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Intermediate-coupling theory for the spectral weight of a spin polaron

Min-Fong Yang*
Department of General Programs, Chang Gung College of Medicine and Technology, Kweishan, Taoyuan,

Taiwan, Republic of China
~Received 15 July 1996!

Within the intermediate-coupling theory, the quasiparticle weightZ of one hole injected into the undoped
antiferromagnetic ground state is studied. We find that, for the hole located at the quasiparticle band minimum
with momentumk05(6p/2,6p/2), Z is finite. By comparing the results obtained by the self-consistent Born
approximation, we show that the intermediate-coupling theory forZ is appropriate only whenJ/t*1.6. Finally,
the reason why this approach fails in the small-J case will also be clarified.@S0163-1829~97!04801-7#
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The problem for the motion of a hole in a two
dimensional~2D! antiferromagnet~AF! has received signifi-
cant attention1 especially since the discovery of the copp
oxide superconductors, where superconductivity arises f
the doping of holes in an antiferromagnetic insulator. T
AF with one hole is also a highly nontrivial correlated ele
tronic system, and is therefore of fundamental interest fro
theoretical point of view.

Intuitively one would expect that the presence of a hole
an AF leads to a distortion of the underlying spin configu
tion, in a similar way as a conduction electron in a po
crystal causes a deformation of the lattice. Indeed, under
assumptions that the AF is not completely destroyed by d
ing a hole and that the low-energy excitations of the s
background are spin waves, one arrives at the following
fective Hamiltonian,2,3 H̃, which is reminiscent of Fro¨hlich’s
polaron Hamiltonian:4

H̃5Ht1HJ ,

HJ5(
q

vqbq
†bq , ~1!

Ht5
av

AN(
k,q

@Mq~k! f k2q
† f kbq

†1H.c.#.

Herebq and f k are the annihilation operators of the hole a
the spin wave.vq5vnq is the spin-wave excitation spec
trum, wherev5Jz/2, nq5A12gq

2, andgq5(de
iq–d/z with

d the unit vectors to nearest neighbors andz being the coor-
dination number (z54 for a 2D square lattice!. a52t/J is
the dimensionless coupling parameter~therefore, the small-
J limit means the strong-coupling limit ofH̃), N is the num-
ber of the lattice sites, andMq(k)5 coshuqgk2q
1 sinhuqgk is the coupling function between the hole a
the spin wave, where coshuq5@(11nq)/(2nq)#

1/2 and
sinhuq52sgn(gq)@(12nq)/(2nq)#

1/2 are the Bogoliubov
transformation coefficients. Based on this similarity,5 a hole
in an AF may be viewed as a ‘‘spin polaron,’’ i.e., a ho
dressed by a cloud of virtual spin-wave excitations of
antiferromagnetic spin background. From this observat
the intermediate-coupling treatment6 of the Fröhlich polaron
problem was recently applied to the present spin-pola
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problem by Barentzen.7 It is found that~1! the intermediate-
coupling results for the quasiparticle energyE(k… is in agree-
ment with the dispersion curve obtained by means of a Gr
function Monte Carlo method;8 ~2! the result for the band-
width W is quite good for weak coupling (J/t.3), and is
still reasonably good in the intermediate ran
(0.4&J/t<3), where the deviation from the values obtain
by the self-consistent Born approximation9 ~SCBA! was
about 10–20 %. Thus the intermediate-coupling theory m
be appropriate forJ/t*0.4.

One of the most controversial issues in the spin-pola
problem is whether a hole injected in the undoped grou
state behaves like a quasiparticle,10 or, equivalently, whether
the quasiparticle weight~or the wave-function renormaliza
tion constant! Z at the Fermi surface is finite under the dres
ing by the spin-wave excitations. There have already b
many studies along this line~see Ref. 1 for further refer-
ences!. However, most of the previous studies have involv
numerical calculations on small clusters~even the studies
using the SCBA have to solve Dyson’s equation numerica
for small clusters!. Although numerical calculations on clus
ters show that the hole has a finite quasiparticle weight, th
is still some uncertainty as to whether the quasiparti
weight vanishes or not in the thermodynamic limit.11

In this paper, we will study the quasiparticle weig
within the intermediate-coupling theory, in which we ca
freely take the thermodynamic limit. Since when a sing
hole is doped, the hole will locate at the quasiparticle ba
minimun with momentumk05(6p/2,6p/2),1 we will con-
fine ourselves to the spectral weight of the hole at mom
tum k0. We find that the deviation from the results of Ref.
is below 20% only whenJ/t*1.6. Thus the range of validity
for Z is smaller than that forW. Moreover, we will point out
that, although this approach is not plagued with the fini
size effect, due to its mean-field nature, the infrared beha
of the present system may not be correctly described by
methodevenqualitatively. This may be the reason why th
intermediate-coupling theory for the spin-polaron problem
not as successful as that for the lattice-polaron case.

In order to compare with the results obtained by SCBA9

rather than starting from the Hamiltonian used in Baren
en’s paper@Eq. ~11! of Ref. 7, which is denoted asHBar in
the present report#, we take Eq.~1! as our starting point,
where the Bogoliubov transformation has been taken, s
56 © 1997 The American Physical Society
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that the unperturbated ground state is the vacuum state
the spinless fermion operators and the quantum Ne´el state,
u0&, with respect to the spin-wave operatorsbq . The relation
betweenH̃ andHBar is simply

H̃5V†HBarV, ~2!

where V denotes the unitary operator of the Bogoliub
transformation.

Following the procedure in Ref. 7, one first makes
change of coordinates to the rest frame of the moving h
by the unitary operator ~i.e., the so-called Jos
transformation!12

U5(
k,p

S 1N(
i
Tie

2 ip•Ri D f k† f k2p , ~3!

where the translation operators for the bosons are define

Ti5expS 2 iRi•(
q
qbq

†bqD . ~4!

Then, in order to further diagonalize all terms linear in t
boson operators of the transformed Hamiltonian,U†H̃U, a
displacement transformationW̃ is employed:

W̃5(
k
Wk f k

† f k , ~5!

Wk5expF 1

AN(
q

lq~k!~bq2bq
†!G , ~6!

where the unknown parameterslq(k) are determined by the
mean-field equations via the variational principle, i.e.,

dE~k!

dlq~k!
50, ~7!

with the ground-state energyE(k) defined by the expectatio
value

E~k!5^ f k
† ,0uW̃†U†H̃UW̃u f k

† ,0&. ~8!

It can be shown that, for a single hole, the Jost transfor
tion U and the Bogoliubov transformationV commute each
other, then

^ f k
† ,0uW̃†U†H̃UW̃u f k

† ,0&5^ f k
† ,0uW̃†U†V†HBarVUW̃u f k

† ,0&

5^ f k
† ,0uW̃†V†U†HBarUVW̃u f k

† ,0&,
~9!

which is just the expression of the expectation value obtai
in Ref. 7. Thus the variational calculations in our case
completely the same as those in Ref. 7. Therefore, the m
field equations lead to the following self-consistent eq
tions: @see Eqs.~57! and ~58! of Ref. 7#,

V~k!5
a

N
F2~k!(

q

Mq
2~k!

nq12aV~k!
, ~10!

lnF~k!52
a2

N
F2~k!(

q

Mq
2~k!

@nq12aV~k!#2
, ~11!
for

le

by

a-

d
s
n-
-

whereF(k) andV(k) are defined in terms oflq(k) as

F~k!5expS 2
1

N(
q

lq
2~k! D , ~12!

V~k!5
1

N
F~k!(

q
lq~k!Mq~k!. ~13!

Then the ground-state energy can be written in terms
F(k) andV(k):

E~k!52avV~k!@122lnF~k!#. ~14!

Now we turn to the calculation of the spectral weight. T
spectral weightZk of the hole at momentumk is defined as

Zk5u^fk
~0!ufk&u2, ~15!

whereufk
(0)&5u f k

† ,0& is the ground-state eigenvector of th
unperturbated Hamiltonian,HJ , within the one-hole sub-
space; whileufk&5UW̃u f k

† ,0& is the corresponding varia
tional ground-state eigenvector of the full Hamiltonian,H̃.
By Eqs.~3!–~6!,

^fk
~0!ufk&5K 0U 1N(

i
TiWkU0L 5^0uWku0&

5expS 2
1

2N(
q

lq
2~k! D , ~16!

where Ti
†u0&5u0& ~becausebqu0&50) and the Baker-

Hausdorff formula is used in the last line of the derivatio
From Eqs.~15!, ~16!, and~12!, one obtains

Zk5expS 2
1

N(
q

lq
2~k! D 5F~k!. ~17!

Thus, by solvingF(k) and V(k) via the self-consisten
equations, Eqs.~10! and ~11!, we getZk at the same time.

From now on, we confine ourselves to the case
k5k0. After numerically solving the self-consistent equ
tions, we getZ5Zk0 as a function ofJ/t. The result is shown
in Fig. 1. If we compare our results~solid line! with those
obtained by SCBA~Ref. 9! ~open circles!, we realize that our
spectral weight is fairly accurate forJ/t.2.5 ~i.e., the agree-
ment is within 10%!. However, the deviation from the resul
of Ref. 9 is below 20% only whenJ/t*1.6. Thus the range
of validity for Z is smaller than that forW.

In the following, we will clarify the reason why the
intermediate-coupling theory for the spin-polaron problem
not as successful as that for the lattice-polaron case. No
that, after restricting to the subspace with one hole at m
mentumk, as shown in Eqs.~45c! and ~47! of Ref. 7, one
arrives at the effective Hamiltonian for the boson operator13

Hk.const1(
q

eq~k!bq
†bq , ~18!

whereeq(k)5nq12aV(k) can be considered as the reno
malized energy spectrum of the spin waves in unit ofv in
the rest frame of the hole at momentumk. Hence, for
q→0, the renormalized energy spectrumeq(k)→2aV(k),
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which is nonvanishing for a givenk; while the ‘‘bare’’ one,
nq}uqu→0. That is, a finite gap, 2aV(k), is introduced into
the excitation spectrum of the spin waves by this variation
approach, even though the original excitation spectrum
gapless due to the Goldstone theorem.14 Thus the long-
wavelength ~infrared! properties of the system is altered
qualitatively. This qualitative change in the excitation spe
trum is not reasonable, because the correction to the sp
wave energies by a single hole in a macroscopic AF bac
ground should be proportional to 1/N, which would be
negligible in the thermodynamic limit. In the lattice-polaro
case, although there is still a nonvanishing correction to t
phonon energies,6 there is no qualitative change in the pho
non energies by this approach, because only the longitudi
optical ~LO! phonons are considered and the bare ener
spectrum of these LO phonons can approximately be tak

FIG. 1. The spectral weightZ for one hole located at the
quasiparticle band minimum with momentumk05(6p/2,6p/2)
as a function ofJ/t. The results of the intermediate-coupling theor
are shown as the solid line, and open circles represent those
tained by SCBA~Ref. 9!.
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as a positive constant. As claimed by Anderson,10 whether
Z is zero or not greatly depends on the infrared behavior
the system. Since the infrared behavior may not be faithfu
described by this variational approach, it is reasonable
the intermediate-coupling theory may not predict the ac
rate value ofZ in the spin-polaron case.

For further support of the above arguements, we pres
the results of the ‘‘induced spin gap,’’ 2aV(k0), as a func-
tion of J/t in Fig. 2. We find that, asJ/t decreases, the
induced spin gap increases and invalidates the variatio
approach.

In conclusion, within the intermediate-coupling theor
we show that the quasiparticle weightZ is finite, and our
results agree with those obtained by the self-consistent B
approximation9 whenJ/t*1.6. Because of the failure to de
scribe correctly the infrared behavior of the system, this a
proach is not suitable for the study of the spectral weight
the spin-polaron case, especially whenJ/t is small.

The author thanks Professor T. K. Lee and Dr. M.
Chang for their critical reading of the manuscript.
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FIG. 2. The induced spin gap, 2aV(k0), as a function ofJ/t.
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