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Hole and pair structures in the t-J model
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Using numerical results from density matrix renormalization group~DMRG! calculations for thet-J model,
on systems as large as 1037, we examine the structure of the one and two hole ground states in ladder systems
and in two dimensional clusters. A simple theoretical framework is used to explain why holes bind in pairs in
two-dimensional antiferromagnets. For the caseJ/t50.5, which we have studied, the hole pairs reside pre-
dominantly on a 232 core plaquette with the probability that the holes are on diagonal sites greater than
nearest-neighbor sites. There is a strong singlet bond connecting the spins on the two remaining sites of the
plaquette. We find that a general characteristic of dynamic holes in an antiferromagnet is the presence of
frustrating antiferromagnetic bonds connecting next-nearest-neighbor sites across the holes. Pairs of holes bind
in order to share the frustrating bonds. At low doping, in addition to hole pairs, there are two additional
low-energy structures which spontaneously form on certain finite systems. The first is an undopedL32
spin-liquid region, or ladder. The second is a hole moving along a one dimensional chain of sites. At higher
doping we expect that hole pairing is always favored.@S0163-1829~97!05109-6#
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I. INTRODUCTION

The main obstacle to understanding two-dimensio
doped antiferromagnets has been the inadequacy of cu
analytical and numerical tools when applied to these s
tems. A number of analytical approaches are available wh
work well in either high dimensions~such as dynamica
mean field theory1! or one dimension ~such as
bosonization2!, but not in two dimensions. Numerical ap
proaches such as quantum Monte Carlo3 and exact
diagonalization4–8 have been very useful, but quantu
Monte Carlo suffers from a sign problem at lo
temperatures,9 and exact diagonalization can only be appli
to small clusters.

Recently, however, density matrix renormalization gro
~DMRG! techniques have been developed which allow o
to obtain accurate, detailed information about ground-s
expectation values on significantly larger clusters.10,11 We
have performed DMRG calculations on a variety oft-J clus-
ters. We have been able to treat systems of width 3 and
a variety of dopings, with lengths up to 32 sites. At lo
doping, we have results from wider systems, such
1037. Here we examine the structure of the ground state
t-J clusters doped with one or two holes. Specifically,
have calculated the ground state expectation value of the
Si
z and the exchange fieldSW i•SW j around a dynamic hole o
pair of holes. We have also calculated the spatial kine
energy distribution of one or two holes in a cluster, the s
tial kinetic energy distribution of one hole when a seco
hole has been projected onto a particular site, and the h
hole correlation function in a two-hole state. From these c
culations one obtains insight into the nature of the structu
holes can induce in an antiferromagnetic host and the or
of pair binding seen in some clusters.
550163-1829/97/55~10!/6504~14!/$10.00
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The t-J Hamiltonian is12

H5HS1HK5J(̂
i j &

SSW i•SW j2 1

4
ninj D

2t (
^ i j &,s

PG~ci ,s
† cj ,s1cj ,s

† ci ,s!PG , ~1!

where^ i j & denotes nearest-neighbor sites,s is a spin index,
SW i and ci ,s

† are electron spin and creation operato
ni5ci ,↑

† ci ,↑1ci ,↓
† ci ,↓ , and the Gutzwiller projectorPG ex-

cludes configurations with doubly occupied sites. In the c
culations shown here, we set the hoppingt51 and the ex-
changeJ50.5. We have restricted ourselves to one value
J/t in order to study a variety of different lattices in deta
This value of J/t was chosen because it lies in a regi
0.3,J/t,1.0 in which most numerical studies indicate th
pairing can occur but find that phase separation does
occur.13–15Furthermore, in order to focus on the origin of th
attraction between holes, we have restricted our consi
ation to only one or two holes in these systems. In sub
quent papers we will varyJ/t and discuss the effect of add
tional holes in various systems.

II. THEORETICAL FRAMEWORK

We first describe a simple theoretical framework for u
derstanding hole motion in at-J model. Let uc& be the
ground state of a particulart-J system withN sites and
N-m electrons. Define a hole projection operator for sitei as
Ph( i )5ci ,↓ci ,↓

† ci ,↑ci ,↑
† . Ph( i ) projects out the part of a wav

function in which sitei is vacant. Although we call this
vacant site a ‘‘hole,’’ there is not necessarily any spin as
ciated with the vacancy: in the one dimensionalt-J model,
for example, there is not. A better term might be ‘‘dynam
6504 © 1997 The American Physical Society
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55 6505HOLE AND PAIR STRUCTURES IN THEt-J MODEL
vacancy,’’ but the use of the term ‘‘hole’’ has now becom
fairly standard. In some systems, such as even-leg ladder
extra spin-1/2 is bound to the vacant site, forming a comp
ite object with charge and spin, which is sometimes calle
‘‘quasiparticle.’’ We define an operatorPh(h), which
projects out a particular configuration ofm holes, as
Ph(h)5Ph(h1)•••Ph(hm), where h5(h1 , . . .,hm), and
h1,•••,hm . We can then separateuc& into parts with
specified hole locations as

uc&5(
h

Ph~h!uc&5(
h

ahuch&, ~2!

whereuch& is a normalized wave function with holes at th
specified sites, andah>0. The ground-state energy is give
by

E5(
h

ah
2^chuHSuch&1(

h
(
h8

ahah8^chuHKuch8&. ~3!

The first term we refer to as the exchange energy, denote
ES . The second term in Eq.~3!, the hopping energy or ki-
netic energy, can be written as

EK52t (
^ i j &,s

(
h

ahah8^chuci ,s
† cj ,such8&, ~4!

where the hole configurationsh andh8 are the same, excep
thath has a hole at sitej andh8 has one at sitei . In general,
we consider two hole configurationsh and h8 adjacent if
they differ by a near-neighbor hop of a single hole. Defi
the hopping overlap betweenh andh8 as

Oh,h85^chu (
^ i j &,s

~ci ,s
† cj ,s1cj ,s

† ci ,s!uch8&. ~5!

Clearly a necessary condition forOh,h8 to be nonzero is tha
h andh8 are adjacent, in which case only one pair of si
i , j appears in the sum. Ifh andh8 differ only in the position
of holem, hmÞhm8 , then

Oh,h85^chu(
s

~chm8,s
† chm ,s)uch8&. ~6!

It is easy to see thatuOh,h8u<1. The kinetic energy can b
written as

EK52t(
h,h8

ahah8Oh,h8. ~7!

We see that we can view the ground state as the resu
a set of coupled variational calculations, where the excha
energy of each wave functionuch& is minimized, subject to
having as much overlap as possible with adjacent hole c
figurations. Fort.J, the interplay between the kinetic an
exchange terms is interesting. In the low-doping regim
since there are more exchange terms which come into p
the bulk spin behavior is dominated by exchange. Close
any holes, however, sincet.J, substantial modifications o
the local spin arrangements can occur. At higher doping,
bulk spin behavior can be changed substantially as well.

Using DMRG, we can studyuch& directly: we calculate
uc&, and then measure operators of the formAPh(h) @or
an
s-
a

by

e

s

of
ge

n-

,
y,
to

e

Ph(h)APh(h)], normalizing by^cuPh(h)uc&. It is useful to
useA5SW i•SW j , wherei and j are near a hole or pair of holes
This measurement gives us a ‘‘snapshot’’ of the spin c
figuration around a dynamic hole.16 If this expectation value
is close to20.75 for two sitesi and j , we say that there is a
‘‘singlet bond’’ connectingi and j , even if there is no term
in the Hamiltonian directly couplingi and j . We use the
terms ‘‘antiferromagnetic bond,’’ ‘‘valence bond,’’ or jus
‘‘bond’’ simply to indicate that̂ SW i•SW j&,0. Of course, Ne´el
order makes weak ‘‘bonds’’ connecting widely separat
sites on opposite sublattices, but we will be particularly co
cerned here with bonds connecting nearby sites on thesame
sublattice.

We can also take a snapshot of the spin configura
usingA5Si

z for a single hole on an even number of sites.
that case, the ground state is degenerate withSz561/2, so
that the expectation value ofSi

z in one of the ground states i
finite. One can also project out some of the holes, and
A5ni ,s5ci ,s

† ci ,s , to find out where the unprojected hole
are, orA5Ki j52t(s(ci ,s

† cj ,s1cj ,s
† ci ,s), to study their mo-

tion.

III. RESULTS

The results in this paper were all calculated using
finite system version of DMRG,10 keeping track of transfor-
mation matrices to construct the initial guess for each sup
block diagonalization.11 From 200 to 800 states were ke
per block, with 800 states necessary for the 1037 system.
We performed hundreds or thousands of measurements
each system. Ordinarily storing all the operators needed
measure so many quantities would greatly increase
memory used by the program, but since the transforma
matrices contain a complete description of the approxim
wave function produced by the DMRG algorithm, the me
surements could be performed at the end of the calculat
in manageable groups of 50 to 100. The large number
measurements, at worst, doubled or tripled the computa
time. In these calculations no effort was made to make
warmup sweep especially accurate, for example, by inser
the holes at points where they were expected. Enough l
sweeps were made to reach the ground state, regardle
the state at the end of the warmup sweep. Except wh
noted, the truncation error was less than about 1025.

A. Single chain

As a warmup exercise, consider the one-dimensional~1D!
t-J model, with one hole. One might consider as a variatio
ansatz foruch& a Néel arrangement of the electron spin
with one electron removed. In this ansatz we have mad
‘‘quasiparticle,’’ since an extra spin 1/2 is associated w
the hole. However, this is a very poor ansatz:uch& has no
overlap withuch61&. Alternatively, one can arrange the spin
as shown in Fig. 1~a!, with shifted Néel arrangements sepa
rated by the hole.17 There are two spin wave function
uch&, plus translations: forh odd ~even!, an up spin is to the
left of the hole, while forh even~odd!, a down spin is to the
left of the hole. In this case there is complete overlap, and
kinetic energy associated with the hole takes on the maxi
~in magnitude! value22t. This is a simple intuitive argu-
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6506 55STEVEN R. WHITE AND D. J. SCALAPINO
ment for spin-charge separation in a 1Dt-J model. Similar
pictures for spin-charge separation in a Ne´el picture have
been discussed by various authors.14 Since a single hole
moves freely, it also suggests that there is no kinematic re
son for the binding of pairs of holes, although for unphysi
cally largeJ/t the diagonal term in Eq.~3! can cause bind-
ing.

A justification for considering these Ne´el configurations
for the 1Dt-J model is the existence of power-law decaying
antiferromagnetic correlations in the 1D Heisenberg mode
Bond-bond correlationŝSW i•SW i11SW j•SW j11& also decay as a
power law, suggesting a valence bond configuration as
complementary ansatz: valence bonds occupy odd~even!
links to the left of the hole, and even~odd! links to the right,
as shown in Fig. 1~b!. If one takes this configuration, and
applies(sci ,s

† cj ,s to move the hole to a neighboring site, one
obtains the configuration in Fig. 1~c!, with a valence bond
straddling the hole. Consequently, if we let the valence bon
configuration of Fig. 1~b! defineuch& for all odd sitesh, and
let the configuration of Fig. 1~c! define uch& for all even
sites, then the hole moves freely, with the kinetic energ
taking on its maximal value22t.

In Fig. 1~d!–1~e!, we show DMRG results for the bond
strengthA5SW i•SW j for a single hole in a 15 site 1D chain,

FIG. 1. Spin structure near a single hole~the gray circle! on a
1D t-J lattice.~a! Néel spin configuration, shifted by one spacing to
the right of the hole.~b!,~c! Valence bond configurations with a
hole. ~d!,~e! Results of a DMRG calculation for the ground state of
a 15 sitet-J system, withJ/t50.5, and open boundary conditions.
The thickness of the lines is proportional to the bond strength

^cuSW i•SW j Ph(h)uc&/^cuPh(h)uc&, according to the scale shown. In
~d!, h57, and in~e!, h58. ~f! Results of a DMRG calculation for
the ground state of a 16 site system, withJ/t50.5, and open bound-
ary conditions. The length of the arrow is proportional to
^SzPh(h)&/^cuPh(h)uc&.
a-
-

l.

a

d

y

with open boundary conditions. The width of the line corr
sponding to each bond has been made proportional to
bond strength, as indicated by the scale in the box. The m
mum possible bond strength is23/4. The boundaries induc
dimerization in the system, and the results are quite sim
to the valence bond configurations shown in Fig. 1~b!–1~c!.
It is also possible to obtain results which look like Fig. 1~a!.
In Fig. 1~f!, we show results for theSz51/2 ground state of
a system with an even number of sites and one hole.
excess spin 1/2 is spread out over the lattice.

Particularly interesting is the strength of the bond acr
the hole in Fig. 1~e!. In order to maximize the hopping over
lap with adjacent hole configurations, in addition to havi
antiferromagnetic correlations on nearest neighbor links,
expect such correlations betweennext-nearest-neighborsites
i and j if there is a hole at sitek which is a nearest-neighbo
to both i and j . Such a valence bond becomes a neare
neighbor link after one hop of the hole to either site, sin
moving the hole also moves the bond. For example, supp
the hole configurationh has a hole at sitek, with i and j
nearest-neighbor sites tok. Let h8 be the hole configuration
after the hole hops fromk to i . Since j and k are nearest-
neighbor sites, we expect a strong antiferromagnetic b
between these sites inuch8&. In order to maximize the hop
ping overlapOh,h8, there will also be a strong antiferromag
netic bond between sitesi and j in uch&. This tendency ap-
plies to two dimensions as well as one, and appears a
essential ingredient for pair binding in ladders and two
mensions.

B. Two chains

We now consider a two chain ladder system, with iden
cal couplings along the legs and rungs,t51 andJ50.5. We
consider first a single hole. In Fig. 2~a! we show bond
strengths inuch& in the vicinity of the dynamic hole for a
3232 lattice, withh on site (16,1). As we argued above, th
system has a tendency to form antiferromagnetic correlat
on next-nearest-neighbor sites around the hole. Except in
dimension, this tendency introducesfrustration, since sites
on the same sublattice tend to be parallel. A single Heis
berg spin chain becomes dimerized for sufficiently lar
frustrating next-nearest neighbor interaction (J8.0.24J).
Similar dimerization is clearly evident in the two bond
above the hole Fig. 2~a!. The dimerization weakens one o
the nearest-neighbor bonds around the hole sufficiently
allow two of the next-nearest-neighbor links to form antife
romagnetic correlations. Since the hole is not quite at
center of the system, the figure need not be symmetric.

A single Heisenberg spin chain with frustrating nex
nearest neighbor interactionJ8.0.5J develops incommensu
rate, spiral spin correlations, in addition to dimerization.18–20

We have looked for this in uch& by measuring
(SW i3SW j )•(SW k3SW l), where the hole was on site~16,1! and the
spin operatorsi , j , k, and l were for sites~15,1!, ~15,2!,
~17,2!, and ~17,1!, respectively. No enhancement of th
quantity by the presence of the hole was found, nor was
found in the other lattices we studied here. However, it s
might occur21 in other parameter regimes, such ast@J.

Unlike the single chain Heisenberg model, the undop
two chain ladder does not have gapless spin-1/2 excitati

s,
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55 6507HOLE AND PAIR STRUCTURES IN THEt-J MODEL
Spin-charge separation does not occur in the two chain
der, and an extra up or down spin is bound to a single h
forming a quasiparticle. It is not possible to specify a prec
location for the extra spin, since every spin fluctuates
tween up and down, but one can get some indication o
whereabouts by measuring^chuSi

zuch&. In Fig. 2~b! we show
this quantity for the sameuch& shown in Fig. 2~a!, in which
the extra spin points up. Clearly the extra spin is localiz
close to the hole, spending most of the time on the same r
as the hole. Short-range antiferromagnetic correlations ca
^Si

z& to be negative for some of the nearby sites.
In Fig. 2~c!–2~d! we show similar results for astatic

hole.22 In this case we remove one site, find the ground st
and measure its properties. In Fig. 2~c! we see that there is n
dimerization of the bonds above the vacancy, and no ant
romagnetic correlations between next-nearest-neighbor s
In Fig. 2~d!, we see that the extra spin is still mostly on t
same rung as the static hole, but there is substantially m
antiferromagnetic polarization caused by the extra spin. F
dynamic hole, this polarization is mostly absent becaus
reduces the overlap between adjacent hole configurati
since it is tied to the hole location.

The addition of a static hole increases the total excha

energy of the system, including the2 1
4 Jninj term, by

FIG. 2. A single hole on a two-chain ladder. Gray circles a
dynamic holes, and black circles are static vacancies. Pictured i
central region of a 3232 lattice, with open boundary conditions

All results are forJ/t50.5. ~a! The bond strengthŝSW i•SW j& about a
dynamic hole, as in Fig. 1~d!–1~e!. All nearest-neighbor bonds ar
shown. In addition, if two sites are both adjacent to the hole, an

the bond is antiferromagnetic,^SW i•SW j&,0, it is also shown.~b!

^Sz&, as in Fig. 1~f!. ~c! The bond strengthŝSW i•SW j& about a static
vacancy.~d! ^Sz& about a static vacancy.
d-
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0.995t51.99J. The frustrating effects of a dynamic hole fu
ther increase the total exchange energy by 0.26t, but the
kinetic energy associated with the dynamic hole is22.37t.

Next we consider the two chain system with two hole
which bind to form a pair. In Fig. 3~a! we show the expec-
tation value of the kinetic energy on each bond, when
location of only one of the holes has been specified with
projection operatorPh(h). This provides information not
only on where the other hole is, but between which site
hops the most. We see that the other hole spends most o
time on the opposite chain, close to the first hole. What fr
tion of the time the other hole spends on each of the site
obtained from^cuPh(h)uc& with both locations specified
We find if the first hole is at~16,1!, the probability for find-
ing the other on~15,2!, ~16,2!, or ~17,2!, is about 0.15, for
~14,2! or ~18,2!, about 0.075, and for~15,1! or ~17,1!, about
0.055. The second hole spends more total time on thetwo
sites a distanceA2 away from the first hole than on thethree
nearest-neighbors sites. The probability is over 0.99 that
other hole is within a distance of six of the first hole.

Hole-hole density correlation functions have been cal
lated using Lanczos methods for two holes on clusters ra
ing from 434 ~Ref. 4,5! up to A263A26,8 and using

he

if

FIG. 3. Two dynamic holes~gray circles! on a two-chain ladder.
Pictured is the central region of a 3232 lattice, with open boundary
conditions.~a! The hopping energy2t(s^ci ,s

† cj ,s1cj ,s
† ci ,s& for each

link when one hole is projected onto a particular site. The hopp
energy shown is associated with the hole which has not been
jected onto a particular site. The thickness of the lines is prop
tional to energy, according to the scale shown.~b!–~d! The bond

strengths ^SW i•SW j& after both holes have been projected. Ne
nearest-neighbor bonds are shown ifi and j are both adjacent to the
same hole, and if the bond is antiferromagnetic.
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6508 55STEVEN R. WHITE AND D. J. SCALAPINO
Green’s function Monte Carlo techniques on an 838
cluster.23 It has been estimated thatJ/t must be larger than
0.27 for pair binding to occur.23 Near-neighbor and next
nearest-neighbor diagonal hole-hole correlations are do
nant for J/t.0.4. Based on theA263A26 results,8 for
J/t50.5 the holes are about 20% more likely to be fou
across a diagonal than on near-neighbor sites. ForJ/t greater
than about 1.0, the near-neighbor correlation exceeds th
agonal one.

In Fig. 3~b!–3~d! we show the bond strengths when t
dynamic holes are in three possible configurations. The
change energy ofuch&, compared to the system withou
holes, is 1.45t for ~b!, 1.71t for ~c!, and 1.92t for ~d!. Despite
these energies, the system spends as much time in con
ration ~d! as in ~b!, and much more time in either of thes
than in ~c!. Configuration~d! is favored, despite its high
exchange energy, because it connects with more hole
figurationsh8 than does~b! or ~c!, giving it more weight in
the kinetic part of the energy. There are six configuratio
h8 connected to~d!, but only four to~b! or ~c! ~counting hops
of either hole!.

Perhaps the most remarkable aspect of Fig. 3 is the v
strong next-nearest-neighbor singlet bond crossing the h
in Fig. 3~d!. For four of the six hops available to~d!, this
bond becomes a nearest-neighbor bond, and in each of t
neighboring configurations the bond is quite strong. The
fore, the kinetic term strongly favors a singlet bond conne
ing these sites.

On the 3232 system, the kinetic energy of a pair of hol
is 24.57, compared with24.74 for two separate holes. Th
increase in exchange energy caused by a pair of hole
2.06, compared with 2.51 for two separate holes. Thus
slight increase in kinetic energy from binding a pair of ho
is more than made up for by a substantial decrease in
change energy. The pair binding energy, defined as

Eb52E~1!2E~2!2E~0!, ~8!

whereE(m) is the ground states energy withm holes, is
Eb50.28.

It is useful to define thefrustration energyassociated with
a particular hole configurationh as

Ef~h!5^chuHSuch&2^ch,staticuHSuch,static&, ~9!

whereuch,static& is the ground state in the static hole config
rationh. The frustration energy of two separate holes on
3232 is 0.52t. For two holes in configurations~b!, ~c!, and
~d!, the frustration energies are 0.077t, 0.249t, and 0.066t,
respectively, much less than for separate holes. The fru
tion energy associated with the strong diagonal frustra
bond in ~d! is rather small. This reflects the fact that a fr
S51/2 forms on the end of a two chain Heisenberg lad
with one extra site on one chain,24 and this extra spin can b
used to form the diagonal singlet bond.

C. Three chains

We next consider a three chain ladder system with
single hole. In Fig. 4~a! we show the kinetic energy on eac
link in a 1633 system, for sites near the center of the s
tem. It is clear that the hole resides mostly on the outer le
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FIG. 4. Dynamic holes on a three-chain ladder, plotted simila
to Figs. 2 and 3. Parts~a!–~e! are for a single hole, and~f! is for two
holes. Pictured is the central region of a 1633 lattice, with open
boundary conditions.~a! The hopping energy for each link.~b!,~c!

The bond strengthŝSW i•SW j&. ~d!,~e! ^Sz& for each site about the hole
~f! The hopping energy in a two-hole system when one hole
been projected onto one of its most probable locations.
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55 6509HOLE AND PAIR STRUCTURES IN THEt-J MODEL
and that when it does hop onto a center-leg site, it is m
likely to then hop to an outer leg. In Fig. 4~b! we show the
exchange energy on each link near a mobile hole in the s
uch& with h on an outer leg near the center of the syste
The expected next-nearest-neighbor antiferromagnetic b
has formed across the hole. The dimerization is quite dif
ent than in the two-chain case: it forms in the vertical dire
tion, where it is both more effective at accommodating
frustration and less costly in energy. The dimerized bo
form a structure resembling a short two-leg ladder. In F
4~c! we show similar results for the hole on the adjace
center-leg site. A particularly strong singlet bond form
across the hole, reflecting a strong tendency to hop vertic
Figure 4~d! shows^Sz& on sites about the hole of Fig. 4~b!.
The pattern strongly resembles that of a single chain. Ins
of being localized near the hole, the extraS51/2 is distrib-
uted about the system, indicating spin-charge separation.
spins form a one-dimensional shifted-Ne´el configuration. On
the same leg as the hole, the other two sites are bound tig
into a singlet, and̂ Sz& is very small. Figure 4~e! shows
similar results for the hole on the center leg. The frustrat
energy of a single hole on an outer leg on three chains is 0
t, and on the center leg, 0.68t.

Two holes on a long three-chain ladder withJ/t50.5 are
not bound. The density of holes has two widely spaced br
peaks. Figure 4~f! shows the kinetic energy of one hole whe
the other hole is projected onto a site at one of the peak
the density. Direct measurement of the hole-hole correla
function shows that the hole is found exactly where the
netic energy is large.

Why are two holes bound on two chains and not on th
chains? This is what one would expect based on argum
using a resonating valence bond~RVB! variational ansatz for
the background spin system.24 However, those arguments a
based on a static treatment of holes, and as we have
here, forJ/t50.5 the holes cannot be treated statically. T
RVB ansatz, as well as various analytical approaches,25,26

predicts the existence of free spinon excitations on ladd
with odd numbers of legs, and this is important. In the th
chain system a hole can separate into a hole and a
zero-energy spinon, which one would expect to have low
energy. It is interesting to compare Fig. 4~b! and Fig. 2~a!:
on three chains, a low-energy local spin structure can fo
involving vertical dimerization which allows easy hoppin
On two chains, vertical dimerization is not possible, and
bonds above the hole also carry the extraS51/2, reducing
their strength. Direct comparison of the energies supp
this picture: on a 1633 system, adding one hole~and
spinon! increases the exchange energy by 1.19t, and de-
creases the kinetic energy by 2.54t. On a 1632 system, the
exchange energy is increased by 1.26t and the kinetic energy
decreases by 2.36t. By this measure a pair of separated ho
is lower in energy on three chains by 0.50t. The pair binding
energy on the two chain system is 0.28t, less than the dif-
ference in hole energy between two and three chains.

D. Four chains

We now consider a four chain ladder system with a sin
hole. Unlike the three chain case, the probability of findi
the hole on the center two chains is about the same as fin
st
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FIG. 5. A single dynamic hole on a four-chain ladder. All ca
culations are on a 1634 lattice, with open boundary conditions
Only the central region is shown.~a!,~b! The bond strengths

^SW i•SW j& for two different hole locations.~c!,~d! The difference in

bond strengthŝSW i•SW j& between the system with the dynamic ho
@as in ~a! and ~b!# and the same bond on the equivalentundoped
system. Solid lines indicate stronger bonds, and dashed ind
weaker. Next-nearest-neighbor bonds are not shown.~e!,~f! The dif-
ference in bond strengths between the system with astatic hole or
vacancy~black circle! and the equivalent undoped system.
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6510 55STEVEN R. WHITE AND D. J. SCALAPINO
it on an outer chain. This is despite the fact that only th
bonds are broken when the hole is on an outer chain, ve
four for an inner chain. In Figs. 5~a! and 5~b! we show the
bond strengths about a dynamic hole on an outer chain
on an inner chain. Next-nearest-neighbor antiferromagn
bonds have formed across the hole. Dimerization is a
present. The frustration energy of the hole locations sho
in Figs. 5~a! and 5~b! are 0.26t and 0.42t, respectively. The
additional spins surrounding the hole, compared to two
three chains, tend to reduce both horizontal and vert
dimerization. The precise pattern of frustrating bonds a
dimerization is somewhat complicated. One could imag
putting in a static vacancy and including next-neare
neighbor interactionsJ8 about the vacancy to approxima
the effect of hole motion. This approach neglects the abi
of the hole to hop preferentially between some pairs of s
in order to adapt to the frustration. This effect is visible
Fig. 5~b!, where the hole prefers to hop vertically rather th
horizontally, and the vertical frustrating bond is stronger.

In Figs. 5~c! and 5~d! we show the same results, but wi
the undoped spin background subtracted off. This indica
more clearly the distortion caused by the hole. Notice tha
the bonds immediately surrounding the hole are weaker. T
is reminiscent of the spin-bag picture.27 However, rather than
a distortion of the local spin density wave amplitude, t
SW i•SW j exchange field is altered. Spin distortions around
dynamic hole with momentum (p/2,p/2) were previously
studied on periodic 434 andA203A20 clusters.16 In this
case, on a lattice with periodic boundary conditions an
hole with momentum (p/2,p/2), the distortion of the ex-
change field occurs along a diagonal. In Fig. 5~e! and 5~f! we
show the same results for static holes~vacancies!. The dis-
tortion of the spin background for static holes is mu
smaller, and for the bonds immediately surrounding the h
opposite in sign. The static hole induces no dimerization

FIG. 6. Two dynamic holes on a four-chain ladder. The figu
shows the hopping energy of one dynamic hole when the other
been projected onto a particular site. All calculations are o
1634 lattice, with open boundary conditions. Only the central
gion is shown.
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frustration. Thus, there is an important difference betwe
the spin background around a dynamic hole and a static h
In the former case, the background adapts to the fact tha
hole can hop.

We now consider two holes on a four chain ladder. In F
6 we show the expectation value of the kinetic energy
each bond, when the location of only one of the holes
been specified with the projection operatorPh(h). It is clear
that the two holes are bound. However, the precise patter
hopping initially seems rather strange. The patterns prima
reflect the fact that anundopedtwo-leg ladder configuration
of spins is a low-energy configuration. One can comp
undoped ladders with even numbers of legs, which hav
spin gap, and odd numbers of legs, which are gapless.
natural to expect that the gap comes about both by an
crease in the spin excitation energyand a lowering in the
‘‘vacuum’’ ground-state energy. Thus we expect a two ch
undoped ladder, which has a very large gap of about 0.5J, to
be an especially low energy system in some sense. Henc
two holes in Fig. 6 prefer to lie on either the top two legs
the bottom two legs, or the top and the bottom legs, but
on the first and third, second and third, or second and fou
If a hole is on the ‘‘wrong leg,’’ it especially doesn’t like to
hop horizontally.

A four chain undoped system will also have low energ
since it too has a spin gap. Tsunetsuguet al.28 have argued
that this can lead to striped phases in which one dimensio
lines of holes divide ladders with even numbers of legs. O
results clearly indicate that both single holes and pairs
holes often arrange their motion so that undoped two-
ladder-like arrangements of spins can form. The tende
toward formation of four-leg ladder structures is weaker.

The three chain results can also be interpreted in term
ladder formation, in that the holes predominantly sit on t
outer legs, with the other two legs near each hole forming
undoped two chain system. For increased doping, an im
tant difference between the structures we see and those
gested by Tsunetsuguet al., is in the density of holes or pair

as
a
-

FIG. 7. Exchange energy for a 1634 system, with open bound
ary conditions, and two dynamic holes.
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55 6511HOLE AND PAIR STRUCTURES IN THEt-J MODEL
of holes adjacent to the ladders: we see quite low densi
while they suggested a line of holes with density near un

In Fig. 7 we show the bond strengths about the two m
probable hole configurations, which are almost equally pr
able. In~a! we see the strong next-nearest-neighbor diago
singlet bond crossing the holes. Horizontal hopping tra
forms this diagonal bond into vertical bonds which sit
each side of the pair, as seen in~b!.

The kinetic energy of a pair of holes is25.16t, compared
with 25.25t for two separate holes. The increase in e
change energy caused by a pair of holes is 2.47t, compared
with 2.78t for two separate holes. As in the two-chain ca
the slight increase in kinetic energy from binding a pair
holes is more than made up for by the decrease in excha
energy. The pair binding energy isEb50.21t. This pair
binding energy is smaller by 25% than the two chain val
In contrast, the spin gap for the undoped four chain syste
smaller by over 60% compared to two chains. The frustrat

FIG. 8. A single dynamic hole on a five-chain ladder. All ca
culations are for an 835 lattice, with open boundary conditions.~a!
The hopping energy of the hole.~b! The bond strengths about th
hole. ~c! ^Sz& for each site about the hole.
s,
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energy corresponding to Fig. 7~a! is 0.20t. For Fig. 7~b!, it is
0.14t. The frustration energy of two separate holes would
0.51t if they were both on outer legs, and 0.68t if one was on
an outer leg and one on an inner leg.

E. Five chains

We now consider a five chain ladder system with a sin
hole. Recall that a single hole on a three chain ladder sp
most of the time on an outer chain. Since the undoped th

FIG. 9. Two dynamic holes on a five-chain ladder.~a! The hop-
ping energy for an 835 cluster, with open boundary conditions.~b!
The hopping energy for the system shown in~a! with one hole
projected onto a site.~c! The hopping energy for an 1035 cluster,
with open boundary conditions.~d! The hopping energy for the
system shown in~c! with one hole projected onto a site.
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6512 55STEVEN R. WHITE AND D. J. SCALAPINO
and five chain systems have similar, gapless ground st
one might expect a hole on the five chain system to sp
more time on an outer chain than in the center. However,
is not the case. In Fig. 8~a! we show the kinetic energy for
single hole on an 835 cluster. The hole spends most of th
time on the center chain. By moving on the center chain,
system is divided into two undoped two-chain ladder s
tems above and below the hole. As Fig. 8~b! shows, this
configuration allows the vertical dimerization found in th
three chain system to form both above and below the h
allowing a strong frustrating bond to form horizontal
across the hole. The hole tends not to hop all the way to
ends of the system so that vertical two-chain structures
form there. The frustration energy at site~4,3! is
Ef50.26t. In Fig. 8~c!, the corresponding spin configuratio
is shown. The same shifted Ne´el pattern found in three
chains is again seen, with the spins on an entire five-site r
shifting with the motion of the hole.

Two holes in this system repel. The spin configurati
around a single hole is highly favorable, as in the three ch
case. The ‘‘core’’ of a bound pair of holes is a 232
plaquette. If a pair were to form, it would divide the syste
into a two chain ladder and a single chain, and the sin
chain would have high energy. In fact, the separate ho
form the structure shown in Fig. 9~a!, where the system is
divided into two-chain ladders both horizontally and ver
cally. In Fig. 9~b!, we show the kinetic energy of one of th
holes when the other is projected onto a site. The ho
clearly are unbound. The system dimerizes vertically ab
and below each hole, and horizontally to the left and right
each hole.

The vertical hopping patterns are highly dependent on
length of the system. An 835 system with two holes allows
convenient division of the system into width-two pieces
both directions. In Figs. 9~c! and 9~d!, we show the results
similar to those shown in Figs. 9~a! and 9~b! but for a
1035 system. In this case, some of the vertical pieces m
be of width greater than two. In Fig. 9~d!, we see that when
the first hole is on site~3,3!, the motion of the second hole
divides the right part of the system into either two horizon
two-chain ladders or into a vertical two-chain and a verti
four-chain ladder.

F. A 836 cluster

We now consider an 836 cluster with a single hole. In
Fig. 10~a! we show the kinetic energy per bond for the ho
A single hole is likely to be found in the central sites of t
cluster, allowing a two leg ladder to run along the entire ed
of the system. Some slight asymmetry is visible in the figu
this is a result of a slight numerical inaccuracy in the DMR
calculation. We kept 600 states per block in this calculati
despite this many states, the truncation error~also referred to
as the discarded weight! was relatively high: abou
631025. This level of accuracy was, however, sufficient
determine the general structure of the hole. In Fig. 10~b! we
show the bond strengths about the hole projected onto a
tral site. Next-nearest-neighbor antiferromagnetic bo
have formed across the hole, but they are somewhat we
than in the narrower systems. This reflects a decreased a
to hop in this system, which is dominated more by the
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FIG. 10. A single dynamic hole on a 836 system, with open
boundary conditions.~a! The hopping energy of the hole.~b! The
bond strengths about the hole.~c! The difference in bond strength
between the system with the dynamic hole and the same bon
the equivalent undoped system. Solid lines indicate stronger bo
and dashed indicate weaker.~d! The difference in bond strength
between the system with astatichole or vacancy~black circle! and
the equivalent undoped system.



is
he

55 6513HOLE AND PAIR STRUCTURES IN THEt-J MODEL
FIG. 11. Two dynamic holes on a 836 system, with open boundary conditions.~a! The hopping energy for each link when one hole
projected onto a particular site.~b!–~d! The bond strengths about the pair of holes.~e!,~f! The difference in bond strengths between t
system with the dynamic hole and the same bond on the equivalent undoped system.
b
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change energy. Dimerization is also present, particularly
neath the hole, but it is also weaker than in the narrow
systems. In Fig. 10~c!, we show the difference in bon
strength between the one hole system and the undoped
tem. The distortion caused by the hole is fairly substan
over a 535 region. All the bonds immediately surroundin
e-
r

ys-
l

the hole are weaker. In Fig. 10~d! we show the same result
for a static hole. The distortion of the spin background
much smaller than for a dynamic hole~note the decrease
scale!, and for the bonds immediately surrounding the ho
opposite in sign. The frustration energy for this hole locati
is Ef50.29.
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6514 55STEVEN R. WHITE AND D. J. SCALAPINO
In Fig. 11 we show results for two holes on an 836
cluster. Again we kept 600 states per block, but the trun
tion error was higher than in the single-hole calculatio
231024. This was still sufficient to determine the structu
of the pair with reasonable accuracy and to determine
pair binding energy. In Fig. 11~a! we show the expectation
value of the kinetic energy of a hole, when the other hole
been projected onto a central site. The two holes are cle
bound. The hole is somewhat more likely to be to the left
the projected hole than one might expect; however, this c
figuration breaks the system vertically into two-chain a
four-chain undoped ladders, rather than two three-chain
doped ladders.

In Fig. 11~b!–11~d! we show the bond strengths surroun
ing several likely configurations of the pair. The frustrati
diagonal singlet crossing the pair is clearly present in F
11~b!: this is the clearest ‘‘signature’’ of a bound pair o
holes, and is present in all the systems in which we h
found pair binding. In addition, additional frustrating bon
crossing the holes are present in both directions. Vert
dimerization is present above and below the holes, whe
is expected, and to the left and right, where we might h
expected horizontal dimerization. Even on a system of wi
6, the boundaries are still substantially affecting the s
structure surrounding the pair, and it is not clear which ty
of dimerization would appear in a large system. The m
probable configuration of the pair is not shown:~3,4!–~4,3!,
with probability 0.018. Configuration~b!, ~c!, and ~d! have
probabilities of 0.014, 0.005, and 0.017, respectively. T
frustration energiesEf(h) for configurations~b!, ~c!, and~d!
are 0.32t, 0.54t, and 0.20t, respectively. The frustration en
ergy of two separate holes is 0.58t. In Figs. 11~e! and 11~f!
we show the difference in bond strengths of the two-h
system and the undoped system. Substantial distortion o
spin structure occurs over a 636 region.

The kinetic energy of a pair of holes on an 836 cluster is
25.36t. Twice the kinetic energy of a single hole is25.38
t. The increase in exchange energy caused by a pair of h
is 2.71t, compared with 2.96t for two separate holes. Th
increase in kinetic energy from binding a pair of holes
very tiny, and is more than made up for by the decreas
exchange energy. The pair binding energy isEb50.24(2)t.
This pair binding energy is slightly bigger than on a 1634
lattice.

G. 837 and 1037 clusters

We have performed a few DMRG studies of width 7 sy
tems. We studied a 1037 cluster with two holes, keeping

FIG. 12. The 232 t-J cluster. Edge nearest-neighbor single
can form as well as diagonal~1-3,2-4! next-nearest-neighbor sin
glets.
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800 states per block, with a total of 10 sweeps through
lattice. The truncation error was fairly large, 231024, but it
was clear that the two holes were bound, and tended to
near the center of the cluster. In general, the results w
similar to the 836 cluster. We also studied a 837 cluster
with a staggered magnetic fieldH50.15t applied to the edge
sites. The idea was to simulate the Ne´el spin background of
an infinite undoped lattice. The field strength was chosen
represent a mean field coupling to surrounding sites, e
with an average magnetization of^Si

z&50.3. Again, two
holes were bound, with a pair binding energy of abo
0.15t.

H. A 232 cluster

The bound pair of holes which have been found in a nu
ber of these clusters are characterized by a 232 core region
over which the dominant hole-hole correlations occur. In
der to better understand this core we consider the 232 lat-
tice shown in Fig. 12.

Introducing the singlet valence bond operator betwe
sitesi and j

D i j
†5

1

A2
~ci ,↑

† cj ,↓
† 1cj ,↑

† ci ,↓
† !, ~10!

the ground state of the undoped half-filled system can
written as

uc&05N0@D14
† D23

† 2D12
† D34

† #u0&, ~11!

with u0& the vacuum. The ground state of the two-hole s
tem is

uc&25N2@a~D12
† 1D23

† 1D34
† 1D14

† !1b~D13
† 1D24

† !#u0&,
~12!

with a51 andb5@21(J/4t)2#1/22J/4t. In the doped, two-
hole stateuc&2, the ratio of the edge singlet~e.g., 1-2! to
diagonal singlet~e.g., 1-3! amplitude is

a

b
5

1

@21~J/4t !2#1/22J/4t
. ~13!

For J/t52, this ratio is unity. ForJ/t,2, the diagonal am-
plitude is larger than the edge amplitude. This is reflected
the t-J results previously discussed, where forJ/t50.5 the
hole-hole correlations were found to be larger for ne
nearest-neighbor diagonal sites than for nearest-neigh
sites.

The ground state, Eq.~11!, of the undoped 232 system
transforms asdx22y2, while the two-hole state, Eq.~12!,
transforms as ans wave. Thus the hole-pair creation operat
that connectsuc&0 to uc&2 must transform asdx22y2.

29,30 A
simple nearest-neighbor operator of this form is

D5D142D121D232D34. ~14!

Applying this to the undoped ground stateuc&0 given by Eq.
~11!, one finds that

Duc&0522N0@D12
† 1D23

† 1D34
† 1D14

† #u0&, ~15!
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55 6515HOLE AND PAIR STRUCTURES IN THEt-J MODEL
which clearly has a nonzero overlap with the two-ho
ground stateuc&2 .

A dx22y2 hole pair creation operator, generalized to
clude holes on next-nearest-neighbor diagonal sites, has
discussed by Poilblanc.8 One can expand a generalized ho
pair creation operator in terms of operators which creat
pair of holes on sites separated by a distanceR. For our
232 cluster this involves

Ddx22y2
5(

R
DR , ~16!

with R51 andR5A2. The nearest-neighbor operatorD1 is
just the operator given in Eq.~14!. As discussed by Poil-
blanc, a next-nearest-neighbor term possessingdx22y2 sym-
metry is

DA25~SW 12SW 3!•TW 242~SW 22SW 4!•TW 31, ~17!

with

SW 1•TW 245
1

2
~c1↑

† c1↑2c1↓
† c1↓!~c2↑c4↓2c4↑c2↓!

1c1↑
† c1↓c2↑c4↑1c1↓

† c1↑c2↓c4↓ . ~18!

Note that sinceTW 2452TW 42, Eq. ~17! hasdx22y2 symmetry.
Acting on the undoped ground state,DA2 generates the diag
onal singlets

DA2uc&0;~D13
† 1D24

† !u0&. ~19!

The operatorDA2 , Eq. ~17!, is a composite operator com
posed of four fermion operators. As discussed by Bonca
Balatsky,31 this operator can be viewed as arising from t
spin-fluctuation dressing of the basic two-fermion neare
neighbordx22y2 operatorD given by Eq.~14!. As they dis-
cuss, if one introduces the Gor’kov Green’s function

F~ t !52 i ^c0uT(
d

~21!d
„ci↑~ t !ci1d↓~0!

2ci↓~ t !ci1d↑~0!…uc0& ~20!

then

F~0!52 i ^c0uDuc0&. ~21!

ExpandingF(t) as a power series in time, we have

F~ t !5F~0!1
t2

2
F̈~0!1•••, ~22!

with

F̈~0!5 i ^c0u†H,@H,D#‡uc0&. ~23!

One finds

†H,@H,D#‡}tJDA21 other operators. ~24!

Thus the diagonal hole-hole correlations reflect the dynam
of the pairing correlations. Specifically, the second mom

*F~v!v2dv

*F~v!dv
}tJ

^c0uDA2uc0&

^c0uDuc0&
, ~25!
-
en
-
a

d

t-

s
t

implying that the frequency range of the gap is set
(tJ^c0uDA2uc0&/^c0uDuc0&)

1/2.
Based on this, we believe that the bound hole pairs

served in various clusters should be thought of asdx22y2

pairs. The diagonal-singlet bond as well as the near
neighbor singlet bonds reflect the two-hole structure of E
~12!. In the larger clusters the pair structure is more e
tended, corresponding to longer-range operatorsDR in Eq.
~16!. The pair structure on larger systems includes b
larger separation of the holes and alterations of the s
background near the pair. A similar conclusion regarding
dx22y2 structure of a pair has been reached in a variety
numerical studies of 2Dt-J clusters with periodic boundary
conditions.4–8,14

IV. DISCUSSION

In considering one and two hole ground states of a w
variety of clusters, we have found a remarkable sensitivity
the shape of the cluster.32 Underlying the variety of results
however, are a few basic low-energy structures. The na
of the ground state of any particular system is based
which arrangement of these basic structures is lowest in
ergy.

The most important structure is a bound pair of hol
This structure allows the pair to hop rather freely in order
decrease the kinetic energy, without disrupting the spin ba
ground more than necessary. The bound pair is character
by a 232 ‘‘core’’ region discussed above. Surrounding th
core and extending several lattice spacings further is a re
in which the spin structure is strongly perturbed. Within t
core, for the caseJ/t50.5 which we have studied, the pair o
holes is more likely to be at next-nearest-neighbor diago
sites than nearest-neighbor sites, in order to maximize
hopping overlap with other hole configurations. When t
two holes are diagonally situated, a strong singlet bond
present across the other two sites of the core. This sin
becomes a strong nearest-neighbor singlet bond after on
the holes hops next to the other. The singlet forms in orde
maximize the hopping overlap with these other hole confi
rations. In order to respond to this frustrating bond, and
other weaker frustrating bonds across each of the holes
surrounding spins dimerize, reducing the spin-spin corre
tions around the pair. The effect of this dimerization is
induce a ‘‘spin-liquid’’ region surrounding the pair.

Frustrating next-nearest-neighbor bonds forming acr
holes are a universal feature in all of the clusters we h
studied. These bonds are necessary for hole motion. H
bind in pairs in order to share their frustration. This mech
nism for pairing is quite different from simple ‘‘broken
bond’’ counting, which predicts nearest-neighbor pairing
staticholes: for two static holes, a nearest-neighbor confi
ration eliminates seven bonds, while anything else elimina
eight. For physical values ofJ/t, such asJ/t50.5, the
‘‘broken-bond’’ effect enhances pair-binding somewhat, b
is not dominant. Consider once again the 836 cluster, with
two holes. Results for the hole-hole correlation function
dicate that the pair resides on nearest-neighbor sites
22% of the time. Even if a broken bond results in an ex
exchange energy ofJ50.5t, the effect on pair binding is
only 0.22J50.11t, while the actual pair binding energy i
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6516 55STEVEN R. WHITE AND D. J. SCALAPINO
0.24(2)t. A more accurate estimate of the effect of brok
bonds comes from considering twostatic holes on an 836
cluster: the difference in energy between nearest-neigh
static holes and widely separated holes is 0.62J, rather than
J, suggesting that the broken-bond energy for dynamic ho
is about 0.07t. In contrast, the frustration energy for tw
bound holes in the most probable hole configurations ran
from 0.25t–0.40t less than the frustration energy of tw
separate dynamic holes.

An interesting question, which we are continuing to stu
regards the binding of two holes on ann-leg ladder asn
increases. From our present calculations, it appears that
holes added to even-leg ladders bind but they do not bind
n53 or 5 leg ladders. On the 3 and 5 leg ladders, the ho
separate, partitioning the system into two-leg ladders. H
ever, for the 7-leg ladder we find that the pairs are bound
we believe that the binding energy of odd and even leg l
ders will approach each other asn increases further. As dis
cussed, the structure of a bound pair on the wider ladd
consists of a 232 core surrounded by a more extend
‘‘spin-liquid’’ dimerized region setting the coherence leng
j0 of the pair. We expect that when the lattice widthn be-
comes comparable or larger than this coherence length
behavior of the odd and even leg ladders will become si
lar.

Following the bound pair of holes, the next most impo
tant structure is a nearly undoped two-leg ladder region.
large spin gap of a two-leg ladder coincides with a lo
energy spin-liquid ground state. The two-leg ladder is dim
ized, in that the rung bonds are stronger than the leg bo
with a correspondingly small spin-spin correlation leng
This makes the ladder especially suited for a hole or pai
tt.
,

or

s

es

,

o
n
s
-
d
-

rs

he
i-

-
e
-
r-
s,
.
f

holes to move beside it. In the special case of a five-
ladder, pairs of holes are too wide, and the system inst
has unpaired holes moving in one dimension, breaking
system into two-leg ladders. This is the last important str
ture: a low density of unpaired holes moving in a on
dimensional line. This structure is low enough in energy t
it can appear in order to allow the formation of one or tw
undoped two-leg ladders, specifically in the three and fi
chain systems.

The results of the study presented here have focused
n-leg ladders and clusters having one or two holes. Ba
upon these results as well as preliminary results at lar
doping, we conclude with some thoughts about finite dopi
The energy difference between the various structures
scribed above is sufficiently small that modest external p
turbations may lead to the trapping of hole pairs or the f
mation of static even-leg ladders. Even in the absence
external perturbations, a dilute concentration of holes m
give rise to fluctuating extended structures in the mediu
We suggest that the tendency to form two-leg ladders p
sists into the finite, but low-doping regime, while at mode
ate doping, ladders diminish in importance and pairs of ho
dominate. The even-leg ladders that are present in the d
system could give rise to the pseudo-gap observed in
underdoped cuprates.
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