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Debye-Waller factor in solid “He crystals
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We report synchrotron x-ray-diffraction measurements on low-density hcp-4eédat a temperature of
~0.7 K. The root-mean-square deviation of the atoms from their lattice posi(ul&)féz is determined from
measurements of the Debye-Waller factor at tt@02, (004), and (006) Bragg peaks. We find
(uA?=0.96+0.02 A along thec axis. Our results are consistent with Green’s function—Monte Carlo calcu-
lations. Weak reflections at the hcp-forbiddé01) and (003) Bragg peaks were also observed, probably
indicating structural defects in the crystd1$0163-1827)00610-3

[. INTRODUCTION by McMillan using variational wave functiorisrecent im-
provements in these methods resulted from the use of
Quantum crystals are interesting because of the large anshadow wave functiorfs.
plitude zero-point oscillations of the basis atoms about their Despite the improvement in the variational techniques, the
lattice sites. This amplitude is a large fraction of the inter-most accurate calculations of the ground-state properties of
atomic spacing, and so theoretical models of these solidéhe solid are found using the Green’s-function Monte Carlo
must deal with the strong hard-core repulsion between thé€GFMC) method. The GFMC method involves numerically
atoms, as well as the large anharmonic terms in the potentiahtegrating the Schidinger equation for a finite-size system
Due to their low mass and the weak interatomic attractionwith periodic boundary conditions. These calculations should
solid ®He and*He exhibit these effects most strongly. Scat-yield an accurate picture of the system, as long as finite-size
tering experiments are especially valuable probes of theseffects are corrected for or are insignificant, and the correct
crystals, since they can be directly related to microscopigotential is used. Calculations for solid helium were carried
properties, and therefore offer quantitative tests of micro-out by Whitlocket al,> who found a ratio of
scopic models.

The purpose of these measurements was to show that syn- ~/(u2>
chrotron x-ray diffraction can be used to measure the zero- a =0.267+0.003,

point motion of the atoms. By measuring the Debye-Waller

factor as a function of reciprocal-lattice vector we were ablgpare d is the nearest-neighbor distance. No anisotropies
To determine t|h§4 amplltu?ce of thr:a zehro—pomt oscillations iny|onq different crystal directions were predicted. These cal-
ow-density solid’He. We found that the atoms were under- ., ations used the Lennard-Jones potential for the inter-

going oscﬂlatlor_]s with a rms value of_O.%.OZ A alongthe  4iomic interaction. However, the Lennard-Jones potential

c axis, a value in good agreement with theoretical models o ay not be a sufficiently accurate model for the true

the solid. potential® so a comparison with experiment provides a valu-
able test of this work.

Il. BACKGROUND
C. Theories of melting of quantum crystals

A. General properties . . . . . .
A first-principles microscopic theory of the fluid-solid

At zero temperaturéHe solidifies at a pressure of 25 atm transition for classical systems has been given by Ra-
in an hcp structure. There is a small minimum in the meltingmakrishnan and YussourffModifications of this theory for
curve at a temperature of 0.775 K. A bcc phase exists over ghe case of quantum crystals were made by Chuiparticu-
narrow range of temperaturé$.46<T<1.77 K) and pres- |ar, Chui predicts that Lindemann'’s ratio for quantum solids
sures close to the melting pressure. A more detailed descriyjl| pe 2.7 times the value found for classical systems, that is
tion is given by Ke.”efl-.A general review of the properties of the amplitude of vibration near melting should be 27% of the
quantum crystals is given by Andre&v. interatomic spacing. In addition, his calculations indicate that

the Debye-Waller factors will be greater in the directions that
) are parallel to thab planes(by about 12%than along the
B. Theories of the ground state axis. This would imply oscillations of-24% along thec

A number of different attempts have been made to calcuaxis. Other theories also predict that the amplitude of the
late the ground-state properties of liquid and solid heliumzero-point motion should be anisotrogitaut no anisotropy
Early detailed calculations of crystal properties were maddias yet been observed.
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D. Previous neutron studies loe*\35V cog26

2

A number of neutron-scattering experiments have been ' 20mPcti2 Fii inzg
carried out on solid helium; the majority of these have con- ~ o
centrated orfHe since®He has a very large absorption cross Where{u®) is the mean-square deviation of the atoms about

section for neutrons. A recent review has been given b};heir lattice sites, ané is the reciprocal-lattice vectoty is
Glydel© the intensity of the beare is the electron charge is the

While some information about the extent of zero-point*-fay wavelengthdV is the volume of the crystaly is the
oscillations has been determined by neutron scattéfitige ~ rotation frequency used during the scemis the mass of the
method suffers from serious difficulties, as has been dis€/€ctron,c is the speed of light, ana, is the volume per
cussed by Pric¥ Intensity measurements by Minkiewicz &0M.Fhy 1S thg structure .facFor for thekl _reflecjuon, and
and co-worker¥ showed oscillations of the intensity as a the c0§20term is the polarization factor which arises for our
function of reciprocal-lattice vector instead of the monotonicScattering geometry. In writing the polarization term this way
decrease expected from the Debye-Waller factor. These o¥/€ are ignoring a small component out of the plane of the
cillations were consistent with multiple-scattering effeééts. "NG; for our measurements the correction due to this term is

These effects make it impossible to determine the zero-poirRNly @ few percent. ,
motion using neutron scattering. It should be noted that the Debye-Waller exponent in gen-

More recently, neutron-scattering measurements have fdfal contains higher-order terms in the expansion, such as
cused on determining the single-particle dynamics of the atU )G - However, our data is well fit by the standard form
oms using deep inelastic neutron scattering to determine tH¢S€d in Eq.(1), and our measurements are not sufficient to
momentum density(p) of the individual atoms and thereby determine the extentif any) of higher-order terms in the

deduce the average kinetic energy per atom. A recent reviefXPansion.

on work in quantum liquids was given by Sok8land the Since the_hcp structure has two atoms in the basi_s we
status in solid helium was reviewed by SimméhsStudies need to consider the structure factors for different reflections.

on the hcp phase have been carried out by Hillekal,® For the hcp structure the relations relevant to our work are
while Sokol and co-worket$ have examined the bcc phase.

_ _ . B2 a2
These results have generally agreed with theoretical models h+2k=3n, I=even: Fi=41%
of the solid. 5

E. Previous x-ray studies where f is the atomic form factor for helium, which is

. . . 5
X-ray studies were first used to determine the crystaFabUlateoe-

structure of solid H&8 Simultaneous x-ray and sound veloc- N the usual case, the vibrations are due to the thermal
ity measurements were made by GreyWaih order to de-  €Nergy of the atoms, an.d E) is rewritten in terms of the
termine the orientation dependence of the sound velocityl€mperature. However, in our case the vibrations are due to
Extensive work was carried out by Simmons and collaborath€ Zero-point energy. By measuring the intensity of the re-
tors, who studied vacancies in putide and*He crystals as flections as a function o6 and correcting for the depen-
well as solid mixture2® More recently, inelastic x-ray- dence ofF,, and the polarization factor at the differe@t

. ) H 1/2
scattering measurements have been used to determine tfalues we can therefore determiti€)'’?, the extent of the

electronic excitations in the solfd.We are unaware of any Z€ro-point oscillations.
x-ray measurements of the Debye-Waller factor in the low
density solid. IIl. EXPERIMENTAL SETUP

Experimentally, helium is very amenable to investigation.
High-purity “He (®He concentration<1 ppb is available,

The c/a ratio for solid“He is 1.63 over a wide range of and large high-quality crystals are relatively easy to grow.
pressureé? which is the ratio expected for close-packed For this work we examined hcp solftie at molar volumes
spheres. We can therefore treat the solid as an ideal hapear the maximum molar volume-21 cn?). Molar volume
structure. Thec-axis parameter for our crystals is 5.985 A, was determined indirectly from the growth temperature using
while the lattice parameter along tleand b directions is  the melting curve data of Grill§®
3.67 A. The absorption length in the solid can be computed Elastic x-ray-scattering measurements were taken on
using tabulated mass absorption coeffici&hand is 12.6 cm beamline X16B at the National Synchrotron Light Source
for our x-ray wavelength of 1.63 A. Since our crystal is only (NSLS) at Brookhaven National Laboratories. The sample
1.25 cm in diameter, absorption effects are small. We alseell was mounted on a platform that was attached to the
believe that crystal quality is insufficient to result in signifi- mixing chamber of an Oxford Instruments Kelvinox dilution
cant extinction effects. Some evidence for this is discussetefrigerator especially designed for x-ray-scattering research.
below. X-ray access to the low-temperature region is through two

The measured intensity of an x-ray rocking curve wherevacuum cans and a heat shield all of which have 10 mil thick
extinction effects and absorption effects are insignificant ieryllium windows in order to allow x-ray transmission to
given by the integrated intensffy |, multiplied by the the sample cell.
Debye-Waller factot* A simplified schematic of the sample cell is shown in Fig.

1. The cell consists of a central region made from a thid
I =lexd — 3(u®)G?], (1)  mil) cylindrical Be window to allow for x-ray access as well

F. X-ray-diffraction methods
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Liquid He Inlet ducers. Then the pressure was kept constamithin
~0.0299 by manual adjustment of a metering valve until the
a crystal filled the sample chamber. Afterwards the pressure

was slowly increased in order to freeze off the helium in the
Epoxy I fill line (and thereby reduce the heat leak through the super-
\ fluid in the fill line). The crystal was then cooled #~0.7
\ L z K. For the crystal described here we were forced to grow it at
\: [j a temperature of 1.5 K due to a large heat leak from the
L] Lol superfluid helium in the fill line. The disadvantage of this

Be Window ' growth temperature is that the crystal grew in the bce phase,

and underwent a bcc-hcp phase transition upon codfisg

- 4 He Crystal ) - o
was seen in the x-ray measuremgniBhis transition may
Sinter — Sl Clamping have reduced the quality of thg crystal._ .
~L$= =3 Plate Measurements were taken in a horizontal scattering ge-
. . | . ometry. X rays of energy 7.594 keV were selected by an
?'tra”"'c — asymmetrically cut singly bent horizontal monochromator
ransducer | Spring Loaded

Acoustic Backing [Ge(111)] which focuses two milliradians in the horizontal.

Cu End Cap —{—» The orientation of the crystal was determined using x rays

during the run. The structure factor was measured in the

o i _liquid during solidification, and then data was taken on the
_ FIG. 1. Simplified schematic of the sample cell. The beryllium (002), (004), and(006) peaks. In addition, data was taken on

window allows x-ray access 10 the crystal. the (001) and (003 peaks, which are forbidddisee Eq(3)]

for a perfect crystal. Temperature was determined by mea-

as provide a pressure vessel in which to grow the crystal. Tha!"ng the resistivity .Of a callbrated_ Lakeshore Ge_rmamum
resistor. The resistivity was determined using a Linear Re-

223’:';?;%? Ig( rﬁfﬁsg‘ﬁz ;:] eo T)?ng]uggg ;?mp:g\élgi?ezum search LR-400 bridge with the standard four-wire technique.
to grow the crystals. This window is held against copper
endpieces with stainless steel caps. Stycast epoxy 2850 GT is IV. DATA AND ANALYSIS
used to make the pressure seal. The copper endpieces were
ground flat and parallel after the Be piece was attached in
order to align the acoustic transducers. The transducers are We measured the intensity of several elastic peaks in a
held by a spring loaded acoustic backing against the coppesolid “He crystal grown at a temperature of 8.1 K. The
pieces. The acoustic transducers were used to optimize crysrystal grew in the bcc phase and underwent a bece-hep phase
tal growth techniques before carrying out the synchrotrortransition upon cooling. The molar volume of the crystaf is
measurements described here. Endcaps are screwed do@@.9 cnt. Measurements were taken at a temperalur®.7
against indium wire to make a pressure seal at the end of th&0.05 K. The measured intensities as a functior &br the
crystal. (002, (004, and (006) peaks are shown along with the re-
The cell has sintered copper powder in it outside of thesults of Gaussian fits in Fig. 2. The heights of {682 and
x-ray path. The sinter is important for two reasons. First, itthe (004) peaks were reduced by factors ok 20° and
provides a good thermal contact between the copper and tfx10°, respectively, to allow the qualitative shapes to be
helium by increasing the effective surface area of the intereompared. The width of the peaks is comparable to the reso-
face. More importantly, it eliminates rotation of the crystals.lution limits of our instrumentabout 0.1° for our geometyy
Earlier x-ray workers claimé&dthat there was a tendency for  In order to isolate the effects of the zero-point vibration
solid helium crystals to show irreproducible changes due tave take the measured intensities, and divide by the structure
rotation of the crystals. The part of the crystal that grows infactor squared as well as the angle-dependent factor. The
the sinter will be incapable of rotation, and will serve to resulting intensities along with a fit to the data are graphed in
anchor the rest of the crystal. Fig. 3. Note that in the absence of atomic vibrations these
Thermally insulating(phenolig rods attached the top of normalized intensities would be the same. The large reduc-
the sample cell to the mixing chamber of the dilution refrig-tion in the intensities comes from the Debye-Waller factor
erator. The top had to be thermally insulating, since attemptdue to zero-point motion.
to grow the crystals upside down were unsuccessful. The From Eq.(1) it is clear that the slope of the line yields the
bottom of the cell was put in good thermal contact with thevalue for the mean-square deviation. We find a value for the
mixing chamber by means of a cold finger consisting of arms deviation about the lattice site of 0:86.02 A. These
single copper rod of diameter 0.12%s well as a bundle of measurements are for planes along thexis, so we are
Cu wire. measuring the atomic deviation along that axis. Thus the
Crystals were grown at constant pressure, since thiatoms vibrate about 16% of theaxis spacing. Zero-point
method has been found to yield large, high-quality singlemotion is often expressed as the amplitude of the oscillation
crystals?® The growth method was as follows. The tempera-as compared to the nearest-neighbor separation. Using the
ture was set to the desired value, and the pressure was slowhgarest-neighbor separation of 3.67 A, we find that the atoms
increased until the crystal started to grow as was indicated bgre undergoing a rms deviation of 26.2.6% of the nearest-
shifts in the sound velocity measured by the ultrasonic transaeighbor distance.

A. Zero-point oscillations
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FIG. 2. Raw data from several reflections. A background of . . . )
about 20% of the maximum intensity has been subtracted from the F!G- 3. Graph of corrected intensities @ (G is in units of
(006). The intensity of the002 has been reduced by a factor of 2m/c). In the absence of atomic motion the cprr.ected.lntlensmes
2x10%, while the intensity of th¢004) has been reduced by<a(’. would all have the same value. The decrease in intensity is due to

The solid lines are the results of Gaussian fits to the data. the Debye-Waller factor arising from quantum zero-point motion.
Error bars from the statistical uncertainty are smaller than the data

points.

We wish to compare our results to the GFMC calculations
which were made for solid helium at zero temperature, so we
need to consider the effect of thermal energies on the atomic
vibrations at our measurement temperature of 0.7 K. Kittel ~ We also observed th€d01) and (003 reflections. These
has shown that for a phonon spectrum described by a Deby#gnals were about a factor of 4@eaker than the allowed
model the atomic vibrations are given by reflections(when the Debye-Waller factor is corrected)for

and there were multiple peaks at the prop€r Zalue. It is
unlikely that the forbidden reflections are due to the anhar-
K[1+2mw23(TIOp)%+ -], (4  monic nature of these crystals. Forbidden reflections have
been observed in a number of systems such as Si arid Ge,
and are due to two separate processes. First, there is a density
whereK is a constant, the first term in parentheses is thehift for the electrons due to a lack of inversion symmetry in
zero-point contribution, and the second term is the first-ordethe crystal—the electrons do not sit exactly on their lattice
correction due to thermal energy. Using H¢) with the  sjte. In addition, the anharmonic terms in the potential can
measured Debye temperatyf@,~26 K (Ref. 30], we find  also lead to vibrations that favor motion for the electrons in
that the thermal term is less than 0.5% the size of the zerane direction rather than the other, also resulting in weakly
point term, so the thermal vibrations do not contribute sig-gllowed forbidden reflections. While anharmonicity in solid
niﬁcantly to the measured atomic vibration. Our value the“um is thought to make certain forbidden reflections
26.2+0.6% for the rms deviation agrees qUite well with the ('_)[:)Se|fva_b|e?‘,2 these effects are not expected for the |°00
GFMC method(26.7+0.003%. Our results therefore show reflections, since these reflections have inversion symmetry.
that the theoretical model aCCUrately describes the solid. A more ||ke|y exp|anati0n is that the reflections are due to
When comparing our results with the model of quantumstrain or a regular stacking fault in the crystal. This strain

melting, we need to consider the fact that we are measuringould have resulted from the bcc-hep transition in the solid.
the atomic vibrations at a temperature below the melting

temperature. Since we are looking at a low melting tempera-
ture crystal(T,,~1.5 K) the affect of thermal energy on vi-
brations is small. Using Eq4) we see that we would expect
an increase in the extent of thermal oscillations of less than We have shown that it is possible to determine the mean-
2% for a temperature increase from our measuring temperaquare deviation of the atoms in quantum crystals from
ture (0.7 K) to the melting temperature. Our measured am-x-ray-diffraction measurements of the Debye-Waller factor.
plitude is different than the result expected from the theoryOur measurements yield a value @f®'?=0.96+0.02 A,

of quantum melting, which is not surprising considering thewhich is in excellent agreement with the value predicted by
simplicity of the model. However, the fact that we were only the GFMC method. This technique promises to be a useful
able to look at reflections along the (QQdirection meant tool for studying these systems. Future work that is of inter-
that we were unable to check for the possibility of aniso-est is looking for temperature dependence of the atomic mo-
tropic vibrations. A check for anisotropy would be a bettertion, looking for crystal anisotropy effects, and making mea-
test of this aspect of the model. surements to determine these parameters in SHlid

B. Forbidden reflections

V. CONCLUSIONS
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