nearest-neighbor sites only

[F(w)o’dw
JF(w)dw *

(ol A 2l o)
(ol Al o)

(29

22% of the time. Even if a broken bond results in an extra
exchange energy ad=0.%, the effect on pair binding is
only 0.22=0.11t, while the actual pair binding energy is
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0.24(2}. A more accurate estimate of the effect of brokenholes to move beside it. In the special case of a five-leg
bonds comes from considering tvetatic holes on an &6  ladder, pairs of holes are too wide, and the system instead
cluster: the difference in energy between nearest-neighbdtas unpaired holes moving in one dimension, breaking the
static holes and widely separated holes is 0,6ather than ~System into two-leg ladders. This is the last important struc-
J, suggesting that the broken-bond energy for dynamic holel!re: a low density of unpaired holes moving in a one-
is about 0.07. In contrast, the frustration energy for two Q|menS|onaI I|r_1e. This structure is low enoygh in energy that
bound holes in the most probable hole configurations rangdk €@n appear in order to allow the formation of one or two
from 0.23-0.4G less than the frustration energy of two und_oped two-leg ladders, specifically in the three and five
separate dynamic holes. chain systems.

An interesting question, which we are continuing to study, 1N€ results of the study presented here have focused on
regards the binding of two holes on anleg ladder as n-leg ladders and clusters having one or two holes. Based
increases. From our present calculations, it appears that twiPon these results as well as preliminary results at larger
holes added to even-leg ladders bind but they do not bind oHOPINg, We conclude with some thoughts about finite doping.
n=3 or 5 leg ladders. On the 3 and 5 leg ladders, the holedN€ energy difference between the various structures de-
separate, partitioning the system into two-leg ladders. How_scrlbe.d above is sufficiently smqll that modest' external per-
ever, for the 7-leg ladder we find that the pairs are bound anf{rbations may lead to the trapping of hole pairs or the for-
we believe that the binding energy of odd and even leg lagmation of static even-leg ladders. Even in the absence of
ders will approach each other asncreases further. As dis- external perturbations, a dilute concentration of holes may
cussed, the structure of a bound pair on the wider Iaddergive rise to fluctuating extended structures in the medium.
consists of a X2 core surrounded by a more extendedWe suggest tha_t the tendency to fo“”‘? two—leg ladders per-
“spin-liquid” dimerized region setting the coherence length sists mtp the finite, byt 'Io.w-d.op.mg regime, while gt moder-
¢, of the pair. We expect that when the lattice widthbe- ate doping, ladders diminish in importance and pairs of holes

comes comparable or larger than this coherence length, thqeominate. The e_ven-_leg ladders that are present in the_dilute
behavior of the odd and even leg ladders will become simiSYStem could give rise to the pseudo-gap observed in the

lar underdoped cuprates.

Following the bound pair of holes, the next most impor-
tant structure is a nearly undoped two-leg ladder region. The
large spin gap of a two-leg ladder coincides with a low- We thank Elbio Dagotto and D. Poilblanc for helpful
energy spin-liquid ground state. The two-leg ladder is dimercomments. We acknowledge support from the NSF under
ized, in that the rung bonds are stronger than the leg bond§rant Nos. DMR-9509945 and DMR95-27304. Some of the
with a correspondingly small spin-spin correlation length.calculations were performed at the San Diego Supercom-
This makes the ladder especially suited for a hole or pair oputer Center.
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