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Temperature dependence of planar channeling radiation in silicon, germanium, and beryllium
between 12 and 330 K
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~Received 17 June 1996; revised manuscript received 27 September 1996!

The temperature dependence of planar channeling radiation of 62.8 MeV electrons has been studied for
silicon, germanium, and beryllium. The measurements have been performed using an uncollimated low-
emittance cw beam from the superconducting electron linac S-DALINAC at the Technische Hochschule
Darmstadt. Energies and linewidths of transitions between transverse bound states have been determined in the
energy range between 40 and 230 keV for silicon and beryllium at temperatures between 12 and 330 K, and for
germanium between 12 and 223 K. From the shift of the transition energies with temperature the mean thermal
vibrational amplitudes of the atoms transverse to the channeling planes are determined by comparison with
calculations using the many-beam formalism. Within experimental errors no directional dependence of the
vibrations is observed. For silicon a Debye temperature of~535.268.5! K at 12 K and~519.0610.8! K at 300
K has been derived. For germanium an increase from~232.7612.8! K at 12 K to ~292.0616.4! K at 223 K is
observed. Planar channeling radiation spectra from a beryllium crystal taken at 12, 220, and 300 K have been
analyzed the same way yielding a Debye temperature of~1060650! K. @S0163-1829~97!03110-X#
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I. INTRODUCTION

Channeling radiation is produced when a beam of rela
istic charged particles traverses a crystal under a sufficie
small angle with respect to a prominent crystal plane or a
As demonstrated in a classic approach by Lindhard1 the mo-
tion of the particles under these conditions is no longer
termined by independent single atomic scattering proce
but is dominated by correlated scattering on very many
oms along the path of the particle. Some particles are bo
by the transverse potential of the crystal and channel thro
the crystal along the particular plane or axis. Classica
these particles describe a periodic transverse motion in
crystal potential resulting for light particles~electrons and
positrons! in the emission of electromagnetic dipole rad
tion. For relativistic particles the dipole radiation is Lorent
boosted leading in the laboratory frame to radiation in
forward direction at higher frequencies. Quantum mecha
cally the radiation is due to spontaneous transitions betw
transverse energy states of the electron resulting in disc
photon lines. The density of the energy states depends on
energy and the charge of the particle as well as on the cry
properties. Most studies of the properties of channeling
diation and its applications have been performed with e
trons which channel in the neighborhood of the positiv
charged atomic nuclei. A review of experimental results a
theoretical treatments of channeling radiation can be fo
in Ref. 2.

Channeling radiation, besides being of interest in its ow
can be used as a tool in solid state physics to study cry
properties. In this paper we investigate the temperature
pendence of the photon lines corresponding to transiti
between low lying bound states which by comparison w
calculated spectra can be used to determine the mean the
550163-1829/97/55~10!/6196~7!/$10.00
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atomic vibrational amplitudes transverse to the particular
tice plane. From these amplitudes the Debye temperatur
the crystal can be derived. Although the results will be sta
in terms of Debye temperatures, the theory applied does
use a Debye model for lattice vibrations.

The paper is organized as follows. Sections II and III gi
a brief description of the theoretical concepts and our exp
mental setup, respectively. In Sec. IV we present our me
ods of analyzing the data, in particular the treatment of m
tiple scattering of the electrons in the crystal and our res
on vibrational amplitudes and Debye temperatures. In ad
tion, we give the line widths of the channeling radiation lin
which depend strongly on temperature. In the last section
discuss our results and compare with Debye temperat
derived by x-ray scattering and specific-heat measureme

II. THEORETICAL CONCEPTS

Channeling radiation from relativistic electrons in sing
crystals has been studied for a number of years and is no
well understood phenomenon. We summarize here bri
the ‘‘many-beam formalism’’ introduced by Andersenet al.3

for the calculation of the transition energies of planar ch
neling radiation.

Under channeling conditions the longitudinal and tran
verse motion of the electrons in the crystal can be separa
In first order the transverse motion is determined by the o
dimensional continuum potentialU(x) given by the average
of the crystal potentialU(r ,t) along the coordinates paralle
to the plane.1 This is equivalent to averaging over time, i.e
over thermal lattice vibrations, since different crystal ato
oscillate independently. Higher order effects and the tre
ment of periodic perturbations are discussed quantitativ
by Hau and Andersen.4 The resulting corrections to transitio
6196 © 1997 The American Physical Society
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55 6197TEMPERATURE DEPENDENCE OF PLANAR CHANNELING . . .
line energies of the order 1023 or less are within our experi
mental error and are therefore neglected. The periodic c
tinuum potentialU(x)5(ne

ingxUn is expressed in terms o
the Fourier components

Un5
2p\2

meVE
(
j
e2 ingxjAj~ng!e21/2~ng!2r2 ~1!

with Aj being the atomic scattering amplitude,g the recip-
rocal lattice vector,VE the volume of the unit cell,xj the
relative positions of thej atoms in the unit cell, andr the
rms thermal vibrational amplitude in one dimension. For o
calculations we used tabulated values ofAj derived from
Hartree-Fock calculations.5

Figure 1 shows the potential calculated according to
~1! for the Si~110! plane for two different values ofr corre-
sponding to temperatures of 12 and 330 K, respectively.
minimum of the potential near the crystal atoms depe
strongly on temperature due to different ‘‘smearing’’ of th
atomic Coulomb potential by thermal vibrations.

The electron wave functionC(x) in the transverse con
tinuum potentialU(x) is given by

F2
\2

2gm

]

]x2
1U~x!GC~x!5E'C~x! ~2!

with E' denoting the transverse energy states,g5E/m and
E the ~total! electron energy. Figure 1 also shows the ene
levels calculated according to Eqs.~1! and~2! for 62.8 MeV
electrons channeling along the~110! plane in silicon.

The energy states can be classified into three groups~i!
States near and above the potential maximum are form
energy bands due to Bloch-wave broadening. As a con
quence, transitions involving these states do not show u
sharp lines in the photon spectrum.~ii ! States near the poten
tial minimum ~n50, n51!, which significantly depend on
the lattice vibrational amplitude~and therefore on tempera
ture!. Transitions to these states, in particular to the low
lying staten50 with even parity, will lead to increasing lin
energies with falling temperature.~iii ! Intermediate states
transitions between these states have sharp energies,

FIG. 1. Continuum potential of the Si~110! plane forT512 K
andT5330 K. In addition, the transverse eigenstates are given
62.8 MeV electrons. The quasifree eigenstates above the pote
maximum are smeared out to energy bands due to Bloch-w
broadening. As indicated, only the two lowest lying states~n50,1!
depend significantly on temperature.
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pendent of temperature. They can be used in the analys
determine the exact electron energy and the amount of m
tiple scattering.

In the laboratory frame the measured transition energ
are Lorentz-boosted and given by

Enm5
2g2

11g2Q2 ~En2Em! ~3!

with Q being the angle between the electron and the radia
photon originating from multiple scattering, beam dive
gence, and detector aperture~see Sec. IV!. Therefore, the
average measured photon energy is less than 2g2(En
2Em).

III. EXPERIMENT

A. Electron beam and channeling setup

The experiment was carried out at the superconduc
Darmstadt electron linear accelerator S-DALINAC.6 An un-
collimated cw beam of~62.860.3! MeV electrons has been
steered onto the crystal mounted on a goniometer situ
inside a vacuum chamber. The beam current was of the o
of 1 nA. The beam spot size, position, direction, and div
gence were measured and monitored by means of two
tractable fluorescence screens positioned 5.4 m apart
stream and downstream the channeling crystal. The b
was focussed to a diameter of 2 to 3 mm and a divergenc
less than 0.6 mrad which is smaller than the critical chann
ing angle1 typical for the conditions of this experiment (wc
50.8 mrad!. After leaving the crystal the electrons were d
flected by a 40° bending magnet.

The radiation produced by the channeling process in
crystal has been detected in the forward direction about
downstream from the crystal by means of a germanium
tector of 15-mm thickness and 16-mm diameter. The acc
tance of the photon detector was limited to 1.231026 sr by
means of a cylindrical lead collimator~aperture 0.6 mrad!
aligned with the direction of the undeflected electron be
within 0.2 mrad.7

B. Goniometer, crystals, and crystal cooling

For the investigation of the temperature dependence of
channeling spectra the crystal temperature has to be va
between 10 K and room temperature. This required to
couple the crystal thermally as much as possible from
goniometer which itself had to be kept at room temperatu

The scattering chamber containing the crystal is sho
schematically in Fig. 2~a!. A commercial helium bath cry-
ostat was modified such that the vacuum of the scatte
chamber~typically 1025 Torr! served as insulation vacuum
of the cryostat. The cooling tip of the cryostat was connec
via a flexible copper cord of 30 mm2 cross section with the
crystal holder also made of copper. The crystal holder w
mounted on a piece of rohacell connected to the goniome
The cooling tip, the cooper cord, and the crystal holder w
protected against thermal radiation by means of a superi
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6198 55G. BUSCHHORNet al.
lation shield ~20 layers of aluminized Mylarfoil! provided
with openings for nonobstructed passage of the elec
beam.

The crystal holder@Fig. 2~b!# consisted of a copper plat
of 1-mm thickness with a bore of 10 mm. The crystal~typi-
cal size 12312 mm2! were fixed to the holder by means o
heat conducting vacuum grease. Three crystals were us
the experiment: silicon~Z514! and germanium~Z532!
crystals, both 50-mm thick and cut perpendicular to the^100&
axis, and a 100-mm-thick beryllium crystal~Z54! cut per-
pendicular to thê00.1& axis.

The temperature of the crystal holder was measured u
a platinum resistor sensor mounted directly onto the cop
plate @Fig. 2~b!#. The maximum temperature difference b
tween the copper plate and the center of the crystal is e
mated to less than 0.1 K for all crystals. The lowest crys
temperature achieved in the experiment was 12 K. Hig
temperatures could be adjusted by heating the cooling tip
changing the helium flow through the cryostat with a te
perature stability measured at the crystal holder of better t
0.5 K.

The crystal could be oriented by means of a two-a
goniometer~one horizontal, one vertical axis! with an angu-
lar resolution of 0.175 mrad which is less than the critic
angle of 0.8 mrad. Two additional translational stages
abled to move the cooled crystal into and out of the beam
alignment and background studies.

FIG. 2. ~a! Schematic view of the scattering chamber with cr
ostat, goniometer, radiation shield, and crystal. The crystal ho
was cooled by means of a thick copper cable connected to a he
dewar.~b! Detailed view of the crystal holder. The crystal cove
the 10-mm bore of a copper plate and is attached and therm
connected on this plate by means of heat conducting grease.
temperature of the copper plate is measured by a platinum res
ity temperature sensor thermally connected to the plate.
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IV. RESULTS

A. Data analysis

Channeling radiation can be classified in terms of bou
bound, free-bound, and free-free transitions depending on
involved eigenstates. For the electron energy and crys
used in this experiment there exist only a few allow
bound-bound transitions leading to well separated chan
ing lines in the photon energy spectrum which can be u
for the analysis. The numerous transitions starting at f
levels ~free-bound and free-free! sum up to a broad con
tinuum which amounts to about 10–20% of the integ
channeling intensity depending on the crystal plane. T
shape of this background and thus its contribution to
discrete lines can be calculated by the many-beam forma
and is independent of temperature. An additional backgro
contribution is caused by incoherent bremsstrahlung wh
has been measured independently with the crystal in a
dom orientation. These two background contributions ha
been normalized and subtracted in such a way, that the
sulting bound-bound channeling spectra vanish in the ene
regions below~,20 keV! and above~.300 keV! the chan-
neling lines. A detailed description of the background su
traction procedure is given in Ref. 8. As an example,
resulting channeling line spectra of the Si~110! plane are
shown forT5330 and 12 K in Fig. 3.

The natural widthG0 of the photon lines is related to th
lifetimes of the involved channeling states limited by~among
other sources9! incoherent scattering at crystal atoms a
electrons. For a discussion on how to relateG0 to the decay
constant of the state involved in the transition we refer
Ref. 4. The quantityG0 is not directly measured in the ex
periment but has to be deduced from the measured line w
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FIG. 3. Channeling spectra of the Si~110! plane forT5330 K
andT512 K. In these spectra both the incoherent bremsstrahl
background and the continuum contribution of channeling radia
due to free-to-free~or free-to-bound! transitions are substracted; th
spectra are not normalized to each other. The vertical lines indi
the calculated transition energies for an ideal thin crystal@see Eq.
~3! with Q50#. The maxima of the measured lines are shifted
lower energies mainly due to multiple scattering in the crystal~see
text!.
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55 6199TEMPERATURE DEPENDENCE OF PLANAR CHANNELING . . .
which receives contributions from the energy resolution
the detector, finite crystal thickness, multiple scattering
the electrons in the crystal, the beam divergence, and
detector aperture. The detector resolutionGD is 1.0 to 1.5
keV full width at half maximum in the energy range o
interest and adds quadratically toG0 . The contribution
due to the finite crystal thicknessL is given by (1
1b)g22p\c/L,14 which yields 0.76 eV for the used silico
and germanium crystals and 0.38 eV for the beryllium cr
tal. These small values also add approximately quadratic
to G0 . The other effects mentioned concern the angleQ
between the electron and the photon observational direc
IncreasingQ decreases the measured photon energy acc
ing to Eq.~3! resulting in a downward shift of the energy o
the channeling radiation line as compared toQ50°and an
asymmetric line shape as can be seen in Fig. 3.

With respect to multiple scattering one has to distingu
between scattering parallel and transverse to the chann
plane. The latter causes a redistribution of the channe
population densitiesf n( i ) and dechanneling of the electron
This effect thus determines the lifetime of the transve
bound states and therefore the intrinsic line widthG0 . In
contrast, multiple scattering parallel to the channeling pla
only changes the angleQ between the electron and the ph
ton observational direction and thus the observed photon
ergy. The resulting mean scattering angle suffered by
electron of momentump after traversing a crystal thicknessz
is given by10

Qs~z!5
ES

A2pcb
A z

X0
~4!

with X0 being the radiation length (X059.36, 2.30, and 35.3
cm for Si, Ge, and Be, respectively!. The energy constan
ES decreases logarithmically with decreasingz/X0 . For the
calculations we have usedES512 MeV, which is accurate to
20% for all crystals used in the experiment.10

The mean scattering angleQs for a given crystal and crys
tal thickness is given by the average ofQs(z) over the crys-
tal thicknessd weighted by the depth dependent channel
population density f (z) which is assumed to decreas
exponentially11,12 with a characteristic length~‘‘occupation
length’’! for 62.8 MeV electrons of 35, 17, and 67mm for
silicon, germanium, and beryllium, respectively. The va
for silicon is a linear extrapolation of the measurement
Ref. 11 for 17 and 54 MeV electrons. These measurem
show that the occupation length is nearly independent of
channeling state with possibly a small dependence on
channeling plane. For our estimate of the scattering angle
use an average of the measured occupation lengths fo
~100! and ~110! planes. The values for germanium and b
ryllium are obtained by scaling the silicon value withAX0.
Multiple scattering, detector aperture, and beam diverge
combine to a mean square angleQ̄ between electron and
photon given byQ̄25Qs

21Qa
21Qd

2. As described in Sec. III
the detector aperture wasQa50.6 mrad and the beam dive
gence approximatelyQd50.6 mrad. This leads toQ̄52.0
60.3, 3.160.6, and 1.660.2 mrad for the silicon, germa
nium, and beryllium crystals, respectively.

The experimental line shape is given by
f
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I ~E!;E dQ
EG

@E2E0~11Q2g2!21#21~1/4!G2

3expS 2
Q2

2Q̄2D , ~5!

whereG25G0
21GD

2 1GT
2, GD being the energy resolution o

the photon detector,GT the finite thickness correction, an
E0 the transition energy. The mean emission angleQ̄ is as-
sumed to be constant for a given crystal~neglecting small
differences of the multiple scattering contribution for diffe
ent crystal planes! and is determined by fitting Eq.~5! to the
measured photon lines. This yieldsQ̄5~2.160.2! and ~3.7
60.4! mrad for Si and Ge, respectively, which is consiste
with the above estimated values. For beryllium the extrac
value Q̄5~3.860.6! mrad exceeds the calculated one of 1
mrad; this discrepancy is attributed to a mosaic spread
observed in a Laue diffraction analysis of the crystal wh
gives an additional contribution toQ̄.

B. Thermal vibrational amplitudes and Debye temperature

Channeling radiation spectra for silicon and germani
have been measured for different temperatures starting a
K in steps of about 20 K up to 330 K for silicon and 223
for germanium. A series of convoluted Lorentzians~5! has
been fitted to each spectrum to extract intensity, ene
E0 , and intrinsic line widthG0 for each transition line sepa
rately. As an example, Fig. 4 shows the comparison betw
measurements for the Si~100! and Si~110! planes atT512 K
and best fits. The corresponding line energies are show
Fig. 5 for the Si~100! and Si~110! planes and the Ge~100!
and Ge~310! planes as a function of temperature. To rep
duce the experimental line energies many-beam calculat
have been performed according to Eqs.~1!–~3!. In the first
step the energies of transitions between ‘‘intermedi
states’’~Sec. II!, which do not depend on temperature, ha
been used to calibrate the electron energy separately yiel
~62.860.3! MeV. Then the experimental 1→0 transition en-

FIG. 4. Comparison of the measured spectra for the Si~100! and
Si~110! planes~dots! with the result of a fit consisting of single
‘‘Lorentz-shape’’ transition lines asymmetrically broadened due
multiple scattering, beam divergence, and detector aperture acc
ing to Eq.~5!. The experimental error is of the order of the symb
size.
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6200 55G. BUSCHHORNet al.
ergies have been fitted with the mean square vibrational
plitude r2 as a fit parameter for each plane and crystal te
perature. Figure 6 shows the resulting temperat
dependence of the thermal vibrational amplituder. The ex-
perimental error~caused by the uncertainties in the expe
mental line energies and the electron energy! is of the order
of the symbol size. Comparison of the data for differe
planes of the same crystal does not show significant dif
ences. Thus, the thermal vibrational amplitude does not s
any directional dependence.

In the Debye model the thermal vibrational amplituder is
related to the crystal temperatureT according to13

FIG. 5. Fitted line energies ofDn51 transitions for the~100!
and ~110! planes for silicon and the~100! and ~310! planes for
germanium. As expected, only the 1→0 and~to a lesser extent! the
2→1 transition energies depend on temperature. The typical ex
mental errors are 0.6 keV for silicon and 2.6 keV for germani
given by the systematic error introduced by the background sub
tion and the uncertainty in determiningQ̄.

FIG. 6. Thermal vibrational amplitude for silicon, germanium
and beryllium as a function of temperature calculated from the tr
sition line energies given in Fig. 5 using the many-beam formali
-
-
e

-

t
r-
w

r25
3\2

4MkBQD
F114S T

QD
D 2E

0

QD /T y

exp~y!21
dyG , ~6!

whereQD is the Debye temperature. Table I contains t
values of the Debye temperature for silicon and german
calculated from ther2 data of these measurements.

For beryllium we have measured spectra atT512, 220,
and 300 K. As an example, Fig. 7 shows the radiation sp
trum and the best fit atT512 K for the ~212.0! plane. The
resulting thermal vibrational amplitudes are shown in Fig
corresponding to an approximately constant Debye temp
ture ofQD5(1060650) K ~see Table I!.

C. Line widths

Figure 8 shows the intrinsic linewidthG0 for the ~100!
and~110! planes in silicon and the~100! and~310! planes in
germanium. As mentioned above, 1/G0 is proportional to the
lifetime of the channeling states limited by incoherent sc
tering at crystal electrons and the nonperiodic part of
atomic potential, i.e., lattice defects and thermal vibrations4,9

Only thermal scattering depends on temperature leadin
the observed increase of the linewidths of all measured ch
neling radiation lines with temperature. Neglecting contrib
tions from scattering at crystal electrons, we have calcula
the linewidth due to thermal atomic scattering following t

ri-

c-

-
.

TABLE I. Experimentally determined Debye temperatures
silicon, germanium, and beryllium.

Silicon Germanium Beryllium
T @K# QD @K# QD @K# QD @K#

12 535.268.5 232.7612.8 1055650

30 531.368.0 232.3612.8

50 533.468.3

52 243.4613.4

70 529.968.3 254.1612.4

100 529.668.3

104 259.8614.2

130 529.0611.0 267.4616.2

163 282.6616.4

165 524.5612.2

193 522.3610.8

195 290.8615.6

220 526.1611.5 1065650

223 292.0616.4

245 552.2610.0

273 518.7611.5

300 519.0610.8 1060650

330 520.8610.8
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55 6201TEMPERATURE DEPENDENCE OF PLANAR CHANNELING . . .
formalism given by Andersenet al.14 There the linewidth is
determined by the sum of the total probabilities for scatter
from the initial or final states to any other state~interband
scattering!, corrected for scattering within each channeli
state~intraband scattering!. The curves in Fig. 8 show th
results for germanium, which, in general, agree well with
measurements. In contrast, for silicon the calcula
linewidths for all channeling transitions are lower than t
measured ones by about 3 keV at all temperatures sugge
the existence of additional temperature independent co
butions such as scattering on crystal imperfections or e
tronic scattering. As electronic scattering scales withZ and
atomic scattering withZ2, electronic scattering should b
more important for silicon~Z514! as for germanium~Z532!
in accordance with the measurement.

FIG. 7. Comparison of the measured spectrum for the~212.0!
plane in beryllium with the calculated spectrum for a Debye te
peratureQD51060 K which yields the best fit to the measur
spectrum.

FIG. 8. Linewidth of the channeling radiation lines for the si
con ~100! and ~110! planes and the germanium~100! and ~310!
planes as a function of temperature. Plotted is the ‘‘intrinsic’’ lin
width corresponding to the lifetime of the bound states due to
coherent scattering of the electrons. The additional experime
contributions due to multiple scattering, beam divergence, nonv
ishing detector aperture, and energy resolution have been deco
luted from the measured linewidths.
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V. SUMMARY AND CONCLUSIONS

We have investigated energy spectra of planar channe
radiation in silicon, germanium, and beryllium over a wid
temperature range between 12 and 330 K and extracted
vibrational amplitudesr by comparison with many-beam
calculations. Within experimental errors no directional d
pendence of the vibrations is observed. From the meas
ments of vibrational amplitudes we have deduced De
temperatures for silicon, germanium, and beryllium at
temperatures covered in this experiment~see Table I!.

For silicon at room temperature we deduce a vibratio
amplituder5~0.079060.0005! Å, which corresponds to a
Debye temperature of~519.0610.8! K. These values are
consistent with other channeling radiation experiments, e
Kephart et al.,15 who derived a mean valuer5~0.0796
60.0015! Å for an electron energy of 54.5 MeV and Ha
et al.,16 who obtainedQD5(50466) K. All channeling ex-
periments yield substantially lower values for the Deb
temperature than those derived from x-ray scattering at lo
order reflections@~54368! K in Ref. 17, ~53362! K in Ref.
18# and neutron scattering@~53868! K in Ref. 19#, which in
turn are lower by about 20% than those calculated fr
specific-heat measurements.20 On the other hand, high
precision measurements21 of electronic charge distribution in
silicon based on very high order x-ray diffraction are inte
preted by the authors in terms of significantly lower Deb
temperatures than those derived by Ref. 18 from lower or
diffraction data. The high order diffraction is dominated b
scattering offK shell electrons whereas lower order refle
tions receive contributions from all electrons. The combin
x-ray data for Si thus hints to larger vibrational amplitudes
the core of lattice atoms as compared to the outer shell e
trons. This is at least in qualitative accord with the chann
ing radiation results derived from transitions to the lowe
lying transverse bound states which are localized near
atomic nuclei. For further discussions we refer to Ref. 16

The measured Debye temperature of germanium rises
nificantly from~233613! K at 12 K to~292616! K at 223 K.
For higher temperatures single radiation lines cannot be
solved in the germanium spectra. At room temperature x-
scattering yields a Debye temperature ofQD5(29065) K
~Ref. 17! consistent with our measurements at 223 K.

For beryllium we determined a Debye temperature
QD5(1060650) K consistent in magnitude with the sp
cific heat measurements of Hill and Smith22 in the tempera-
ture range between 5 K (QD51160 K! and 300 K (QD
5930 K!. But in contrast to Ref. 22, we do not see a sign
cant temperature dependence ofQD .
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