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Phonon dispersion curves for transition metals within the embedded-atom
and embedded-defect methods

G. Simonelli, R. Pasianot, and E. J. Savino
Departamento Materiales, CAC, Comisio´n Nacional de Energı´a Atómica, Avenue del Libertador 8250, (1429) Buenos Aires, Argenti

~Received 30 January 1996!

Phonons in bcc Mo, Fe, and Cr have been calculated using embedded-atom-method~EAM!-type and
embedded-defect~ED! potentials. The latter is an extension of the EAM that introduces angular interactions
through a many-body approach. In contrast with the EAM formalism, the ED calculated elastic constants can
be fitted to the experimental values even in those metals with a negative Cauchy pressure. The contributions of
the pair and many-body interaction terms to the phonon frequencies are studied. It is found that the EAM and
ED interatomic potentials show some limitations to reproduce the experimental dispersion curves for bcc and
fcc structures; such limitations are analyzed.@S0163-1829~97!04610-9#
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I. INTRODUCTION

Even nowadays, with large memory and high-speed co
puters available, relatively simple semiempirical interatom
potentials are mostly used for the simulation of extend
defects in crystal solids. In the past decade, the fast run
pair interaction potential, used almost exclusively in the 6
and 70’s, has been superseded by simple many-body
proaches, called generically either embedded-atom-met1

or Finnis and Sinclair potentials2 ~EAM hereafter!. Those
interaction models still retain the computational simplicity
the pair one but solve some of its limitations, i.e., the fitti
of the elastic constants in equilibrium for most metals,
different values of cohesive and vacancy formation energ
and the free surface relaxation. However, the ang
dependent part of the atomic interactions is not includ
either in the pair or in those many-body potentials. So
aspects of angle-dependent bonding are already reflecte
the elastic behavior of monatomic metals; for instance,
measured negative value of the Cauchy press
(c122c44)/2 in Cr ~Ref. 3! cannot be fitted within the EAM
formalism. To solve this limitation, other interatomic pote
tials were derived from the EAM.4–8 Among them, the
embedded-defect~ED! model was developed5 and applied to
the calculation of point defects in Fe.9,10

Empirical or semiempirical potentials are generally fitt
to a limited number of crystal data~lattice parameter, cohe
sive energy, elastic constants, some defect formation e
gies, etc.!; however, one expects to attain a correct predict
of the properties that, somehow, depart from this param
space. Perhaps the easiest test of dynamical properties
phonon dispersion curves calculation, for which there i
large base of experimental measurements. This is sel
done in the papers where EAM potentials are developed
phonon frequencies are rarely taken as fitting paramete11

in spite of the suggestion in Refs. 12 and 13. This point w
be discussed further in this report.

In the present work, phonon dispersion curves for Mo,
and Cr are calculated using ED and EAM-type potenti
developed as discussed in Refs. 5, 9, and 10. The cont
tions of the different terms in the interaction to the phon
550163-1829/97/55~9!/5570~4!/$10.00
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frequencies are separated. The calculated curves are
pared with experimental results. Some general limitations
obtaining a correct fitting to experiments in bcc and fcc m
terials are derived.

II. PHONON DISPERSION CURVES

Within the ED method proposed in Ref. 5, the ener
Ei at atomic sitei is expanded as

Ei5
1

2(jÞ i
V~Ri j !1F~r i !1G~Yi !. ~1!

The first termV(Ri j ) represents a pair interaction, it is
function of the distanceRi j between atomsi and j , while the
many-body character is contained in the termsF(r i) and
G(Yi). The argumentsr i andYi are calculated using a tenso
function lJ defined at each atomic site

l i
ab5(

jÞ i
F~Ri j !Ri j

aRi j
b /Ri j

2 , ~2!

wherea andb are Cartesian components, andF is a func-
tion of the distanceRi j . Then,

r i5TrlJ i5(
jÞ i

F~Ri j ! ~3!

and

Yi5(
a,b

l i
abl i

ab2r i
2/3. ~4!

Thus,F is analogous to the so-called ‘‘embedding function
of the EAM ~Refs. 1 and 2! andG results sensitive to angula
distortions. Our EAM potential results from applying Eq.~1!
with G50. We defineV(Ri j ) as an ‘‘effective pair’’ equi-
librium interaction potential; as proved in Ref. 2, this c
always be done for any EAM potential. Also, for the E
potential, the first two terms of Eq.~1! constitute an ‘‘effec-
tive EAM potential;’’ i.e., it is an EAM potential which
would simulate a metal with the same lattice parameter t
the one of interest, but certainly with different shear modu
5570 © 1997 The American Physical Society
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55 5571BRIEF REPORTS
and vacancy formation energy, since these properties do
have a contribution from angular termG.5 This gauging en-
ables the calculation of the contributions by the differe
terms in Eq.~1! to the dynamical properties. Within the E
model, the many-body contribution toEf

vNR remains as a free
parameter;5 here, for consistency, it is fixed as 20% for a
the simulated metals. EAM and ED potentials for Fe we
discussed in detail in Refs. 9 and 10. The ones for Mo
the ED potential for Cr have been developed by followi
the same parameter fitting procedure. They are fitted to
equilibrium lattice parametera,14 to the cohesive energ
Ecoh,

15 to the vacancy formation energyEf
v ,16,17 and to the

three elastic constants.18,3

The phonon dispersion curves are calculated by solv
the eigenvaluesv(k) of the dynamical matrix, along som
high symmetry directions of the Brillouin zone. The resulti
curves are presented in Figs. 1–3, together with the exp
mental points. It may be seen that both the EAM and the
potentials duplicate the experimental results for the recip
cal lattice vectork→0, as it is expected from their exac
fitting to the elastic constants. In general, the ED potent

FIG. 1. Phonon dispersion curves for Mo calculated with o
EAM and ED potentials.v5v/2p vs k are plotted. Experimenta
points are from Ref. 19.

FIG. 2. Same as Fig. 1, for Fe. Experimental points are fr
Ref. 20.
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predict lower longitudinal (L) frequencies than the EAM
ones and they also do so for transverse (T) modes in some
regions of the spectrum. This is advantageous when ED
used to reproduce the experiments in Mo, where a freque
softening at pointH @k5(2p/a)(100)# has been measured
Actually, for this metal, a good agreement is found all ov
the zone in the@100# direction ~including pointH) between
the frequencies calculated with the ED and the ones m
sured. However, for Fe, the mentioned softening is not fou
and the EAM potential reproduces experimental results b
ter than the ED one. Consequently, we conclude that be
fittings to phonon dispersion measurements are obtained
using an ED interaction potential for Mo and an EAM on
for Fe.

As discussed in Ref. 5 and above, the ED potential
been developed especially to enable the fitting of elastic c
stants in the case of a negative Cauchy pressure, such
Cr. Although the ED solves this problem, we find that, f
Cr, the agreement between measured and calculated ph
dispersion curves is not good for this potential, see Fig
Causes for this lack of fitting are discussed in Sec. III.

Figure 4 shows a calculation performed for Mo, where t

r FIG. 3. Phonon dispersion curves for Cr calculated with the
potential. Experimental data are from Ref. 21.

FIG. 4. Phonon dispersion curves for Mo with the ED potenti
where successive terms of Eq.~1! are added:~a! •••••• only the
pair interactionV is considered,~b! - - - - V and the embedding
functionF are considered for the calculation, and~c! — complete
ED potential.
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TABLE I. Quantity in the first column for several transition metals~see text!. Between brackets, the
values obtained replacingc44 by c44pair corresponding to the ED potentials.

bcc Fe Mo Cr W V Nb Ta

12Vc44
MR1

2vH
2 21

20.01 0.49 0.10 0.22 20.50 21.42 20.26

(20.34) (20.07) (20.41)

fcc Cu Ag Au Ni Pd Pt

8Vc44
MR1

2vx
221

0.07 0.04 20.24 0.25 20.26 20.36
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terms in the ED potential of Eq.~1! are added successive
@i.e., the dispersion curves are calculated by using:~a! the
‘‘effective pair’’ potential, ~b! the ‘‘effective EAM’’ one,
defined above, and~c! the whole ED#. A salient feature is
that the~spherically symmetric! term F does not contribute
to T branches and that only the pair term contributes to
frequencies at zone boundariesH ~whereT andL coincide!
and atN. Evidently, these are also general results for EA
type potentials. The negligible participation of termG in
T1 is consistent with its small contribution to the she
modulus (c112c12)/2.

5 On the other hand, the contribution t
T2, associated toc44, is significant. We also found that th
major effect of introducingG is that the calculated phono
frequency at pointP is raised; this effect does not help th
fitting of the measured values in any of the cases studied
~see Figs. 1–3!.

III. DISCUSSION

The fact that, at pointH, only the pair-term contributes to
the phonon frequencies can be exploited to obtain some
lytic relationships, within our interaction models, betwe
elastic constants and frequencies. Assuming that the pai
teraction reaches up to second neighbors, the expressio
the frequency at pointH is

MvH
2 5

16

3 SV1912
V18

R1
D , ~5!

whereV18 andV19 are, respectively, the first and second d
rivatives at the first neighbors’ distanceR1. In turn, the con-
tribution to c44 coming from the equilibrium pair term is

Vc44pair5
4

9
~R1

2V192R1V18!, ~6!

V being the atomic volume. The many-body part imposes
extra positive contribution to reach the experimental value
c44. However, shear modulii do not depend on the den
r ~see Ref. 5! and, therefore,c44pair differs from the experi-
mental value only for the ED potential. As for any feasib
functional shapeV19.0 andV18,0, the following inequali-
ties are obtained:

vH
2<

12Vc44 pair
MR1

2 <
12Vc44
MR1

2 . ~7!
e
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A similar relationship is obtained for the frequency of th
T mode atk5(2p/a)(100) ~pointX) for an fcc structure, in
which 12 is replaced by 8. In Table I, quantit
(12Vc44)/(MR1

2vH
2 )21 is reported for the bcc transitio

metals, while the corresponding one is reported for some
transition elements. A negative value means that no EA
can fit bothc44 andvk5(2p/a)(100)

2 ; this is so for V, Nb, Ta,
Au, Pd, and Pt in Table I. In those cases, for the ED pot
tials, the situation is still worse, because the correspond
c44pair is smaller~see Table I!. In turn, a positive value for the
above quantity indicates that a fit employing either EAM
ED may result successful. In the case of Cr, where only
can be fitted to the negative Cauchy pressure, the value
tained in Table I is positive; however, the weight of th
angular term is so large that the first inequality of Eq.~7!
cannot be fulfilled~see Table I!. On the other hand, in Fe, th
relatively small negative value allows a reasonable~although
not exact! fitting when the EAM potential is used.

The softening of theL branches in Mo and Cr has bee
attributed to electron-phonon interactions.19 In our ED poten-
tial model, this softening is a consequence of constrain
the potential to reproduce the experimental elastic const
~and, therefore, the slopes at pointG), which, in the fitting
procedure reduces the value ofc44pair. This, in turn, accord-
ing to Eq. ~7!, lowers the maximum achievable value
vk5(2p/a)(100)
2 . Also, G(Y) increasesvk5(p/a)(100)

2 and,
therefore, the difference with the value atH.

Foiles8 has considered angular terms based on the fo
moment of the electronic density of states similar to Ca
son’s method.6 The author performed phonon calculatio
for Mo and W and found that, by increasing the energe
contribution of those terms, some zone-edge phonon
quencies decreased. He concluded that the fitting of the
perimental phonon frequencies spectra was not improved
his extended method with respect to the EAM.

Calculations with EAM potentials, with pair interaction
ranging up to second neighbors,12,13,22are consistent with our
prediction that the resulting phonon frequencies for Nb,
and Ta, among the bcc transition metals, and for Pt, Pd,
Au, among the fcc ones, are larger than the measured va
We conclude that for some metals, within the EAM, a prop
fit cannot be obtained to both the elastic constants and to
phonon frequencies atH (X for fcc!. This opposes the ex
pectations of Refs. 12 and 13, where it is claimed that,
means of a careful choice of fitting parameters of the EA
functions, the agreement with experimental dispersion cur
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could be improved considerably without spoiling other fi
tings. Actually, one may consider that the restriction in d
ducing Eq.~7! for up to second-neighbor interactions is cau
ing this limitation, however, this does not seem to be
case; in fact calculations with EAM potentials reaching b
yond second neighbors23,24 provide results in the direction
we point for almost all the transition metals considered
Table I.
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