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Ab initio calculation of formation and migration volumes for vacancies in Li and Na
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The formation, migration, and activation volumes for monovacancies in Li and Na for zero and finite
external pressure are calculataldl initio within the framework of the local-density approximation and e
initio pseudopotential method. In both materials the activation volumes are smaller than half of the atomic
volume. The approximations involved in the transition-state theory which is the basis for the calculations are
discussed with special emphasis on the limitations of the theory at very high pressure. The results are compared
with experimental data on self-diffusiof50163-18207)04509-§

I. INTRODUCTION lational kinetic energy of the system may be attributed to the
jumping atom when it crosses the saddle point. Although this
It appears to be widely accepted that monovacancies plagoes not strictly exclude the monovacancy mechanism it was
an important role for self-diffusion in bce Li and Na. In both noted that low kinetic form factors would naturally arise for
materials the simultaneous measurements of thermal expa#-self-diffusion mechanism by direct exchange of adjacent
sion and of lattice parameters have showrihat vacancies atoms. Howeverab initio calculation§ yielded activation
and not self-interstitials are the dominant atomic defects irfghergies for the direct exchange in Li and Na which are
thermal equilibrium(self-interstitials could be also excluded @Pout a factor of 3 larger than the experimental activation
by ab initio calculationd® due to the high formation ener- €nergies for self-diffusion. o ,
gies. For the case of Na the atomic jump processes wer (iv) The experimental activation volumas® obtained
; : : - from the pressure dependence of the self-diffusion constant
studied by means of quas_lelagtlc _neutror_1 scattering and @SD according to
was concluded that self-diffusion in Na is due to random
r_nigr_ation of monovacanci_es a_nd diyacancies. Fina_lly, t_he ac- VSP= — Kk TaINDS% ap|; (1)
tivation energy for self-diffusion via monovacancies in Li ) b
obtained® by theab initio electron theory agreed very well &€ rather small. For Li Hultsch and Barfiefound VP =

with the experimental activation energy for self-diffusidh ~ 0-28 Qo (2o = atomic volume for temperatures between

at least for not too small temperatures, and for Na the corre310 and 350 K and pressures up to 0.7 GPa, whereas

1 ; .
spondingab initio resulf agreed very well with the smallest Mltjr?c:zl obta|||ne:i fot( N? for the above-rr:gnttl_oned lproces?
activation energy obtained by fitting the experimentalWI € smallest activation energy an activation volume o
datd12 ’ 0.32Q for temperatures larger than 288 K and pressures up

atd™'2from a wide temperature range by two or three ex-

onentials. Nevertheless, there are some peculiarities Whic0 0.95 GPa. It was notétithat for a monovacancy mecha-
P . ' . N P sm such low activation volumes would be surprising, albeit
are still under discussion:

. " L the monovacancy mechanism cannot be excluded by these
(i) Most recently an additional very small activation en-

. ity results. Recent measurements of the NMR lineviftithat
ergy was found by**Na tracer experimentSbelow 200 K. o temperature and pressures up to 5 GPa indicate a de-
(i) In both materials the migration energig§,, obtained

Y ; = crease of the activation volume with increasing pressure, ar-
by ab initio calculations within the framework of the riving at values of 0.1, for Li and 0.175¢Q, for Na at the
transition-state theof§ are very smal[0.055+ 0.01 eV for highest available pressures. The question arises whether this
Li, (Refs. 7 and Band 0.054+ 0.01 eV for Na(Ref. 8].  pressure dependence of the activation volume results from
While “such low values are compatible with the datathe superposition of two or more diffusion mechanisms and a
obtained® from experimental phonon dispersion curves, Itsuppression with increasing pressure of those mechanisms
may be argued that for Ef/kgT=<3 (which applies to the with large activation volume, or whether it originates from
high-temperature experiments in Li and )N#e notion of  an intrinsic pressure dependenceVP for one mechanism.
discrete jumps is no longer valid and the transition-state |n the present paper the activation volumes for self-
theory should fail. However, it has been demonstrated byjiffusion via monovacancies in Li and Na are calculated by
molecular-dynamics simulations for NRef. 17 and for Zr  the ab-initio electron theory to investigate whether such low
(Ref. 18 that even in the case of low migration energies theactivation volumes are possible for monovacancies and

“static migration energy” obtained by the transition-state whether they exhibit an intrinsic pressure dependence.
theory agrees well with the “dynamical migration energy”

obtained from the temperature dependence of the vacancy
diffusivity in the molecular-dynamics simulations.

(i) The kinetic energy factor AK obtained
experimentally® from the isotope-effect parameter is 0.52 In this section we report on the results of the transition-
for the case of Na which means that only half of the transstate theor}#?? for the activation volume of self-diffusion

II. THE TRANSITION-STATE THEORY
FOR THE ACTIVATION VOLUME
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via monovacancies. Comments on the various assumptions Within the assumptions of the transition-state theory of
involved are given in the Appendix. It should be noted thatdefect migratiof*?2 (see Appendixa prescription is given
the transition-state theory is formulated within the frame-how to calculate the jump raté, arriving at
work of classical statistical mechanics. We therefore exclude
guantum effects of diffusion from the very beginning. This is ~ )= m
certainly justified for Na, whereas for Li a contribution of I'= 1:[1 (VI Hl vi(V)exp—Hy/kgT).  (6)
guantum effects cannot be ruled out strictly. . .

For the case of a defect mechanism the self-diffusion con- Here thev; denote the vibrational frequencies for the sys-

3n—6 3n—7

stantDSP entering Eq(1) may be written as tem with the vacancy associated to the initial lattice &ite
. - V' is the equilibrium volume for this state at given tempera-
D> =ga“c*T, (2 ture T and pressure, andn is the number of atoms. The

vj’ are the vibrational frequencies of the system around the
saddle point §), i.e., with the jumping atom confined to the
ridge of the potential energy separating the initial and the

obtained in principle from molecular dynamics simulations final state of the jump and with the motion of the atom along

the concentration via a thermodynamic integration metho&he_ coor.dmate respo’rli@e for the”mtstabmty of the sa.ddle
for the calculation of the formation free enthaffiyand the ~POINt being prevented/” is the equilibrium vng)lymg for this
jump rate from the mean-square displacement of the atom$tate and givep, T. The migration enthalp¥;y is given by
Such calculations may be performed based on pair m o em m

potential”18 or by the use ofb initio techniquegfor in- Hiv=Ev+pViv, @)
stance, Smargiassi and Mad&&have developed an orbital- ith the migration energy

free ab initio molecular dynamics method for Nawe will _ _

use an alternative method for which all quantities may be EN = (VS — (V) (8)
obtained by static calculations and which is based on the ) )

transition-state theory for the determination of the jump@nd the migration volume

rates. This transition-state theory involves several assump- m _Js_yi 9
tions and approximations which may be criticized, especially w— ¥ v ©
at high external pressufeee Appendix On the other hand, Flynr? has rewritten Eq(6) in a form more keeping with

it provides a simple physmgl picture of the complex dynam|-,[he way experimental analyses are presented,
cal process of vacancy migration and a powerful computa-

tional tool which requires much less computational effort
than molecular dynamics simulation. In principle, of course,

the latter method can be used to check the predictions of the
transition-state theory if there is enough computer time t
obtain the required statistical accuracy, and indeed sever

whereg is a geometrical factorl the lattice constant®is
the concentration of the defect in thermal equilibrium, and
I" denotes the jump rate of the defect. BoflandI’ may be

m m
= VoeSlV/kBe_ HlvlkBT_ (10)

Here v, is an arbitrary frequencyusually taken as the
L ebye frequencyand the quantity

aspects of the transition-state theory have already been tested 3n-6 -7
by mole_cula7r18 dynamics  simulations based on M, =KglIn H v,(VHI| vg H V] (V9) (12)
pair-potentials-’8In the following we will describe in detail =1 j=1

our static calculational method based on the transition-stat
theory.
For a monovacancy the concentration is given by

& called migration entropy. AltogethedSP is given by

DSP=ga? Voe—Gf\?yp/kBT (12)

Cflfg/:esflv/kse—HflvlksT_ (3)  with the free enthalpy of activation at constant pressure
SD _ ~f m _f fo_ f m m

Here S!,, andH!,, denote the formation entropy and the Cvp=Cavpt Crvp=EavtPViv = TS+ EivtpViy

formation enthalpy, respectively, which describe the change -TSh,. (13

in entropy and enthalpy when a vacancy is formed, i.e., when

an atom is removed from a regular lattice site and inserted at The activation volume for self-diffusion via monovacan-

a typical surface sit¢‘Halbkristall-Lage”), with cies as obtained from Eqél), (12), and(13) is

sD f
Hiv=Ely+pViy. (4) yso_ PGV _ aGlV,p+ﬂGTV,p
Vo op ap ap

=Vi,+Vh,. (19

The quantityE!,, is the vacancy formation energy, and ) ) o ]
V!, denotes the monovacancy formation volume which is Obviously, the formation and migration volume defined

composed of the change in volume/flv upon total removal formally via
of one atom from the system and the atomic volufag JInced
. . : : . nciy
gained when inserting the atom at the typical surface site, VflV: —kgT—— |1 (15)
p

Viy=AVi,+ Q. ® and
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oInl shown(see Ref. 5, and references thejatmat the change in
VTV:_kBTWH (16)  the supercell volume obtained by the volume relaxation is
equivalent to the change in volurde/!,, of a large but finite
have indeed the simple physical meaning of the change igrystal with traction-free surfaces upon total removal of one
system volume upon formation and migration of the va-atom from the system, i.e.,
cancy, respectively(In compounds the situation is much
more complicated; see Ref. 23However, it becomes clear AViy=0Q5,—NQg. (19
from the Appendix that this holds only for not too large . . .
pressurep, i.e.,p/B<1, whereB denotes the bulk modulus. = S outllneg In Seg. II, the vacancy formation volume then
For larger pressures the situation is much more complicatel§ 91ven byViy=AViy+Qo. Accordingly, the vacancy mi-
and the formation and migration volume defined via Eqsdration volume for zero temperature and zero pressure may
(15) and (16) no longer have a simple geometrical meaning.be obtained frpm the Q|ffer¢nce in the equilibrium volume of
In the high-pressure experiments of Refs. 20 and 21 we hav&€ System with the jumping atom on the one hand in the
for p=5 GPa the ratip/B~0.4(0.7) for Li (Na). Therefore, statlc,_fully relax_ed saddle point _cc_)rjﬂguran_on, on the other
the comparison of these experimental results with theoreticdtand in the static, fully relaxed initial configuration of the
data from calculations based on the above formulae is critil4™MP-
cal. In our calculations of Sec. IV we confine ourselves to FOr nonzero temperature and nonzero presshi@vever,
smaller pressures, i.e., 3.4 GPa8 GPa for Li (Na) with the _format|on_ and migration volumes car_mot be obtained by
p/B~0.3(0.4). static relaxations. Instead, we use the first part of @4)
and determine the volumes from the pressure derivatives of

L. CALCULATIONAL PROCEDURE the free enthalpies of formation and migration,

The calculations are performed within a supercell formal- f_ 07Gf1V,p m_"9 lmV,p (20)
ism, i.e., large supercells containifgsites and one vacancy, Vo ogp 0 Y gp
respectively, are periodically arranged. For infinitely large _ 7 )
supercells the properties of an isolated vacancy are ap- Eduations(20) may be transformé@ to relations more
proached. Because in the calculations finite supercell sizedlitable to supercell calculations,

are used, the results have to be checked for convergence with f f f
aGlV,p _ (9F1V,V _ 0F1V,V ﬂ

respect to the supercell size. (22)
Within the supercell formalism the vacancy formation and ap ap v dp
migration energy may be written as
IGly, IFfyy dFlyy aV 22
1 p  dp N ap’
Elv=E(N-1,104,)~E(N,0.0)+ GE(N,0,04), P P P
(17) HereFfl'\’,‘?V are the free energies of formation and migra-
tion under the constraint of a fixed system volume, with
ENV=E%(N-1,105,)-E(N-1,1 . 18
=Y ) B fav). (8 FIV=EWy— TSy - (23

Here E(N—1,10Q,y) is the energy of a supercell at the
volume ();, containing N—1 atoms and one vacancy. m

E(N,0,Q) is the energy of a perfect supercell with volume ¢ gjies i increased by one due to the insertion of the atom at

(=N, and the last term of Eq(17) accounts for the e qrface. For the supercell calculations according to Egs.
energy gain due to the insertion of the atom at a typlca|(17) (18) this means

surface site. AccordinglyE5(N—1,1Q3,) is the energy of
the supercell containingl—1 atoms, thereby one atom in

. . — S _
the saddle poins, and(13, is the volume of the supercell for le—mQ' Qiy=04y. (24)
this configuration. The volume®,Q,,,, andQ3, have to be
chosen according to the constraints prescribed for the va- In the present paper we calculate the formation and mi-
cancy formation. For instanctgr zero temperature and zero gration volumes at zero temperature where there is no con-
pressurethey correspond to their equilibrium volumes ob- tribution of a pressure-dependence of the formation and mi-
tained directly from a two-step calculation. In the first stepgration entropies. This must be taken into account when
(“structural relaxation’) the supercell volume is kept con- comparing the results with experimental data which are per-
stant, and the relaxations of the atomic positions is performed at high temperatures. It has been shown by Haf8ling
formed by moving the atoms around the vacancy or arounthat for finite temperatures the formation volumes of
the atom in the saddle point until the forces acting on theSchottky defects in KCI are significantly overestimated when
atoms are zero. In a second s{égolume relaxation”) the  neglecting the entropy contributions. We therefore will cal-
system is allowed to shrink or expand homogeneously untitulate in future the entropy contribution to the vacancy for-
the total energy reaches its minimum. It turned out that thanation volume in Na, based on the static calculation of force
forces on the atoms which reappear after this second step agenstants. It turned out that for Li the vacancy formation
very small so that it is not necessary to perform again antropy could be reliably determined by the force constant
structural relaxation. For the vacancy formation it has beemmethod. We therefore think that it should also be possible to

Performing the vacancy formation at fixed system volume
eans that the lattice constant is reduced because the number
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TABLE |. Theoretical resultgfor T = 0 K) and experimental TABLE Il. Theoretical resultdfor T = 0 K) and experimental
results(at finite temperatupefor Vi, V], andvSPin Li, in units  results(at finite temperatudefor Vi, V], andvSPin Na, in units
of the atomic volume}, for a perfect Li crystal. of the atomic volumd} for a perfect Na crystal.

This paper experiment p=0 p=28GPa Ref. 11 Ref. 21
p=0 p=34GPa Ref. 19 Ref. 21 T>288 K T =300 K
310 K=T= 350K T = 300K 0< p<09 GPa p>1GPa
O=p=0.7GPa p=4GPa
vy, 05 0.29
Vi, 0.49 0.36
Vi, -0.01 -0.01
vy, -0.2 -0.06
VP 0.49 0.28 0.32 0.175
VvSP o 0.29 0.30 0.28 0.1

20)—(24)] as obtained from supercells containing 54 sites.
Il calculations were performed for 4 Monkhorst-Patk
oints. For Li we use@,; = 8.5 Ry(16 Ry) forp = 0 (3.4
Pa, for Na we hade. = 9 Ry for both pressures. In addi-

T lculat ; d within the f K ftion, we have performed calculations for a smaller supercell
€ caiculations were pertormed within the framework o containing 16 sites with different sets of energy-cutds

e o o 1 pocLiohe . and numbers of points used for the sampling of the Eri-
tential const)r/uctiorjsThé \;olume relaxation turnedpout o k?e louin zone. From these additional calculations we estimate

: . s that the possible error due to the use of a finite supercell size,
numerically highly critical because the dependence of the

total energy of the supercell on the volume is far from beinga finite number ok points and a finite energy-cutol, is

N ) .
smooth for realistic values of the energy-cutef, espe- about = 0.05Q,. Of course, no estimate of the systematic

cially for the case of Li. This results from the fact that for error due to the use of the local-density approximation can

fixed E. the number of plane waves changes discontinuousl;?eV?/“e/eenr'nphasize the following points:

when changing the system volume. To cope with this (i) For zero pressure the vacancy formation volume is
g . .
problent® we do not just consider the energy of a supercellabout 0.50, for Li and Na.

containing the defect, but we substract the energy of a per- (i) The migration volume is much smaller than the for-

fect supercell with the same number of sites, the same Vo'r'nation volume(especially for N3 in agreement with the

ume, the same energy-cutd®; and the same number &f general expectation. The migration volumes are negative
points for the sampling of the Brillouin zone. It turned out both for Li and for Na. Of course the atoms next to the

that the difference in energies depends on th_e volume in ﬁﬂgrating atom in the saddle point configuration are pushed
much smoother manner than t_he single energies Wh‘?“ uswquay and this would tend to enlarge the system volume, but
the sameE. . The single energies of the supercells with thethis is obviously overcompensated by the relaxation of the

defect then are obtained by adding to these differences thf%rther distant neighbors. However, we would not dare to
energy of the corresponding perfect supercell which is ob- ’ '

. ; argue that the migration volumes of all bcc metals should be
tained from a one-atom supercell calculation for annegative
equivalent set ofk points but for much larger energy-cutoff )

E.. For finite pressure the calculations are performed ac (iit) The vacancy activation volume for Li at zero tem-
e o perature and zero pressure is 029 This compares well to
cording to Eqgs.(200—(24). The derivatives &EE\TV)/(&V) D P 8 P

_ T AL the experimentally obtained activation volume of 008
thereby are approximated by Eqy\(2)—Eiv (1)) for finite temperature and low pressdfe.
(V2—Vy), i.e., they are determined by calculations for two (i) The vacancy activation volume for Na at zero tem-
volumesV; andV; with V,—V, being reasonably small but perature and zero pressure is 0@§. This is larger than the
not too small in order to avoid numerical problems. Theexperimentally obtainelt activation volume of 0.3}, for
derivative (V)/(dp) is obtained from the binding energy 1288 K and small pressure.
curve E(V) of the perfect crystal vigp(V)=—dE(V)/oV. (v) The vacancy formation volume at zero temperature is
To check this second type of calculation we have determinegrastically reduced by the application of a strong external
the vacancy formation volume of Na at zero pressure angressure. For Na this yields a strong decrease of activation
temperature, once via the volume relaxation and once agolume (because the migration volume remains very snall

obtain its pressure dependence reliable for the case of N
Altogether, it becomes obvious that our procedure allows t
determine the activation volume even at finite temperature
by purely static calculations.

cording to Eq.(20), and the results agreed well. in qualitative agreement with the experimental observation.
For Li the change in the formation volume is nearly compen-
IV. RESULTS AND DISCUSSION sated by a modification of the migration volume, so that the

activation volume remains nearly constant, in contrast to the
Tables | and Il compile our results for the formation andexperimentally observed strong reduction.
migration volumes in Li and Na at zero pressufi®m the To conclude, it has been demonstratedabyinitio calcu-
volume relaxatioh and at non-zero pressufdrom Eqs. lations that at zero temperature the activation volumes for
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self-diffusion via vacancies are indeed smaller than{@g5 I'=js/n;, (A1)
Furthermore, it appears that there is an intrinsic pressure de- o _ .
pendence of the formation, migration, and activation vol-WNerejs is the flux of the representative point of the system
umes. There are quantitative discrepancies between the c4fom i to f over the ridge of the enthalpy amd is the
culated zero-temperature vacancy activation volumes and tHyobability that the system is in partof the configurational
experimentally obtained finite-temperature activation vol-SPace. The quantitigg andn; are calculated from integrals
umes for self-diffusion. Part of these discrepancies may arisgpntalaqmgs'ahe probability to find the system in an interval of
from the fact that there is an appreciable entropy contributior$ized”"pd="qdV around 0,9,V) given by
?etnfqlnlte temperature_s which has been neglected in the Zer%'(p,q,V)d3”pd3”qu
perature calculations. For very large external pressures'a
further origin for the discrepancies may be the fact that the H(p,q,V)+pV
underlying formulae of the statistical mechaniger in- ~exr{ T kT
stance, the transition-state theprgre no longer strictly B
valid. Finally, it must be recalled that the experimentally For the integrations we first prescribe a volume, perform
obtained pressure dependence of the activation volume coutfle integrations over the coordinates for fixed volume and
in principle also arise from the superposition of two or morefinally the integrations over all volumes. Because the inte-
diffusion mechanisms and a suppression with increasingrals are nearly exclusively determined by the parsids
pressure of those mechanisms with large activation volumepf the configuration space around the local extrema of the
enthalpy we evaluate the enthalpy for small pressure accord-
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d®"pd3'qdV. (A2)
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1
APPENDIX +pV+ 52 w?(V)(q))?
|

In this appendix we make some comments on the
transition-state th_eory. The key z.issu.mption of this theory is _ (b(’\”/)Jr i(v_’\”/)z+ pT/
that for a calculation of the classical jump rdteof an atom 2V
it is not necessary to follow explicitly the trajectory of the 1
atom, but it can be obtained by means of a statistical me- + _Z w?(V)(q))2. (A3)
chanics description in the configurational space spanned by 25
the 3n coordinates and therBmomenta of all the atoms in . o ]
the system. This is of course a hypothesis because the prob- HeréVo is the equilibrium volume ap=0, B is the bulk
ability distributions of statistical mechanics are constructednodulus, theg; are normal coordinates, the;(V) are the
in such a way that they yield the correct thermal averages dformal frequencies for the system at voluWeand
thermodynamic variables, which does not guarantee that they
yield also correct statistical results for dynamical variables V=V,| 1- B) (A4)
(in addition, it should be noted that the distributions hold B
only for a coarse-grained scale in the configurational spaceq ihe equilibrium volume at pressuge Furthermore, we

In spite of tg‘g resulting ample criticism on the transition- 5oqme that for small pressure the frequencies depend lin-
state theory**2and the various extensions of the theory andearly on the volume,

the development of alternative theorkdt is still success-

fully applied to describe diffusional properties in many sys- (V—Vo) - V—Vo
tems. wi(V)=wi(Vo)| 1= —y—7i|=0i(Vo)| 1— —— 7,
. . . O 0
If we prescribe in the experiment the presspreather (A5)

than the volumé/ of the system, we have to supplement the )
configurational space by one more degree of freedom, i.e., byhere they; are Gruneisen’s constants. With the approxima-
the volume of the system which may fluctuate in thermaltions (A3)—(A5) the integrations required in the transition-
equilibrium. The dynamics of the representative point of thestate theory may be performed. Assuming in addition the
system in the configurational space is determined by th&éame bulk modulus for the system in statends we arrive
HamiltonianH (p,q,V) consisting of a kinetic paff(p) and  at Eqs.(7)—(11) of Sec. Il. In contrast to the more heuristical

a potential partp(q,V). The initial state of the system before derivation of these equations for finite pressure in Ref. 22,
the jump is described by a small panf the configurational —our present discussion demonstrates that these equations and
space around a local minimum of the enthalpythe related geometrical interpretation of the formation vol-
#(9,V)+pV, for which the considered atom may be associ-ume defined formally viavi,=—kgT(4InI')/(4p)|+ hold

ated with one lattice site. The final state after the jump isonly for not too strong external pressyrelt should be noted
characterized by a second pararound a local minimum of that the approximationéA3)—(A5) must be performed also

the enthalpy. The two minima are separated by a ridge of théor the calculation of the vacancy concentration for finite
enthalpy with an extremum at the saddle panfThe jump p, so that the same remarks hold for the formation volume
ratei to f then is defined as Viy.



55 Ab initio CALCULATION OF FORMATION AND. .. 5777

It is often argued that the resulté7)—(11) of the tortions during its rapid jump. Flyrff has outlined that this
transition-state theorySec. I) can only be valid if a quasi- is not the correct interpretation of the transition-state theory:
equilibrium state exists with the considered atom near thén this theory the jump process is related to collective fluc-
saddle-point configuration for a time scale much larger tharuations of the many-body system, the statistical weights of
the inverse Debye frequency, which is certainly unrealisticwhich are determined by EdA2). The result(8) for the
As a consequence, it was argued that the real migration voligration energy then simply means that only those configu-
ume should be smaller than the one of the transition-stateations with low excitation energies contribute with statisti-
theory because during the rapid jump event the system is n@@al significance, whereas the other configurations are sup-
able to develop the full static relaxation in the saddle pointpressed by the very rapidly decreasing exponential
The physical notion behind this criticism is that the systemprobability distribution. So as long as we believe in the tran-
may be subdivided into the considered atom and the redition state theorywhich may be criticized, see abgvihere
atoms, and that the considered atom initiates the lattice diss no space for a time-scale argument.
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