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Nonlinear friction in the periodic stick-slip motion of coupled oscillators

Y. Braiman, F. Family, and H. G. E. Hentschel
Department of Physics, Emory University, Atlanta, Georgia 30322

~Received 23 January 1996; revised manuscript received 16 July 1996!

We suggest that coupling-induced orbit hopping is one possible mechanism for stick-slip dynamics. This
mechanism is dominant in the highly nonlinear regime. Our example is a one-dimensional array of nonlinearly
coupled oscillators subject to a strong periodic potential. The nonlinear dynamics leads to a fundamentally
different friction law, in particular when the driving force is barely larger than the minimal force needed to start
motion. We find a dramatic increase in the friction coefficient of the array compared to that of a single
uncoupled oscillator, even though the same constant forcef is applied to each oscillator in the array. The
sliding friction coefficienth is found to diverge ash } ~k2kc!

21/2, wherekc is the critical value of the
coupling constantk. The coefficienth also grows linearly with the number of elements in the arrayN and
shows dynamical transitions as the external forcef applied to each of the oscillators is increased.
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I. INTRODUCTION

Friction between materials is of fundamental importan
for many applications in pure and applied sciences.1,2 Under-
standing the basic mechanisms occurring at the interfac
two materials brought into close contact is significant fo
wide range of technological applications, from adhesion
wear and lubrication.

The limit of small velocities leads to a special type
dynamics called stick-slip motion, which is of particular i
terest for many applications including friction, lubrication
materials,1,2 earthquake models, and avalanches.3 Recent
experiments,4 as well as theoretical models,5 and studies of
spring-block systems6 indicate that stick-slip motion arise
mainly in situations in which the average velocity of th
system is low. The transition from creep motion to stick-sl4

and sliding motion7 is of interest, especially in small system
such as nanostructures, in motion involving boundary lub
cation, and in other related phenomena. The dynam
mechanisms leading to stick-slip motion are not yet clear
studies of these mechanisms are important in understan
the basic principles of friction at a wide range of leng
scales from atomic8 to macroscopic.3

In this work we concentrate on a possible mechanism
friction where the adsorbate-substrate interaction is str
and consider the contribution of the nonlinearity to stick-s
motion. We study a class of nonlinear systems: a o
dimensional~1D! chain of nearest-neighbor coupled oscill
tors, all subject to a strong nonlinear periodic potential a
all driven by the same external force.

In the studies of friction one possible starting point is t
equation of motion

mẍj1g ẋ52
]U

]xj
2

]V

]xj
1 f j1j j , ~1!

wherexj is the coordinate of thej th oscillator,m is the mass,
g is the linear friction coefficient,f  is the external force, and
jj is the noise. The oscillators are subjected to a perio
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potentialU(xj ) and interact with each other via a pairwis
potentialV(xi2xj ). Equation~1! has a very broad range o
interpretations; it is widely used and, depending on
choice of the parameters and the potentials, describes va
physical systems. This equation has been used to des
the dynamics of an adsorbate system on a surface2 ~the linear
friction coefficient is then related to the noise and the te
perature via the fluctuation-dissipation theorem!. In a macro-
scopic variation Eq.~1! describes the motion of a set ofN
coupled oscillators subject to a periodic potential~the
Frenkel-Kontorova model; this model has been studied
relation to commensurate-incommensurate phase t
sitions9!. An example of Eq.~1! applied to Hamiltonian dy-
namics is given in Ref. 10 and is related to energy transfe
long 1D chains adsorbed on a periodic substrate.

We study a class of models following from Eq.~1! in the
absence of noise, to obtain periodic stick-slip behavior.
have developed a simple formalism to reduce the comple
of these equations and to calculate the velocity and the f
tion coefficient of the elements in the array for a stick-s
motion. This formalism is in good agreement with our n
merical simulations and can be used for both linear and n
linear interparticle potentials. Already in the lowest ord
for which dynamics of the array can be described by
effective single-oscillator equation, our analytical predictio
show very good agreement with the numerical solution.

The sliding friction coefficient strongly depends on th
effective strength of the nonlinear potential~which is mea-
sured as the ratio of the time average of the nonlinear t
]U/]x to the time average of each one of the linear termsg ẋ
or ẍ!. When this nonlinear contribution is high~for low val-
ues of the average velocity! and the dynamics of the singl
oscillator is more influenced by the viscosity term than
the inertia term~effectively overdamped situation!, the fric-
tion coefficientẋav/f diverges as~k2kc!

21/2 and grows lin-
early with the number of particles in arrayN; at high driving
force the friction coefficient is equal to the linear frictio
coefficientg ~the same as for a single uncoupled oscillato!.
5491 © 1997 The American Physical Society
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FIG. 1. Time trace of the ve-
locity ẋ25 and the positionx25 ~the
inset! of the 25th oscillator of an
N550 oscillator array. The othe
parameters aref50.9, g50.7,
b50.01, k50.022, and free-end
boundary conditions have bee
imposed. The initial conditions
are xj (0)5 ẋ j (0)50 for all
j51,...,N21, xN~0!55, and
ẋN~0!50.8.
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Thus the coupling of the elements into an array, in a hig
nonlinear regime, leads to a dramatic increase in the fric
coefficient.

This paper is organized as follows. In Sec. II we pres
the theory valid in the limit of small coupling. In Sec. III w
develop an approximate approach to calculate the nonlin
friction for the intermediate range of couplings. In Sec.
we present the numerical results and compare them with
analytical predictions. A summary is given in Sec. V. F
nally, our theoretical approach is expanded upon in App
dixes A and B.

II. EFFECTIVE SINGLE-OSCILLATOR DYNAMICS

We consider a variation of Eq.~1!, assuming a simple
periodic substrate, zero misfit length, and zero noise. Eq
tion ~1! can then be written in the dimensionless form

ẍ j1g ẋ j1F1~xj !5 f1
k

b
@F2„b~xj112xj !…

2F2„b~xj2xj21!…#, ~2!

where f is the applied force~the same for all oscillators!;
F1(x) represents the periodic potential forc
[F1(x12p)5F1(x)], and ~k/b!@F2„b(x112xj )…# is the
nearest-neighbor interaction force between the oscillators
sumed to be linear at small extensions@F2(x)→x asx→0#;
k is the nearest-neighbor coupling in the array andb is the
nonlinearity parameter~b21 is the range over which the
nearest-neighbor coupling is effectively linear!. We consider
both periodic and free-end boundary conditions.

As a specific example, we will consider Morse interpa
ticle interaction and sinusoidal substrate potential, wh
leads to the equations of motion
y
n

t

ar

ur

-

a-

s-

-
h

ẍ j1g ẋ j1sin xj5 f1
k

b
$exp@2b~xj112x!#

2exp@22b~xj112xj !#%

2
k

b
$exp@2b~xj2xj21!#

2exp@22b~xj2x21!#%. ~3!

As b→0 we obtain the linear version of Eq.~3!,

ẍ j1g ẋ j1sinxj5 f1k~xj1122xj1x21!, ~4!

while ask50, the dynamics of the chain reduces to the d
namics ofN uncoupled nonlinear oscillators,

ẍ j1g ẋ j1sinxj5 f . ~5!

Equation~5! has both a ‘‘stick’’ solutionf2sinxst50 and a
periodic ‘‘slip’’ solution x(t)'vt1c(vt) @where c~vt
12p!5c(vt)#.

In this section we discuss stick-slip dynamics of the ch
when the coupling constant is small~k!1!. We are looking
for a stick-slip motion; consequently, we focus on the fam
of wave-propagating solutions defined by

xj~ t !5x~ t2 j t!1x~ t1 j t!, ~6!

where t is a characteristic time scale for slip to be prop
gated across the array. This kind of dynamics may occur@for
instance, in Eqs.~3! and ~4!# when we initially excite just
one oscillator@xN(0)5x0 and ẋN(0)5 ẋ0#, while all the oth-
ers are initially at rest, i.e.,xj (0)5 ẋ j (0)50, j51,2,3,...,N
21. The excited oscillator initiates a wave propagati
across the array in a ‘‘falling dominos’’ type of motion to
wards the other end of the array, which is then reflec
back, moving in the opposite direction towards the initia
excited oscillator. To demonstrate this stick-slip motion,
present in Fig. 1 the positionx25 and the velocity of the 25th
oscillator for an array ofN550 oscillators interacting via
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FIG. 2. Time trace of the ve-
locity ẋ25 and the positionx25 ~the
inset! of the uncoupled single os
cillator. The other parameters ar
f50.9 andg50.7. The initial con-
ditions arex~0!55 andẋ~0!50.8.
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nonlinear Morse potentials@Eq. ~3!#. The time series~Fig. 1!
clearly indicate the existence of two different types of d
namics: one that is virtually quiescent and the other o
showing a fast 2p jump towards the next potential well. T
contrast the dynamics of the coupled chain with that of
single uncoupled oscillator, we present in Fig. 2 time se
of the positionx and the velocityẋ of the single uncoupled
oscillator ~showing periodic oscillatory motion!.

The stick-slip dynamics of the chain can be understo
based on the following arguments@here we present an ex
ample for the sinusoidal periodic potentialF1(xj )5sinxj #. If
fmin,f,1 ~fmin is the minimal value of the force necessa
to obtain a nonzero average velocity solution!, two distinct
solutions are possible, depending on initial conditions. T
first is the fixed point, defined by sinx5 f . This solution cor-
responds to the static solutionvav50 when all the particles in
the chain are inside their potential wells. The second solu
is the limit cycle, corresponding to a running solutionvav.0,
where the particles hop over the potential maxima. We s
with the initial conditions in which all except one of th
oscillators are stuck in their potential wells and have z
velocities [xj (0)5 ẋ j (0)50], while just one oscillator~the
rightmost oscillatorj5N! is given a finite displacement an
a finite velocity. This right-most oscillator will initiate the
motion of its neighbors in a chainlike dynamics: each os
lator will make a fast 2p l flip corresponding to a jump be
tweenl neighboring potential wells and will then stay quie
cent for a long time interval.

The period of oscillations obeys, in general,

TN5mNt, ~7!

wherem51,2. For periodic boundary conditions we wou
expectm51, thusTN5Nt ; for free-end boundary condi
tions we would expectm52, thusTN52Nt. Therefore, as
the average velocity is defined byv5 ẋav, its value can be
expressed in terms of the periodTN during which the oscil-
lator position changes by 2p l :
-
e

e
s

d

e

n

rt

o

-

v5
2p l

TN
. ~8!

The nonlinear friction coefficienth is then defined as

h5S fv2g D Y g 5
f TN
2p lg

21 ~9!

to emphasize the nonlinear contribution to friction~at a high
driving force we expecth→0!. Note that since the averag
velocity can be expressed in terms of the characteristic t
t as

v5
2p l

mNt
, ~10!

then, provided the characteristic time is independent
boundary conditions, we would expect the average velo
in the presence of free-end boundary conditions to be exa
half the value for periodic boundary conditions.

We find that for given values of the external forcef and
the linear friction coefficientg, there is a critical value for
the coupling constantkc below which the linear wave@de-
fined by Eq.~6!# will not propagate across the array. Here w
will focus on the behavior of the chain in the close vicini
of this critical coupling ask→kc . At k5kc the motion is
localized: at each moment effectively only one oscilla
moves, driven by the force applied from its neighbors. T
force can therefore be approximated to a high degree of
curacy as a constant by assumingxj115x012p and
xj215x0 , wherex05F 1

21( f ), the stable fixed point of the
single uncoupled oscillator~here we have takenl51!. We
note that the localization of motion cannot be obtained if
linear friction coefficientg is small enough, i.e., in under
damped situation where the effect of inertia is strong. On
other hand, the limit of overdamped dynamics~g.1! may
not lead to a stable propagating wave solution described
Eq. ~6!.11 Thus, in what follows, we consider the case
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effectively overdamped array where there exist stable lin
wave solution@Eq. ~6!# and the damping coefficient of eac
single oscillator is high enough to ensure the localization
motion in the vicinity ofk'kc .

12

We have developed13 ann-cluster approximation to solve
the equations@Eq. ~2!#, which can be applicable for the kin
of dynamics described above. The main idea in our appro
is thatn coupled oscillators are treated as being in the pr
ence of a force generated by the remaining quiescent o
lators assumed to take the valuesxright5x012p andxleft5x0
[x05F 1

21( f )], representing a traveling wave movin
through the array from right to left. In the lowest-order a
proximation~n51! we obtain

ẍ1g ẋ1F1~x!5 f1
k

b
@F2„b~x012p2x!…

2F2„b~x2x0!…#. ~11!

The characteristic timet for the excitation to pass betwee
oscillators~a property of the array! can be approximated her
by t 5T, whereT is the time each oscillator moves sep
rately. Therefore,t and consequently the average veloc
can be calculated using Eq.~11! together with the matching
initial conditions

x~0!5F1
21~ f !5x0 , ~12a!

ẋ~0!50. ~12b!

To find T we integrate Eq.~11!. The details of the calcu
lation are presented in Appendix A. The resulting express
is

T5gA 2p

F9~xc ,kc!]F~xc ,kc!/]k
@k2kc~ f ,b!#21/2,

~13!

where

F5 f2F1~x!1
k

b
@F2„b~x012p2x!…2F2„b~x2x0!…#

~14!

andxc andkc are the critical values of the displacement a
the coupling determined by the instability of the fixed po
solution @see Appendix A, Eq.~A8!#. Equation~13! can be
used to calculate the average velocityv @Eq. ~8!# and the
average nonlinear friction coefficienth @Eq. ~9!# for a variety
of nonlinear potentials and nearest-neighbor couplings.

For example, for linear coupling and a sinusoidal perio
potential to a good approximation, ask→kc this time period
is14

T'gA p

p2cos21f
~k2kc!

21/2, ~15!

where kc'(12 f )/2p1O„~12f !2…. Equations ~10! and
~15! lead to the following expression for the velocity of th
chain:

v5
2p l

mNg
Ap2cos21f

p
~k2kc!

1/2, ~16!
ar

f
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and, in the leading order, the average velocity scales
~k2kc!

1/2. Consequently, the nonlinear friction coefficienth
diverges as~k2kc!

21/2 and is given by the expression

h5
mNf

2p l
A p

p2cos21f
~k2kc!

21/221. ~17!

Next consider the nonlinear Morse interaction poten
and the sinusoidal substrate@Eq. ~3!#. In this case
F1(x)5sinx and F2(x)5exp~2x!2exp~22x!, and using
Eqs.~13! and ~14! we can find an expression for the perio
of the oscillations. We need to calculateF9(xc ,kc) and
]F(xc ,kc!/]k for the Morse potential and these are given
Eqs.~A26! of Appendix A.

The main effect of the nonlinearity in the interactionb is
to shift the critical value ofkc~b! upward@the lowest-order
correction is given by Eq.~A30! for the Morse potential# and
in consequence for very smallb ~2pb!1!, t~b! increases
with b ast~b!'t l(11Ab); hereA is a constant andtl is the
value oft derived for the linear interparticle interaction@Eq.
~15!#. As b increases further, it will approach a critical valu
bc given by the implicit equationkc(bc)5k at which this
time scale diverges. The most singular contribution of
nonlinearityb to the scale separation periodt, in the vicinity
of bc , is then given by@see Eq.~A36!#

t~b!'t~bc!@~bc2b!/bc#
21/2, ~18!

wheret~bc! is a constant andbc is the value ofb at which
the period diverges. Because of the close relationship
tween the period and the nonlinear frictionh we also find
that, asb→bc , its most singular term may be expected
diverge as

h~b!'h~bc!@~bc2b!/bc#
21/2. ~19!

Equations~17! and ~19! indicate a dramatic increase i
the friction coefficient of an array compared to the frictio
coefficient of a single uncoupled oscillator, even though
same constant force is applied to each oscillator in the ar
Also note that~ask→kc! the friction coefficient is propor-
tional to the size of the chainh } N.

By manipulating initial conditions, different solutions ar
obtained. In particular, we have found a family of solutio
corresponding to harmonic and subharmonic ratios of
minimal velocityv0 @Eq. ~8!, l51#, v5(k/m)v0 . Figure 3~a!
demonstrates the situation where the average velocit
twice the minimal average velocityv0. Figure 3~b! shows the
case when the average velocity is three times the mini
average velocityv0.

The formalism developed in this section is strictly val
only for k→kc , though the agreement between the numeri
simulations and the theoretical predictions extends for val
of k far beyond the value ofkc . In the next section we
present the analysis for the situation wherek @kc .

III. ANALYTICAL RESULTS:
INTERMEDIATE-COUPLING RANGE

In this section we study the dynamics of the linear ch
in the range of intermediate couplingk@kc . In contrast to
the limit of k'kc where at any given time only one oscillato
moves and there exists localization of motion in time, he
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FIG. 3. Time trace of the ve-
locity ẋ25 and the positionx25 ~the
inset! of the 25th oscillator of an
N550 oscillator array. The othe
parameters aref50.9, g50.7,
b50.01, k50.022, and free-end
boundary conditions. The initia
conditions are xj (0)5 ẋ j (0)50
for all j51,...,N22, xN(0)
5xN21(0)55, and ẋN(0)
5 ẋN21(0)50.8. ~b! Same as~a!,
but with xN22~0!55 and
ẋN22~0!50.8.
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we study the case when the motion is not localized, a
therefore a large cluster of oscillators moves at the sa
time. This type of dynamics occurs atk'O~1!. The strength
of coupling introduces very important effects into the d
namics of the chain. When the coupling is strong enough,
‘‘barrier crossing’’ time of a single oscillatorT[2p/v is
compatible with the period of motion of the whole arrayTN
and the separation timet @see Eq.~6!# is much less thanT
~t ! T!. In contrast, for the case of weak couplingTN'TN
and t 'T, for the intermediate-coupling case we ha
T,TN,TN and t , T. An example of the time series fo
the position and the velocity of the 25th oscillator in an arr
of N550 oscillators is shown in Fig. 4.

Our starting point is to combine Eqs.~4! and~6! to derive
the effective single-oscillator equation
d
e

e

y

ẍ j1g ẋ j1sinxj5 f12k~coshtd/dt21!xj . ~20!

In deriving Eq. ~20! we used the identity x(t6t)
5e6td/dtx(t). We use our knowledge of the dynamics
seek an approximate form for the solution. For times~0,t
,T[2p/v! during which the running solution exists we a
proximate the motion of the oscillator by the ansatz

x~ t !5A1vt1 (
k51

`

Bk sin~kvt1bk!. ~21!

For the rest of the time (2p/v,t,TN[2p/v)
x(t)5sin21f ~v is the average velocity of the chain!. Note
that Eq.~21! represents the expansion ofx(t)5vt1j(vt),
where j(x)5j(x12p) is a periodic function in a Fourie
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FIG. 4. Time trace of the ve-
locity ẋ25 and the positionx25 ~the
inset! of the 25th oscillator of an
N550 oscillator array. The othe
parameters aref50.9, g50.7,
b50.01, k50.9, and free-end
boundary conditions. The initia
conditions are xj (0)5 ẋ j (0)50
for all j51,...,N21, xN~0!55,
and ẋN~0!50.8.
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series. In the equations of motion@Eq. ~4!# every single os-
cillator j is influenced by its nearest neighborsj11 andj21.
Since for times 0,t,2p/v the oscillatorsj , j11, and j21
all move, we substitute the ansatz~21! into Eq. ~20! ~to de-
scribe the dynamics of the oscillatorj !, which leads to the
expression

2v2(
k51

`

k2Bksin~kvt1bk!1gv(
k51

`

kBkcos~kvt1bk!

1sinF ~A2b1!1~vt1b1!1 (
k51

`

Bksin~kvt1bk!G
5 f2gv24k(

k51

`

Bksin~kvt1bk!sin
2

p lvk

mNv
. ~22!

Let us rewrite Eq.~22! in the form

2v2(
k51

`

k2Bksin~kvt1bk!1gv(
k51

`

kBkcos~kvt1bk!

1 (
k50

`

gk~A,$B%,$b%!Bkcos~kvt1bk!

1 (
k51

`

f k~A,$B%,$b%!Bksin~kvt1bk!

5 f2gv24k(
k51

`

Bksin~kvt1bk!sin
2

p lvk

mNv
. ~23!

The functionsf k and gk depend, in general, onA and the
complete set of amplitudes$B% and phases$b%, which appear
in the form of Bessel functionsJn(Bi) and in the cross term
of the formJn(Bi)Jm(Bj ). Equation~23! can be now written
as a set of equations

g0~A,$B%,$b%!5 f2gv, ~24a!
kgv1gk~A,$B%,$b%!50, ~24b!

2k2v21 f k~A,$B%,$b%!524k sin2
p lvk

mNv
. ~24c!

Though Eqs.~24! are intractable without severe truncatio
some general features can be gleaned from their structur
the limit of weak coupling a perturbative solution appears
exist in which the amplitudesA,$B% and the phases$b% can
be solved for in thek50 limit and then substituted into th
equations for the velocityv. Thus, for small enoughk the
main features of the dynamics of the barrier crossing at tim
0,t,2p/v do not depend strongly on the parameters of
chainN andk @this ansatz had been successfully tested
merically for k'O~1! as well#; if p lvk/mNv is small
enough that the approximation sinx'x is reasonable, the av
erage velocity is given by

v'
Ak

N
G~ f ,g!. ~25!

The conditionp lvk/mNv,1 occurs in situations where
many oscillators move at the same time~opposite to the situ-
ation neark'kc , where only one oscillator moves at a give
time!, thus the barrier crossing time of one oscillat
T52p/v is compatible with the period of the whole arra
TN . We performed numerical tests to verify this conditio
and found that the approximation sinx'x is fair for such
dynamics. We also tested numerically the expression@Eq.
~25!# in the range of 1,k,3 for N525 oscillator array and
found that the average velocityv}k0.48, which is in good
agreement with the prediction of Eq.~25!.

To test the predictions of Eq.~25!, we performed an
analysis using just the first harmonic in the expansion of E
~24! expressing the position of the oscillator during the p
riod 0,t,T[2p/v as

x~ t !5A1vt1B sin~vt1b!, ~26!
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FIG. 5. Time-averaged mini-
mal velocities of the oscillatorsv0
as a function of ~k2kc!

1/2 for
N525 and three different value
of b50.01,0.1,0.2 ~from top to
bottom!. The squares~b50.01!,
crosses~b50.1!, and triangles~b
50.2! denote numerically calcu-
lated values of the average veloc
ity, while the lines are to guide the
eye. The other parameters are th
same as in Fig. 1 andk50.05. The
initial conditions are xN~0!55,
ẋN~0!50.8, andxj (0)5 ẋ j (0)50
for all j51,...,N21.
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wherev is the characteristic overturning frequency of ea
single oscillator. During the rest of the perio
T[2p/v,t,TN ~which forms a stick phase!, x5sin21f .
The details of the calculations are presented in Appendix
Here we present the main expression

F~ f ,g![
V2~ f !

g2 1G~ f !54k sin2
p lV~ f !

gmNv
, ~27!

where the functionsV( f ),G( f ) are given by Eqs.~B11!
and ~B13!.

For small enoughp lV/gmNv one can approximate Eq
~27! as

AF~ f ,g!'2p lAk
V~ f !

gmNv
, ~28!

and the average velocity is then given in this limit by

v'
2p lAk

mN

V~ f !

gAF~ f ,g!
. ~29!

A comparison of Eqs. ~29! and ~15! suggests tha
V( f )/gAF( f ,g)→A(p2cos21f )/p as f→1.

Specifically it is clear from Eq.~29! that for the range of
intermediate values of the coupling constant and for the fo
ing f,1 ~where the dynamics of the array cannot be d
scribed by continuum limit of sine-Gordon equation15! the
average velocity is proportional to the square root of
couplingv}Ak, which is in good agreement with our simu
lations. The actual values of the average velocity~obtained
from our numerical simulations for intermediate values
the couplingk and for the other parameter values as in F
5! are higher by 20–30 % from the predicted values@Eq.
~29!#. This discrepancy is~mainly! due to the simplified de-
scription of the position@Eq. ~26!# keeping only the first
.

-
-

e

f
.

harmonic in the expansion@Eq. ~21!#. It is also clear@from
the structure of Eq.~27!# that there is a minimum value ofk
for which a solution exists,

kc5
F~ f ,g!

4
, ~30!

and the comparison of this result with the values ofkc esti-
mated in Sec. II suggests thatF( f ,g)→2(12 f )/p as f→1.

IV. NUMERICAL RESULTS

We solved Eq.~3! numerically using arrays containin
N518, 25, 35, 42, and 50 oscillators. The external force w
set to f50.9 and the dissipationg50.7; the coupling con-
stantk varied from 0 to 1, while the nonlinearity parameterb
went from 0.01 to 0.25. Simulations were carried out f
both periodic and free-end boundary conditions.

In Fig. 5 we have plotted the average velocity of the o
cillators as a function of the coupling constant~k2kc!

1/2 for
N525 andb50.01,0.1,0.2; we were using the same sing
oscillator parametersf50.9 andg50.7, and free-end initial
conditions were imposed.„The numerically calculated aver
age velocities for periodic boundary conditions are roug
twice as large as those for free-end initial conditions, as p
dicted by analytical considerations@Eq. ~16!#.… The initial
conditions were chosen in the following way:xN55 and
ẋN50.8; the other oscillators were set initially wit
xj5 ẋ j50.

The solid lines in Fig. 5 are to guide the eye, while t
points show the numerical values. The values ofk have been
varied between 0 and 0.4, andkc was estimated from the
numerical simulations. All curves show the~k2kc!

1/2 behav-
ior; the larger slopes correspond to smaller-b values. This
behavior agrees with our prediction that the effect of t
nonlinearity in the interactionb is to increasekc and, conse-
quently, to decrease the average velocity of motion~for a
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FIG. 6. Time-averaged mini-
mal velocity of the oscillators as a
function of the nonlinearity pa-
rameterb for anN525 oscillators
array. The crosses~top curve! are
the numerically calculated value
for k50.2, while the squares~bot-
tom curve! correspond tok50.1;
the lines are to guide the eye. Th
other parameters aref50.9 and
g50.7.
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given value of the couplingk!. We found that in a very
narrow range ofk there exists an in-phase solution of th
array ~not shown in Fig. 5!, resulting in a high average ve
locity of a chain~equal to the average velocity of uncouple
oscillator!. This resonance is also predicted by the equat
for a single oscillator@Eq. ~A2!#. The in-phase solution the
disappears, leading to stick-slip motion of the oscillators.

Figure 6 shows the numerically calculated minimal va
of the average velocityv0 as a function of the nonlinearity
parameterb, whenb varies from 0 tobc . In the vicinity of
bc @Eq. ~19!# the slope is approximately12, while for smallb
[v0(b)'v l(12Ab)], A is a constant.

Figure 7 shows the nonlinear friction coefficienth of the
n

array as a function of applied forcef for k50.1 andb50.01
and 0.05@compare to Eq.~19!#. Each point on the curve wa
calculated using the same set of initial conditions for ea
value of the external forcef ~see Fig. 1!. The curve shows
the presence of two dynamical transitions atf c1 and f c2 and
its resulting effect on the average value of the sliding fr
tion. If the external force is lowfmin,f, f c1, the dynamics
of an array shows stick-slip motion. As we increase t
force, the array undergoes a dynamical transition atf c1 to a
different kind of dynamics, valid for forcing in the rang
f c1, f, f c2, where the oscillators form two separate cluste
consisting of alternate oscillators, the oscillators in each c
ter being almost in phase, but out of phase with the osci
.
e

s

FIG. 7. Friction coefficient
h5~f /v02g!/g as a function of
the applied forcef for an N525
oscillator array. The triangles~top
curve! correspond to b50.05,
while the squares~bottom curve!
correspond tob50.01 and free-
end boundary conditions. The
lines plotted are to guide the eye
The other parameters are the sam
as in Fig. 1 andk50.05. The inset
shows the small region of the
same plot to mark the difference
between these two curves.
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FIG. 8. Minimal velocityv0 as
a function of the applied forcef
for an N525 oscillator arrays.
The squares~top curve! corre-
spond tob50.01, while the tri-
angles~bottom curve! correspond
to b50.05 and free-end boundar
conditions. The lines plotted are t
guide the eye. The other param
eters are the same as in Fig. 1 an
k50.05. The inset shows the
small region of the same plot to
mark the differences betwee
these two curves.
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tors forming the other cluster. Finally, for even larger ext
nal forces f. f c2, the dynamics is the stable ‘‘in-phase
solution and all the oscillators move together. Figure
shows the minimal average velocityv0 as a function of the
applied force.

V. SUMMARY

We have studied the periodic stick-slip dynamics in
class of nearest-neighbor interacting discrete chains
coupled nonlinear oscillators subject to a periodic potent
We identified the mechanism of stick-slip motion, which
related to the periodic transition from a stick dynamics ch
acterized by the stable fixed point of the single uncoup
oscillator ~in which each particle forming the chain is stuc
in its potential well! to slip motion corresponding to the lim
cycle of the oscillator due to its motion over the period
potential. The nonlinear dynamics leads to a fundament
different friction law, in particular when the driving force i
barely larger than the minimal force needed to start moti
The friction coefficient grows with the number of elementsN
in the array and for effectively overdamped dynamics sca
as ~k2kc!

21/2. Similarly, the average velocity, as calculate
from Eq. ~16!, exhibits the~k2kc!

1/2 dependence. The non
linearity in interaction provides an additional source for t
increase in friction coefficient; in the vicinity ofbc ,
h}h l [(bc2b)/bc]

21/2. Our predictions are in excellen
agreement with the numerically calculated values.
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APPENDIX A

In this section we derive the expressions for the period
the oscillationsT. Our starting point is

ẍ j1g ẋ j1F1~xj !5 f1
k

b
@F2„b~xj112xj !…

2F2„b~xj2xj21!…#, ~A1!

where F1(x12p)5F1(2p) and F2(x)→x as x→0. The
next step is to decouple these equations~in the limit of very
small coupling k!, so that xj5x, xj115x012p, and
xj215x0 ; here x05F 1

21( f ), the fixed point of the un-
coupled oscillator. Thus Eq.~A1! can be written as

ẍ1g ẋ1F1~x!5 f1
k

b
@F2„b~x012p2x!…

2F2„b~x2x0!…#. ~A2!

Let us rewrite Eq.~A2! in the form

ẋ5y, ẏ52gy1F~x, f ,b,k!, ~A3!

where

F5 f2F1~x!1
k

b
@F2„b~x012p2x!…2F2„b~x2x0!…#.

~A4!

The fixed point~x5xc , y50!, wherexc is given by the im-
plicit equationF(xc , f ,b,k)50, becomes unstable when th
eigenvaluesl of the linearized equation

d ẋ5y,

ẏ52gy1F8dx, ~A5!

whereF85]F(xc , f ,b,k)/]xc becomes positive~l.0!.
The equation forl is
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l21gl2F850, ~A6!

which can be solved to give

l5
2g6Ag214F8

2
. ~A7!

Thus, forF8,0 we get an attractor, while forF8.0, a saddle
point occurs. A traveling wave can thus propagate throu
the array whenk.kc given by

F~xc , f ,b,kc!50, F8~xc , f ,b,kc!50. ~A8!

As k→kc , we may expandF aboutxc andkc and repre-
sent it by the universal form

F~x, f ,b,k!5
1

2
F9~x2xc!

21
]F

]k
~k2kc!, ~A9!

which will control the dynamics. Neglecting the inertial ter
ẍ compared to the dissipative contributiong ẋ as k→kc ,
which we justifya posterioribecause

ẍ

g ẋ
'

T

T2g
'

1

gT
;

~k2kc!
1/2

g
, ~A10!

we can findT from the equation

g ẋ5F~x, f ,b,k! ~A11!

or

E dx

F
5E dt

g
5
T

g
5E dx exp~2 lnF !, ~A12!

which we can integrate using saddle-point integration ab
xc . In this region,

ln~F !' lnF~xc!1
F8

F
~x2xc!1

FF92F82

2F2 ~x2xc!
2,

~A13!

but asF8(xc)50 we find

ln~F !' lnF~xc!1
F9~xc!

2F~xc!
~x2xc!

2. ~A14!

Thus, fork close tokc we obtain

T

g
'F21~xc ,kc!E

2`

`

exp2S F9~xc!

2F~xc!
~x2xc!

2Ddx
~A15!

or

T

g
'F21A2pF

F9
5A2p/FF9, ~A16!

and, finally,

T5gA 2p

F9~xc ,kc!]F~xc ,kc!/]k
@k2kc~ f ,b!#21/2.

~A17!

Now we can apply the results to specific examples. O
first example is the linear chain subject to a sinusoidal p
h

ut

r
i-

odic potential; thus F1(x)5sinx and F5 f2sinx
12k(p1x02x), where sinx05 f . Thus kc( f ) and xc( f )
can be found from

F5 f2sin~xc!12k~x01p2xc!50.

]F

]x
52cosxc22kc50. ~A18!

Also, since

F9~xc ,kc!5sin~xc!,

]F~xc ,kc!

]k
52~p1x02xc!, ~A19!

we find

T5gA p

sinxc~p1x02xc!
@k2kc~ f ,b!#21/2, ~A20!

where x05sin21( f ) and cosxc522kc . We can therefore
rewrite Eq.~A20!, using sinxc5A124kc

2, as

xc5
p

2
1sin21~2kc!; ~A21!

thus

T5gA p

A124kc
2@p2cos21~ f !2sin21~2kc!#

3~k2kc!
21/2; ~A22!

For kc!1, Eq. ~A22! simplifies to

T5gA p

p2cos21~ f !
~k2kc!

21/2. ~A23!

Our next example is a Morse interaction for whic
F2(x)5exp~2x!2exp~22x!. In this case

F5 f2sinx1
k

b
$exp@2b~x012p2x!#

2exp@22b~x012p2x!#%2
k

b
$exp@2b~x2x0!#

2exp@22b~x2x0!#%. ~A24!

Thuskc( f ,b) andxc( f ,b) can be found from

F5 f2sinxc1
k

b
$exp@2b~x012p2xc!#

2exp@22b~x012p2xc!#%2
k

b
$exp@2b~xc2x0!#

2exp@22b~xc2x0!#%50, ~A25!
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]F

]x
52cos~xc!2k$exp@2b~x012p2xc!#

2exp@22b~x012p2xc!#%1k$exp@2b~xc2x0!#

2exp@22b~xc2x0!#%50,

and then the period is given by Eq.~A17! with

F9~xc ,kc!5sinxc1kb$exp@2b~x012p2xc!#

24 exp@22b~x012p2xc!#%

2
k

b
$exp@2b~xc2x0!#

24 exp@22b~xc2x0!#%,
~A26!

]F~xc ,kc!/]k51/b$exp@2b~x012p2xc!#

2exp@22b~x012p2xc!#%

21/b$exp@2b~xc2x0!#

2exp@22b~xc2x0!#%.

Because of the complexity of these expressions it is us
to solve forb!1 by introducing a perturbation solution fo
F(xc , f ,b,kc)50 and]F(xc , f ,b,kc)/]x50,

F5Fl1F1b1••• ,

xc5xl1x1b1••• ~A27!

kc5k l1k1b1••• ,

where xl and kl are the solutions of the linear arra
Fl(xl , f ,k l)50 and]Fl(xl , f ,k l)/]x50. Fork1 we then find
the expression

k152F1~xl , f ,k l !Y ]Fl~xl , f ,k1!

]k
. ~A28!

Now, in general, we may write

F152F29~0!
k l

2
@~x012p2xl !

22~xl2x0!
2#,

~A29!
]Fl

]k
52~p1x02xl !;

therefore, for the Morse potential

k15
3k l

4

@~x012p2xl !
22~xl2x0!

2#

~p1x02xl !
2 ~A30!

and consequentlykc increases withh. In a similar manner it
is possible to calculatex1 as

x152@F18~xl , f ,k l !1]Fl /]k]xk1#/F
l9~xl , f ,k l !

~A31!

or, in general,

x152k l@F29~0!/F19~xl !#F2p2
~x012p2xl !

22~xl2x0!
2

2~p1x02xl !
G .

~A32!
ul

These results can be used to calculate the shifts inF9 and
]F/]k required to calculate the effect of the nonlinearity
the periodT. We find

F95Fl91F19b1••• ,

]F/]k5]Fl /]k1]F1/]kb1••• , ~A33!

where

F1952k l@F29~0!F1-~xl !/F19~xl !#

3F2p2
@~x012p2xl !

22~xl2x0!
2#

2~p1x02xl !
G ,

]F1

]k
522k l S F29~0!

F19~xl !
D F2p2

@~x012p2xl !
22~xl2x0!

2#

2~p1x02xl !

1
F29~0!

2 G @~x012p2xl !
22~xl2x0!

2#. ~A34!

These results allow us to calculate the effect of a we
nonlinearity on the dynamics. As the nonlinearity parame
b is increased further, the period retains its@k2kc~b!#21/2

dependence onk. Thus writingT(b)5A(b)[k2kc(b)]
21/2

and v(b)5B(b)[k2kc(b)]
1/2, we can see that a critica

value ofb5bc~k! occurs given by the implicit equation

kc~bc!5k, ~A35!

where the period diverges and the average velocity tend
zero. Forb close tobc , we may use the Taylor-series expa
sionkc(b)'k2k8(bc2b); consequently,

T~b!'T~b5bc!@~bc2b!/bc#
21/2,

~A36!
v~b!'v~b5bc!@~bc2b!/bc#

1/2.

Equation~A36! is only valid asb→bc , but numerically this
functional form appears to fit the data reasonably well all
way fromb50 to bc .

APPENDIX B

To test the predictions of Eq.~24!, we performed an
analysis using just the first harmonic in the expansion of
~23!, expressing the position of the oscillator during the p
riod 0,t,2p/v as

x~ t !5A1vt1B sin~vt1b!, ~B1!

wherev is the characteristic overturning frequency of ea
single oscillator. During the rest of the period 2p/v,t,T
~which forms a stick phase!, x5sin21f . Substituting Eq.~B1!
into Eq. ~4! and using the matching initial conditions@Eq.
~12!# yields

2Bv2sin~vt1b!1gv1Bgv cos~vt1b!

1sin@A1vt1B sin~vt1b!#

5 f24kB sin2
p lv

mNv
sin~vt1b!. ~B2!
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Equation~B2! is only valid to order sin~vt1b! and cos~vt
1b!, consistent with the ansatz Eq.~B1! @to find higher-
order terms we would need to keep higher-order terms in
~B1!#. We therefore expand sin@A1vt1B sin~vt1b!# in
Eq. ~B2! in Bessel functions, using only the zeroth-, firs
and second-order Bessel functions to achieve harmonic
ance

sin@A1vt1B sin~vt1b!#.2J1~B!sin~A2b!

1@J0~B!2J2~B!#cos~A2b!

3sin~vt1b!

1@J0~B!1J2~B!#

3sin~A2b!cos~vt1b!

1••• . ~B3!

Collecting terms showing the same time dependence re
in three equations

2Bv21@J0~B!2J2~B!#cos~A2b!524kB sin2
p lv

mNv
,

~B4a!

gv2J1~B!sin~A2b!5 f , ~B4b!

gvB1@J0~B!1J2~B!#sin~A2b!50. ~B4c!

The matching of the quiescent and running solutions is d
by using initial conditions@Eqs.~12!#

x~0!5x05sin21f5A1B sinb, ~B5a!

ẋ~0!505v1Bv cosb. ~B5b!

Equations~B4! and ~B5! form a set of five equations fo
five variables:A, B, b, v, andv. Substitution of Eq.~B4c!
into Eq. ~B4b! leads to

v5
f /g

11BJ1~B!/@J0~B!1J2~B!#
. ~B6!

Since J0(x)5J0(2x), J2(x)5J2(2x), and J1(x)
52J1(2x), there exist two trivially related solutionsB5
6uBu for each value ofv. As vÞ0, Eq. ~B5b! implies that
B521/cosb and thusuBu.1. For each value of cosb561/
uBu, there exist two values of sinb56AuB2u21/uBu for a
total of four trivially related solutions depending on th
quadrant in whichb lies. In the following we shall assum
that 0,b,p/2 lies in the first quadrant and consequen
B52uBu,21. Thus

b5sin21@AuBu221/uBu#, ~B7a!

A5AuBu2211x0 , ~B7b!

where Eqs.~B7! follow from Eq. ~B5a!. In principle, in ad-
dition to the four solutions discussed here, there exist
possibilities forx05sin21f , one lying in the first quadran
and the other in the second. For the uncoupled oscillator o
the first quadrant solution cosx0.0 is stable. We assume tha
this remains true for the coupled array in the presence
q.

al-

lts

e

o

ly

of

weak and intermediate coupling. Indeed, numerical simu
tions confirm this assumption. Thus we can write

sin~A2b!5
1

uBu @~A12 f 21 fAuBu221!sinAuBu221

1~ f2A12 f 2AuBu221!cosAuBu221#,

~B8a!

cos~A2b!5
1

uBu @~A12 f 2AuBu2212 f !sinAuBu221

1~A12 f 21 fAuBu221!cosAuBu221#.

~B8b!

We solve Eqs.~B4! and ~B5! in a sequential manner. Firs
eliminate the unknown angular frequency from Eqs.~B4b!
and ~B4c! and use Eq.~B7a! to derive an implicit equation
for uB( f )u,

f5@~A12 f 21 fAuBu221!sinAuBu221

1~ f2A12 f 2AuBu221!cosAuBu221#

3FJ1~ uBu!
uBu

1
J0~ uBu!1J2~ uBu!

uBu2 G . ~B9!

Equation~B9! can be solved numerically to yielduB( f )u, a
monotonically decreasing function off for f. f c'0.35 with
the finite limit uB( f )u→1.523 . . . asf→1.0. At low values
of the driving force multiple solutions of Eqs.~B8! appear
~which may be unstable!. Using uB( f )u, the variablesb( f )
andA( f ) can also be found from Eqs.~B7!. These variables
describe the shape of the running solution and depend
on the driving forcef .

The angular frequencyv~f ,g! is only a function of the
force f and the damping coefficientg ; from Eq. ~B6! and
uB( f )u we can write

v~ f ,g!5
V~ f !

g
, ~B10!

where

V~ f !5
f

11uBuJ1~ uBu!/@J0~ uBu!1J2~ uBu!#
5

f

11B2/2
~B11!

is a monotonically increasing function of the driving forcef .
Having found an explicit expression forv~f ,g!, we are now
in a position to use Eq.~B4a! to find the average velocityv
from

V2~ f !

g2 1G~ f !54k sin2
p lV~ f !

gmNv
, ~B12!

where

G~ f !5
1

uB~ f !u $J0@ uB~ f !u#2J2@ uB~ f !u#%

3cos@A~ f !2b~ f !#. ~B13!

We now can use expressions~B11! and~B13! to estimate
the validity of the replacement sin(p lV/gmNv)'p lV/
gmNv. From Eq. ~B11!, V( f ) has an upper bound o



-
-

d

55 5503NONLINEAR FRICTION IN THE PERIODIC STICK- . . .
FIG. 9. Time-averaged mini-
mal velocities ofN525 oscillators
v0 as a function ofAk for the case
of linear coupling. The upper
curve denotes numerically calcu
lated values of the average veloc
ity, the bottom dotted line shows
the theoretical curve@Eq. ~B12!#
and the points show the linearize
expression sinx'x obtained from
Eq. ~B12!. The other parameters
are f50.9 andg50.7. The initial
conditions are xN~0!55,
ẋN~0!50.8, andxj (0)5 ẋ j (0)50
for all j51,...,N21.
s
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1/@11B~1!2/2#50.463. From the Eq.~B13!, G( f ) is
bounded by 1/B~1!50.66@in fact, our numerical calculation
show thatG( f ),0.1 for 0.5,f,1#. Thus, forg50.7,F( f )
is bounded by 1.1, soAF/4k<A1/4k; therefore, for ex-
ample, fork51, p lV/gmNv'0.5. Thus our estimate is rea
sonable fork>1. We observe numerically that the lineariz
tion is a fair approximation for Eq.~B12! for a broader range
of the couplingk.0.1 ~for the parameter values considered!.
re

ng

B

oli
.

We show in Fig. 9 the minimal values of the average velo
ity calculated numerically~upper curve! compared with the
average velocity derived from Eq.~B12! ~dotted line!; the
points show the linearized version of Eq.~B12!. Both curves
fit the Ak dependence on the coupling constant well; t
predicted values of the average velocityv for a given param-
eter range are about 20% lower than the actual numer
values.
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