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Magnetic transitions and superconductivity in the t-J model
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With the use of the spin-wave and Born approximations the energy spectrum of the two-dimensionalt-J
model is self-consistently calculated in the range of hole concentrations, 0<x&0.3. The anomalous magnon
Green’s functions, which arise due to the hole-magnon interaction, are taken into consideration. They lead to
a sharp transition from short-range antiferromagnetic order to a completely disordered paramagnetic state at
x'0.19, in addition to the transition from long-range to short-range antiferromagnetic order at
x'0.02–0.04. In the region of hole concentrations 0.04&x&0.19 the obtained shape of the Fermi surface, the
hole dispersion near the Fermi level, and the density of states on it are in satisfactory agreement with experi-
ment in La22xSrxCuO4 and Bi2212. The Eliashberg formalism is used for calculatingTc . The hole-magnon
interaction is found to be unable alone to give rise to superconductivity. By adding a moderate interaction with
apex oxygen vibrations highTc’s are obtained for even-frequencydx22y2 pairing in the range
0.04&x&0.19. For larger hole concentrations the odd-frequencys-wave solution becomes the leading one
which can lead tos-wave superconductivity in the overdoped regime with the participation of a hole-phonon
interaction of the respective symmetry.@S0163-1829~97!06101-8#
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I. INTRODUCTION

Strong electron correlations play a great role in unus
normal-state and superconducting properties of cuprate
ovskites. In particular, extended van Hove singularitie1

which are considered to be responsible for a part of th
properties,2 are supposed to be connected with the corre
tions. Their microscopic description is usually based on
extended Hubbard model or the relatedt-J model. The aim
of the present paper is to consider the energy spectrum o
t-J model with special emphasis on the changes in magn
ordering with hole concentrationx. The region of small and
intermediate concentrations was considered in Refs. 3–
was shown that in agreement with experiment6 the two-
dimensional~2D! t-J model was able to describe the tran
tion from long-range to short-range antiferromagnetic ord
ing atx'0.02–0.04 and the existence of large flat regions
the energy band near the Fermi level around the po
k5(6p,0),(0,6p) at moderatex. By the position and ex-
tension these flat regions are completely analogous to
extended saddle points of the photoemission experime1

Also the obtained Fermi surfaces appear to be close to th
observed in these experiments.

The anomalous magnon Green’s functions, which a
due to the hole-magnon interaction, are small for smallx and
therefore they were omitted in our previous considerati
The respective terms are included in the present calculat
where, as in Refs. 4 and 5, the spin-wave7,8 and Born ap-
proximations are used. The anomalous magnon Gre
functions are found to lead to some quantitative changes
moderatex. However, the most essential, qualitative chang
occur in the overdoped region where due to these term
x'0.19 the system exhibits a second transition, this ti
from short-range order to a completely disordered param
netic state. The analogy can be drawn with the result
neutron scattering experiments on YBa2Cu3O7-y where the
550163-1829/97/55~1!/582~9!/$10.00
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disappearance of antiferromagnetic fluctuations in the n
mal state of overdoped samples was detected.9 Another pos-
sible consequence of this transition is the change of the s
metry of the superconducting order parameter. For small
intermediate values ofx the hole-magnon interaction wa
found to be unable alone to give rise to superconductiv
By adding a moderate interaction with apex oxygen vib
tions highTc’s are obtained fordx22y2 pairing.

5 This sym-
metry of the order parameter was found in the major par
theories taking into account antiferromagnetic ordering a
the hole-magnon interaction as the main mechanism
pairing.10 It is clear that with the destruction of short-rang
antiferromagnetic order the situation is dramatically chang
and thes-wave superconductivity, as in conventional sup
conductors, has to become dominating. Indeed, we foun
sharp growth of odd-frequencys-wave superconducting fluc
tuations near the paramagnetic transition where
dx22y2-wave fluctuations disappear rapidly.

The outline of the paper is as follows. In Sec. II we fo
mulate the theoretical model and derive the self-energy eq
tions. The calculation procedure is discussed in Sec. III. T
energy spectrum and manifestations of magnetic transit
in it are considered in Sec. IV. The Eliashberg equation a
its solutions for different symmetries of the order parame
are discussed in Sec. V.

II. SELF-ENERGY EQUATIONS

The 2D t-J model, used as the basis of our model, has b
shown11,12 to be a good approximation for the low-energ
dynamics of the Emery model,13 which gives a realistic de-
scription of CuO2 planes of cuprate perovskites. In the spi
wave approximation, thet-J Hamiltonian can be written in
the form7,8,12
582 © 1997 The American Physical Society
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H5A2(
kk8s

~gkk8hks
† hk2k8,2sbk8s1H.c.!1(

ks
vk
0bks

† bks

2
4«

N (
kk8qs

gqhk2q,s
† hkshk81q,2s

† hk8,2s , ~1!

where hks
† is the creation operator of a hole with the 2

wave vectork in one of the classical Ne´el states,s561
labels two sublattices with spins up or down in this state, a
summations overk are limited to the magnetic Brillouin
zone.bk

† is the creation operator of a magnon with the u
perturbed frequencyvk

052JA12gk
2, whereJ is the super-

exchange constant,gk5@cos(kx)1cos(ky)#/2. The interaction
constant gkk8524t(gk2k8uk81gkvk8)/AN comprises the
hopping constantt, the number of sitesN, uk5cosh(ak),
vk52sinh(ak), and ak5 ln@(11gk)/(12gk)#/4. The first
term in Eq.~1! is the hole kinetic term. Its form reflects th
fact that in thet-J model on the antiferromagnetic bac
ground the hole movement is accompanied by the emis
and absorption of magnons. Their energy is described by
second term. The last term in Eq.~1! describes the static
attraction of holes on neighboring sites due to the bo
breaking mechanism14 with the binding energy«.

Self-energy equations have been derived in the Born
proximation. Its applicability is based on the small parame
x in the case of very small hole concentrations, when h
bandwidths are comparable with the limiting magn
frequency,3 and on a small ratio of the magnon frequency
the hole bandwidth15 for x*0.04, when narrow spin-polaro
bands are transformed into a much wider band with a ba
width of the order oft@J.4 The self-energy equation can b
written in the form

G~k,ivn!5@ ivn1m2S~k,ivn!#
21,

D̂~k,ivn!5@ ivnŝ32vk
0ŝ02P̂~k,ivn!#21,

S~k,ivn!522T(
k8n

$gkk8gk82k,k8@D12~k8,ivn!

1D21~k8,ivn!#1gkk8
2 D11~k8,ivn!

1gk82k,k8
2 D11~2k8,2 ivn!%

3G~k2k8,ivn2 ivn!, ~2!

P11~k,ivn!5P22~2k,2 ivn!

52T(
k8n

gk8k
2 G~k8,ivn!G~k82k,ivn2 ivn!,

P12~k,ivn!5P21~k,ivn!

52T(
k8n

gk8kgk2k8,kG~k8,ivn!

3G~k82k,ivn2 ivn!.

HereG(k,ivn) and D̂(k,ivn) are the Fourier transforms o
the Green’s functions

G~kt!52^Thks~t!hks
† &, D̂~kt!52^TB̂ks~t!B̂ks

† &,
d

-

n
he

-

p-
r
le

d-

which, as follows from Eqs.~2!, do not depend on the sub
lattice indexs. Angular brackets denote averaging over t
grand canonical ensemble,T is the time-ordering operator
hks(t)5exp@(H2mN)t#hksexp@2(H2mN)t# with the
chemical potential m, and the hole number operato
N5(kshks

† hks . The hole-hole interaction adds the consta
term24«x to the hole self-energy. This term is included
the chemical potential.T is the temperature,vn andvn are
odd and even Matsubara frequencies, andŝ i are the Pauli
matrices. InD̂(kt), B̂ks

† is the two-component magnon op
erator (bks

† ,b2k,2s). Thus, Eqs.~2! contain the anomalous
magnon Green’s functions

D12~kt!52^Tbks~t!b2k,2s&,
~3!

D21~kt!52^Tb2k,2s
† ~t!bks

† &.

As follows from Eqs.~2!, P12(k,ivn) andP11(k,ivn) have
the same structure and can be of a comparable value.
consequence, in the overdoped region the anomalous m
non Green’s functions become comparable w
D11(k,ivn).

Self-energies in Eqs.~2! can be described by the follow
ing diagrams:

where solid and dashed lines correspond to hole and mag
Green’s functions, respectively. A set of self-energy eq
tions which is analogous to Eqs.~2! was obtained in Ref. 16

Equations~2! are inconvenient for calculations due to re
sons discussed in the next section. Instead we use the
frequency version of these equations. It can be obtained f
Eqs. ~2! by application of the spectral representations
Green’s functions. First it should be verified that there ex
such representations for functions~3!,

Di j ~k,ivn!5E
2`

` dv

p

Bi j ~kv!

v2 ivn
, ~4!

where, as forG(k,ivn) and the diagonal elements o
D̂(k,ivn), the spectral functionsBi j (kv) are real. Taking
into account thatG(k,ivn) is invariant with respect to the
transformations of the point groupD4 of the 2D lattice, it can
be seen from Eqs.~2! that

P22* ~k,ivn!5P11~k,ivn!, P12* ~k,ivn!5P12~k,ivn!,

and consequently

D12* ~k,ivn!5D12~k,ivn!.

Since by definition

D21~k,ivn!5D12* ~k,2 ivn!5D12* ~2k,ivn!,

andDi j (k,ivn) are also invariant with respect to the grou
transformations, we come to the conclusion that
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584 55A. SHERMAN
D21~k,ivn!5D12~k,ivn!.

This equality requires that the spectral functions

B21* ~kv!5B12~kv!

be real. It is now easy to verify that these functions are eq
to the imaginary parts of the respective retarded Gree
functions. Substituting the spectral representations analog
to Eq. ~4! into Eqs.~2! and using the analytic continuatio
we find

G~kv!5@v1m2S~kv!#21,

ImS~kv!522(
k8

E
2`

` dv8

p
$gkk8

2 ImD11~k8v8!

2gk2k8,2k8
2 ImD11~2k8,2v8!

12gkk8gk2k8,2k8ImD12~k8v8!%

3@nB~v8!1nF~v82v!#

3ImG~k2k8,v2v8!,

D11~kv!5
R* ~k,2v!

R~kv!R* ~k,2v!2P12
2 ~k,v!

,

D12~kv!5
P12~k,v!

R~kv!R* ~k,2v!2P12
2 ~k,v!

, ~5!

ImP11~kv!52(
k8

gk8k
2 E

2`

` dv8

p
ImG~k8v8!

3ImG~k82k,v82v!@nF~v8!

2nF~v82v!#,

ImP12~kv!52(
k8

gk8kgk82k,2kE
2`

` dv8

p
ImG~k8v8!

3ImG~k82k,v82v!@nF~v8!

2nF~v82v!#,

ReS~kv!5PE
2`

` dv8

p

ImS~kv8!

v82v
,

ReP i j ~kv!5PE
2`

` dv8

p

ImP i j ~kv8!

v82v
,

where G(kv) and Di j (kv) are the retarded
Green’s functions, R(kv)5v2vk

02P11(kv), nB(v)
5@exp(v/T)21#21, andnF(v)5@exp(v/T)11#21.

III. CALCULATION PROCEDURE

The following parameters were used in the calculation

J50.2t, «50.5J. ~6!

They were estimated with the use of the known paramete17

of La2CuO4 and the mapping procedure of the extend
Hubbard model onto thet-J model12 ~this procedure gives
al
’s
us

:

d

for J/t the range 0.1&J/t&0.5 from which the above value
has been picked; the uncertainty is connected with the un
tainty in the parameters of La2CuO4 and with a possible in-
fluence of terms dropped from the extended Hubbard Ham
tonian!. Since the parameters are related to well-isola
CuO2 planes, they can be expected to be approximately v
also for relatedp-type cuprate perovskites. From these es
mations t'0.5eV. The ranges of the hole concentratio
0<x&0.3 and temperatures 0<T<0.05t were considered.

Equations~5! were solved iteratively on a 20320 lattice.
Sets of equally spaced 400 points in the frequency ra
25t<v<4t and 54 points with the same spacing in t
range20.4t<v<0.8t were used for the representation
the hole and magnon Green’s functions, respectively.
make the iteration procedure stable the respective artifi
broadenings 0.045t and 0.015t were introduced into these
Green’s functions. Simple iterations are well converge
only for small hole concentrations, while the chemical pote
tial is widely spaced from the intensive quasiparticle peaks
the hole spectrum. The instability arising whenm approaches
these peaks can be overcome as follows:
Af(kv)5ImGf(kv) andBi j

f (kv)5ImDi j
f (kv) be the spec-

tral functions obtained from some initial valuesAi(kv) and
Bi j
i (kv) in an iteration step; for the next step the linear co

binations (12c)Af(kv)1cAi(kv) and (12c)Bi j
f (kv)

1cBi j
i (kv) are used as initial values.c50.7 was enough to

reach convergence in the major part of the considered c
centration range. The larger valuec50.9 was necessary onl
near the transition from short-range order to the param
netic state. To verify convergence with the use of this p
cedure spectral functions obtained in widely separated it
tion steps were compared.

An iteration procedure can be also applied for solving
imaginary frequency version of self-energy equations~2!.
We carried out such calculations and compared results w
Matsubara Green’s functions obtained from retarded Gree
functions of Eqs.~5! and spectral representations~4!. Percep-
tible differences between the two results were observed e
at the imaginary frequency cutoffvc530t which is more
than 3 times larger than the considered real frequency ra
The source of these differences can be understood from
equation

P11~k,ivn!52(
k8

gk8k
2 E E

2`

` dv1dv2

p2 ImG~k8,v1!

3ImG~k82k,v2!T

3(
n

1

~v12 ivn!~v22 ivn1 ivn!
,

which is derived from the respective equation~2! and spec-
tral representations for the hole Green’s function. As follo
from Eqs. ~5!, in the real frequency version of the abov
equation the sum overn is substituted by the function
@nF(v1)2nF(v2)#/(v12v22 ivn). The introduction of the
cutoff transforms this infinite sum into a finite one. Howeve
the sum converges rather slowly to the function, especi
for uv1u,uv2u@T. This is the reason for the mentioned di
ferences in results of the two approaches. A further incre
of the cutoff frequency in the imaginary frequency equatio
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FIG. 1. The hole spectral functionA(kv) for k5(0,0) ~a!,
(0,p) ~b!, and (0,0.4p) ~c!. T50. Curves 1, 2, and 3 correspond
x50.021, 0.169, and 0.195, respectively.
imposes much heavier demands on computer resource
comparison with the real frequency equations.

IV. ENERGY SPECTRUM

The evolution of the hole spectral function with the co
centration

x52
2

pN(
k
E

2`

`

dvnF~v!ImG~kv!

is shown in Fig. 1 for different points of the Brillouin zon
~all energy parameters here and in the following figures
given in units oft). A comparison of these results with th
previous calculations,4,5 where anomalous magnon Green
functions~3! were ignored, shows that they are unessentia
small x and lead to some quantitative changes for mode
x ~especially near the paramagnetic transitionx'0.19). The
most essential, qualitatively, changes occur in the overdo
regionx*0.19.

At x&0.04 the spectra contain series of maxima cor
sponding to narrow spin-polaron bands@curves 1 in Fig. 1;
energy vs momentum relationships for these bands are g
in Fig. 3~a! of Ref. 5#. For largerx these peaks, excluding th
lowest one, are washed away~curves 2 in Fig. 1!. The de-
pendence of the energies of the remaining peaks onk corre-
sponds to a band with bandwidth of the order oft which is
much larger thanJ, the characteristic width of the spin
polaron bands. The evolution of the hole energy spectr
with doping forx.0.04 is shown in Fig. 2. The portion o
the arising wide energy band near the Fermi level in Fig. 2~a!
and Fig. 2~b! originates from the lowest spin-polaron ban
and partly retains its dispersion. This portion corresponds
narrow intensive peaks of the spectral function and rema
on or in the nearest vicinity of the Fermi level up
x'0.19~notice that the hole picture is used and states be
the Fermi level are filled by holes!. In Fig. 2~b! the shape of
the hole band for moderatex is compared with the band
Ek52t@cos(kx)1cos(ky)# produced by the kinetic term of th
t-J Hamiltonian at an utter absence of correlations~in the
used magnetic Brillouin zone this latter band has t
branches!. An apparent similarity of the two bands indicate
a certain weakening of correlations atx.0.04.

In parallel with the transformations in the hole spectru
changes occur in the magnon spectrum where the branc
overdamped magnons appear atx'0.02 in the central part of
the Brillouin zone.3,4 The overdamped magnons manife
themselves in a perceptible intensity of the magnon spec
function B11(kv) with a correspondingk at v,0. In
this case the magnon occupation numbernk
52*2`

` (dv/p)nB(v)B11(kv) is finite atT50 which leads
to a finite zero-temperature correlation lengthj in the corre-
lation function

^Sl
zS0

z&'H 122
2

N(
k

@vk
2~11nk!1uk

2nk#J 2
1S 2ND 2(

kk8
ei l~k2k8!uk

2vk8
2

1S 2ND 2(
kk8

ei l~k2k8!~uk8
2

1vk8
2

!~uk
21vk

2!nk , ~7!
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586 55A. SHERMAN
FIG. 2. Energy vs momentum relationships forx50.042 ~a!,
0.169~b!, and 0.262~c! ~solid lines!. T50. Vertical bars in part~a!
indicate halfwidths of the respective spectral peaks. For thisx a
weak peak, which can be associated with the second spin-po
band, is observed betweenk5(0,0) and (p/2,p/2). The respective
dispersion curve is not shown in the figure. The dashed curv
part ~b! is the bandEk52t@cos(kx)1cos(ky)# in the magnetic Bril-
louin zone.
whereSl
z is the z component of the spin and sitesl and 0

belong to the same sublattice. Thus, the mentioned cha
in the magnon spectrum atx'0.02 are connected with th
destruction of long-range antiferromagnetic order and the
tablishment of short-range order. The size of the region
the Brillouin zone around theG point where the overdampe
magnon branch is located andnkÞ0 definesj. It can be
shown3 that in agreement with experiment6 j'1/Ax for
small x. The critical concentrationxc'0.02 is also close to
the value observed6,18 in La22x~Ba,Sr!xCuO4. The over-
damped magnons can be identified with relaxational mo
describing relative rotations of magnetic quantization axe
regions of sizej. In the hole spectrum the destruction
long-range antiferromagnetic order manifests itself in
mentioned change of the characteristic energy of the sp
trum fromJ to t at x'0.04. Qualitatively this can be unde
stood in the following way: In rigorous antiferromagnet
order the hole movement is accompanied by magnon em
sion and, as a consequence, the characteristic width of
hole bands coincides with the characteristic magnon ene
J. After the destruction of long-range order holes can mo
without introducing additional disorder in the magnon su
system and, as a result, the larger characteristic enert
reveals itself in the spectrum. Some additional details of
long-range to short-range antiferromagnetic transition and
manifestations in the hole and magnon spectra can be fo
in Refs. 3 and 4.

In Fig. 3 the hole band of thet-J model is compared with
photoemission data of Ref. 1 from a Bi2212 crystal. Bo
experimental and theoretical data correspond toT5100 K
(T50.017t for t50.5 eV!. In the experiment a crystal with
Tc585 K was used for which the hole concentration can
estimated to lie in the range 0.12&x&0.16. The value
x50.135 was taken for the calculations. Since for suchx
long-range antiferromagnetic order is already destroyed,
data are shown in the usual Brillouin zone, for which pu
pose some portions of the theoretical band are transfe
from the first magnetic Brillouin zone to the second one@the

on

in

FIG. 3. The hole band obtained in the present calculations
x50.135 ~solid line!. Circles indicate positions of quasiparticl
peaks in the photoemission experiment in a Bi2212 crystal w
Tc585 K ~from Ref. 1!. Both the experimental and theoretical da
correspond toT5100 K. The hole picture is used.
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55 587MAGNETIC TRANSITIONS AND SUPERCONDUCTIVITY . . .
total shape of the band in Fig. 3 is similar to that shown
Fig. 2~b!#. The hole picture is used and hence the photoem
sion points are located on and above the Fermi level~to
convert to the electron picture the data should be reflecte
the Fermi level!. In this comparison it is necessary to ta
into account the rapid increase of the decay widths of st
with distance from the Fermi level@for the given concentra
tion range these widths are comparable with those show
Fig. 2~a!#. As a result, a higher-energy portion of the the
retical curve in Fig. 3 can be expected to be lost to a ba
ground observed in the experiment. Besides, extension
the nearly dispersionless portion of the band nearE50 be-
yond the higher-energy branches correspond to w
maxima on a background of much more intensive maxima
these branches@see curve 2 in Fig. 1~c!#. With these remarks
the quasiparticle dispersion of thet-J model can be con-
cluded to be in satisfactory agreement with the experimen
Bi2212.

When 0.04&x&0.19 the hole energy band in thet-J
model has large flat regions on and in the nearest vicinity
the Fermi level around the pointsk5(6p,0), (0,6p) ~at
smallerx the respective regions of the spin-polaron band
far from the Fermi level!. This result agrees with previou
calculations.4,5 As seen in Fig. 3, by the position and exte
sion these regions are analogous to the extended sa
points observed in photoemission.1 For the parameters of thi
figure the flat regions of the calculated band are positio
approximately 10 meV above the Fermi level, while the e
perimental value1,19 is630–50 meV for Bi2212 and 19 meV
for YBa2Cu4O8. Notice that the flat regions are shifted, in th
absolute scale, to higher energies with growingx, remaining
near the Fermi level up tox'0.19. As expected1,2 and con-
firmed by calculations,5 they play the key role in the supe
conducting transition.

In comparison with transformations nearx50.04 even
sharper changes of the spectral shapes proceed atx'0.19.
As follows from Fig. 1, sharp quasiparticle peaks jump fro
the periphery to the central part of the magnetic Brillou
zone. It should be emphasized that these changes occur i
narrow concentration rangex50.188–0.195. For the system
considered the sharp quasiparticle peaks at the periphe
the magnetic Brillouin zone, which are observed in a w
range of concentrations starting fromx50, are the distinc-

FIG. 4. The magnon spectral functionB11(kv) for x50.188
~solid line! and 0.195~dashed line!. k5(p/2,p/2), T50.
s-
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tive property of long- or short-range antiferromagnetic ord
ing. The jump of these peaks to the central part of the z
suggests the destruction of this ordering and the estab
ment of a completely disordered paramagnetic state.

This conclusion is also supported by sharp changes in
magnon spectrum atx'0.19 which are illustrated by Fig. 4
The domain of existence of the overdamped magnon bra
around theG point grows with growingx and forx*0.1 the
spin correlation lengthj is decreased to one to two lattic
periods atT50. In spite of this short correlation length,
peak corresponding to the usual magnon branch is well s
at v.0 up to x50.188 ~Fig. 4; the maximal magnon fre
quency atk5(p/2,p/2) is decreased20,4 from the unper-
turbed value 2J with increasingx). However, already at
x50.195 this peak disappears and only the overdam
magnon is observed. Forx50.195 the real part of its fre-
quency is less than the used frequency step and the spe
intensity is comparable on both sides ofv50. This result
implies the complete destruction of the usual magnon bra
and of the short-range antiferromagnetic ordering along w
it.

A number of experimental results indicates that the tr
sition from short-range antiferromagnetic order to a pa
magnetic state really occurs in cuprates. The disappear
or a substantial weakening of magnetic correlations in
normal state of overdoped Y Ba2Cu3O72y, observed in neu-
tron scattering experiments,9 is direct evidence of such a
transition. A radical change in the electronic state
overdoped crystals, which accompanies the transit
was detected in experiments21 on the in-plane re-
sistivity of Zn-substituted single crystals YBa2Cu3O72y and
La22xSrxCuO4.

The applicability of the spin-wave approximation to th
paramagnetic region of concentrationsx*0.19 is subject to
serious question. Nevertheless, some results obtained
model Hamiltonian~1! may be relevant to the considere
system. With an increase of the hole concentration from
valuex'0.19 the shape of the hole energy band approac
the usual rigid 2D nearest-neighbor band@Fig. 2~c!#. The
Fermi surface and the density of statesr(v)
52(2/p)(kImG(kv) very accordingly, as shown in Figs.
and 6. The flat regions of the hole band determine the sh
of the Fermi surface when 0.04&x&0.19. At
0.15&x&0.19 these regions are placed directly on the Fe
level and holes form an anomalous 2D Fermi liquid with
Fermi surface which is also two dimensional.5 Representa-
tive shapes of the Fermi surface in the ranges of hole c
centrations 0.04&x&0.15 and 0.15&x&0.19 are shown in

FIG. 5. The Fermi surface forx50.131 ~a!, x50.188 ~b!, and
x50.316 ~c!. Hatched regions in part~b! are the two-dimensiona
portions of the surface. In part~a!, the pointsX, Y, andM corre-
spond tok5(p,0), (0,2p), and (p,p), respectively.
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Figs. 5~a! and 5~b!. Analogous Fermi surfaces were observ
in Bi2212 and Bi2201.1 Whenx exceeds 0.19 the flat region
disappear and the Fermi surface acquires an ordinary f
@Fig. 5~c!#. At 0.04&x&0.19 the flat regions produce a pro
nounced maximum in the density of states near the Fe
level ~Fig. 6!. Notice that the calculated maximalr'3
state/eV Cu spin is close to experimental estimations22 for Bi
compounds. This maximum disappears whenx*0.19 and
the density of states approaches the shape of the usua
nearest-neighbor band@the dashed line in Fig. 6~b!#.

V. SUPERCONDUCTIVITY

The strong-coupling Eliashberg formalism23 and the ob-
tained hole and magnon spectral functions were used for
culatingTc . Even- and odd-frequency order parameters
longing to all one-dimensional representations of the po
groupD4 of the CuO2 plane were tested for singlet pairing
In comparison with our previous consideration5,24 the equa-
tion for the anomalous self-energyf(ks,ivn) contains new
terms, connected with the anomalous magnon Green’s fu
tions. In the range of hole concentrationsx&0.19 these
terms, however, do not alter the main conclusion of Refs
and 24: The hole-magnon interaction is unable alone to g

FIG. 6. The density of states in units of state/eV Cu spin n
the Fermi level~a! and in a wider frequency range~b!. t50.5 eV .
In part ~a!, curves 1, 2, and 3 correspond tox50.021, 0.101, and
0.195, respectively. In part~b!, the solid curve corresponds t
x50.101 the dashed curve tox50.316, respectively.
m

i

2D

l-
-
t

c-

5
e

rise to superconductivity. The reason is a negligibly sm
coupling with magnons transferring holes from one porti
of the Fermi surface to another which is eventually co
nected with spin flips accompanying the hole movement@see
Eq. ~1!#. Thus, in spite of the favorable condition for supe
conductivity — the large density of states nearv50, which
is created by the hole-magnon interaction — it cannot m
use of the condition itself.

However, the large density of states can be utilized
another hole-boson interaction, first of all by the interacti
with full-symmetric apex oxygen vibrations which in acco
dance with the tunneling25 and Raman26 spectroscopy data
interact most strongly with holes. The respective terms of
Hamiltonian originate from the zero-order, level-ener
terms of the procedure12 reducing the Emery Hamiltonian to
the t-J Hamiltonian. Doped hole states are mainly co
structed from fourp orbitals of oxygens surrounding a cop
per site. Since two neighboring plaquettes contain a comm
oxygen site, there are two comparable terms in the ho
phonon interaction which describe changes in level ener
with displacements of apex oxygen in the same and in
neighboring cells~a more detailed discussion see in Ref. 2!:

Hh-ph5A2

N(
kk8s

hks
† hk8s~AS1VQk2k8,s

14gk2k8AS2VQk2k8,2s!, ~8!

whereQks5bks1b2k,s
† andbks

† is the creation operator o
a phonon with the frequencyV ~a weak dispersion of rel-
evant phonons is neglected!. The Stokes shiftsS1 and S2
characterize interactions of a hole with apex oxygen de
mations in the same and in the neighboring cells, resp
tively. Notice that Hamiltonian~8! can also describe interac
tions of holes with in-plane and other interplane oxyg
vibrations. It should be emphasized that the order of tra
formations leading to hole-phonon interaction~8! — first the
reduction of the Emery Hamiltonian to thet-J Hamiltonian
and then the introduction of the hole-phonon interaction
reflects the hierarchy of the relevant energy parameters:
Hubbard repulsion on copper17 is much larger than the hole
phonon interaction constantsS1 andS2.

The presence of two comparable terms in the Hamilton
which describe the interaction of holes and phonons in
ferent sublattices is essential for singlet superconductivity
the antiferromagnetic background. Only the interference
these terms contributes to singlet pairing, as holes with
ferent spins move within different sublattices.

For Hamiltonians~1! and ~8! the linearized equation fo
the anomalous self-energy can be written in the form

f~ks,ivn!52T(
qm

F2gk,k1qgq,k1qReD11~k1q,ivn1 ivm!

1gk,k1q
2 D12~k1q,ivn1 ivm!

1gq,k1q
2 D21~k1q,ivn1 ivm!

1
4«

N
gk2q2

8SV

N
gk2qC~q2k,ivm2 ivn!G

3uG~q,ivm!u2f~qs,ivm!, ~9!

r
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where S5AS1S2 and the phonon Green’s functio
C(k,ivn) is the Fourier transform of

C~kt!52^TQks~t!Qks
† &.

The anomalous self-energy in Eq.~9! can be described by th
following diagrams:

where solid and dashed lines correspond to hole and mag
Green’s functions, the dotted line to the hole-hole inter
tion, and the wavy line to the phonon Green’s function,
spectively.

In subsequent calculations comparatively small chan
in the phonon spectrum, caused by the hole-pho
interaction,26 are neglected andC(k,ivn) is substituted by
the unperturbed value22V/(V21vn

2). For the considered
moderate hole-phonon interaction hole and magnon en
spectra are mainly determined by the hole-magn
interaction.27 Therefore in Eq.~9! we use hole and magno
Green’s functions from the previous section, neglecting
influence of the hole-phonon interaction on them. Althou
in Eq. ~9! Green’s functions do not depend ons,
f(ks,ivn) may change sign withs to satisfy the condition
f(ks,ivn)52f(2k,2s,2 ivn) following from the defi-
nition of the anomalous hole Green’s function.

In addition to parameters~6!, in solving Eq.~9! the pho-
non frequencyV was taken to be 0.15t. This value is ap-
proximately equal to the frequency of the full-symmet
apex oxygen vibrations in Bi2212.26 The hole-phonon inter-
action constantS51.2t was selected, which providesTc ly-
ing in the range observed in cuprates. This value ofS corre-
sponds to a moderate dimensionless coupling cons
l;S/B, where B'3t–5t is the hole bandwidth a
x*0.04. In solving Eq.~9! the infinite summation overm
has been substituted by a finite one with the cut
uvmu<20J, which has been proved to have no effect on
sults in the considered temperature range.

FIG. 7. Eigenvaluesk of the leading solutions of Eq.~9!: an
even-frequencydx22y2 solution (1) and odd-frequencys solution
(L). S50 andT50.01t. Connecting lines are for guiding the ey
only.
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Equation~9! can be considered as an eigenvalue equa
for the vectorf(ks,ivn).

23 The order parameter become
nonzero andT5Tc when the largest eigenvalue becom
equal to one. AtS50 andx&0.19 the largest, but less tha
1, eigenvalue of Eq.~9! corresponds to an even-frequen
dx22y2 solution ~see Fig. 7!. This symmetry of the leading
solution was found in a large number of works consider
an interaction with antiferromagnetic fluctuations as the m
mechanism for pairing.10 For x&0.19 in our calculations the
superconducting transition was found to occur only with t
incorporation of the hole-phonon interaction. As seen in F
8, in the considered model high values ofTc are already
attained at moderate hole-phonon coupling for the ev
frequencydx22y2 pairing. This is connected with the fac
that, like the hole-magnon interaction, the hole-phonon in
action ~8! favors this type of pairing. As a consequence,
this symmetry there is no competition between the two int
actions, in contrast with other considered symmetries wh
eigenvalues grow only slightly with the incorporation of th
hole-phonon interaction. The second reason for highTc’s is
the large maximum of the density of states near the Fe
level. As follows from Fig. 8,Tc rapidly drops when the
maximum moves away from the Fermi level (x&0.04) or is
destroyed (x*0.19). The third reason for highTc’s is high
frequencies of relevant oxygen vibrations in cuprates26

These frequencies exceed significantly phonon frequen
in conventional superconductors.

Results shown in Fig. 8 differ somewhat from those o
tained in Ref. 5 for the rangex&0.19. This difference is
mainly connected with changes introduced by the anoma
magnon Green’s functions into spectral functions near
paramagnetic transition. Another source of the difference
the use of retarded Green’s functions calculated for a res
tive temperature in Eq.~9!. In Ref. 5 Matsubara Green’
functions in the equation for the anomalous self-energy w
calculated from zero-temperature retarded Green’s functio

Only the on-site part of the Coulomb repulsion was tak
into account in the above consideration. The long-range
of this repulsion and phase fluctuations,28 which are out of
scope of the mean-field Eliashberg theory, will substantia
decreaseTc in the region of smallx nearx50.04.

As follows from Fig. 7, after the destruction of shor
range antiferromagnetic order atx'0.19 the even-frequency

FIG. 8. Tc vs x for the even-frequencydx22y2 gap, parameters
~6!, V50.15t, andS51.2t. Tc is recalculated in kelvin fort50.5
eV. Connecting lines are for guiding the eye only.
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590 55A. SHERMAN
dx22y2 solution ceases to be the leading solution of Eq.~9!
with S50. For x*0.19 the odd-frequencys solution be-
comes the leading one. At fixed temperature its eigenva
rapidly growth with x and even runs to unity betwee
x50.262 and 0.316 which is an indication of the superc
ducting transition. As indicated, the applicability of the sp
wave approximation to the paramagnetic region of conc
trations is subject to serious question and it is unlikely t
this result may have any bearing on cuprates. Howeve
should be noted that the eigenvalue starts to grow alread
x,0.19 and attains a large magnitude there. This means
the incorporation of a hole-phonon interaction of the app
priate symmetry would lead to superconductivity with od
frequencys-wave pairing near the boundaryx'0.19. The
hole-phonon interaction of the required symmetry may
obtained from the first-order hopping term of the procedur12

reducing the Emery Hamiltonian to thet-J Hamiltonian.
Thus, according to our calculations the even-freque
dx22y2-wave superconductivity would be expected for und
doped and optimally doped crystals (x&0.19) and odd-
frequencys-wave superconductivity, for overdoped crysta
Different experiments designed to probe the symmetry of
superconducting state give contradictory results which
be interpreted asdx22y2, s, or mixed type of symmetry.10,29

In this connection it would be of particular interest to u
samples with different and controllable concentrations
holes in these experiments.
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In summary, the spin-wave and Born approximatio
were used for self-consistent calculations of the energy sp
trum of the t-J model in the range of hole concentration
0<x&0.3. The hole and magnon spectra undergo two sh
transformations atx'0.02–0.04 and 0.19 which are con
nected with the transitions from long-range to short-ran
antiferromagnetic order and from short-range order to a co
pletely disordered paramagnetic state. For 0.04&x&0.19 the
shape of the Fermi surface, the hole dispersion near
Fermi level, and the density of states on it are in satisfact
agreement with experiment in La22xSrxCuO4 and Bi2212.
The Eliashberg formalism was used for calculatingTc . The
hole-magnon interaction was found to be unable alone
give rise to superconductivity. By adding a moderate int
action with apex oxygen vibrations highTc’s were obtained
for even-frequency dx22y2 pairing in the range
0.04&x&0.19. For larger hole concentrations the od
frequencys-wave solution was found to have the largest
genvalue which creates conditions for thes-wave supercon-
ductivity in the overdoped regime.
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