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Self-consistent scattering description of transport in normal-superconductor structures

J. Sánchez-Canĩzares and F. Sols
Departamento de Fı´sica Teo´rica de la Materia Condensada, C-V, and Instituto Universitario de Ciencia de Materiales

‘‘Nicolás Cabrera,’’ Universidad Auto´noma de Madrid, E-28049 Madrid, Spain
~Received 31 July 1996!

We present a scattering description of transport in several normal-superconductor structures. We show that
the related requirements of self-consistency and current conservation introduce qualitative changes in the
transport behavior when the current in the superconductor is not negligible. The energy thresholds for quasi-
particle propagation in the superconductor are sensitive to the existence of condensate flow (vsÞ0). This
dependence is responsible for a rich variety of transport regimes, including a voltage range in which only
Andreev transmission is possible at the interfaces, and a state of gapless superconductivity which may survive
up to high voltages if temperature is low. The two main effects of current conservation are a shift towards
lower voltages of the first peak in the differential conductance and an enhancement of current caused by the
greater availability of charge transmitting scattering channels.@S0163-1829~97!05002-9#
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I. INTRODUCTION

During the last few years, quantum transport in superc
ductor structures has been the object of renewed atten
Interest in this topic has grown as an extension of the
search on electron transport in normal mesoscopic syste
A considerable amount of theoretical and experimental w
has been devoted to coherent transport of quasiparticle
small structures containing normal and supercondu
elements,1 with the characteristic presence of phase-cohe
Andreev reflection.2,3 Theoretical studies of superconductin
transport in inhomogenous structures based on a quasip
cle scattering picture are conventionally performed with
the framework of the Bogoliubov–de Gennes~BdG!
equations:4

FH0 D

D* 2H0*
GFunvnG5«nFunvnG , ~1!

where@un ,vn# and«n are the wave function and energy
quasiparticlen. In principle, the BdG equations must b
solved in a self-consistent manner, so that the gap func
D(r ) is required to satisfy the condition

D5g(
n

unvn* ~122 f n!, ~2!

g being the electron-phonon coupling constant. The imp
mentation of the self-consistency condition~2! has often
been neglected in the literature on superconducting trans
and this omission has not always been entirely or explic
justified. The role of self-consistency in theoretical descr
tions of superconducting transport has attracted some a
tion recently. Most importantly, it has been shown that c
rent conservation is generally guaranteed only within a s
consistent scheme.5–8 This result may be viewed as
particular case of a more general theorem in quantum st
tical mechanics stating that conserving approximations m
satisfy the mean-field equations.9
550163-1829/97/55~1!/531~13!/$10.00
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In a transport context, the requirement of current cons
vation can be satisfied only if the condensate carries a fi
amount of current,10 for which a nonzero phase gradient
needed:¹wÞ0, with D[uDueiw. In the asymptotic region
the superfluid velocityvs[\¹w/2m acquires a uniform
value, so that the gap behaves as

D~r !5uDue2iqx, ~3!

whereq[mvs /\ is half the Cooper pair momentum andx is
the longitudinal coordinate in the lead. The occurrence o
nonzeroq in the case of equilibrium superconducting flow
a basic result that has been known for a long time,4,11,12and
a related study has been recently undertaken by Bagwell6 In
Refs. 4,6,11,12, the quasiparticles, whose dispersion rela
is modified by a finiteq,4 are assumed to be in equilibrium
among themselves and with respect to the lattice at rest. W
this assumption, the standard Ginzburg-Landau~GL! theory
is derived from the microscopic BdG equations for syste
with a nonzero currentj5(e\/m)ucu2¹w, wherec is the
~small! order parameter. The inclusion of a nonzeroq is
essential to describe the crossover from the Josephson e
between two weakly coupled superconductors to bulk flow
a single perfect superconductor.7 The mismatch between
moving condensate and a population of quasiparticles
equilibrium with the solid at rest is responsible for the fa
suppression of superconductivity as the superfluid velo
reaches the depairing valuevd[D0 /\kF (D0 is the zero
temperature, zero current gap andkF is the Fermi wave vec-
tor!. In a more general transport context, quasiparticles m
not be in equilibrium with the condensate nor among the
selves. Following the work by Blonder, Tinkham, and Kla
wijk ~BTK!,13,14 a number of papers have dealt with scatt
ing descriptions of transport at finite bias in hybrid norm
superconductor~NS! structures. However, work on nonlinea
transport through NS interfaces has generally not inclu
the effect of moving Cooper pairs. The purpose of this arti
is to analyzethe combined effect of a nonzero superflu
velocity and a nonequilibrium population of quasiparticle.
Traditional work on nonequilibrium superconductivity15 has
531 © 1997 The American Physical Society
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532 55J. SÁNCHEZ-CAÑIZARES AND F. SOLS
indeed contemplated the combination of finite superfluid
locities and electric fields. However, such studies have b
usually limited to the GL regime and to semiclassical d
scriptions of quasiparticle transport. Here we attempt
present a microscopic study based on the self-consis
resolution of the BdG equations. Because it relies on
quasiparticle scattering picture, this approach is similar
spirit to that of recent works on mesoscop
superconductivity,16–18where the concepts of normal mes
scopic transport19,20 have been extended to include the pre
ence of superconducting elements.1

A scattering description of transport in a realistic N
structure with an exact implementation of self-consistenc
in general a demanding numerical task. In order both
lighten the required numerical work~and thus increase th
scope of our study! and to isolate the essential physical fac
we have introduced several simplifying assumptions:~i! the
gap amplitudeuDu is assumed to be stepwise uniform;~ii ! the
self-consistency condition~2! is implemented asymptotically
throughout the superconductor; and~iii ! quasiparticle mul-
tiple scattering by more than one interface is assumed to
quasielastic and incoherent.

In the present work, we present a detailed analysis of
role of current conservation in nonlinear transport throu
hybrid NS structures, within the framework of the mod
outlined above. In particular, we discuss the nature of
assumptions involved, describe the numerical method, c
ment on some conclusions that can be inferred from gen
considerations, and present specific results for the curr
voltage characteristics in several types of NS structu
Some preliminary results for the NS interface and a~sym-
metric! NSN structure were presented in Ref. 10. The co
bined effect of self-consistency and nonequilibrium has a
been studied by Martin and Lambert21 assuming coheren
scattering and implementing condition~2! locally for NSN
structures in which one interface is perfectly transmissi
Self-consistency at a NS interface in the case of zero cur
was already studied by McMillan,22 who found that, at the
scale of the coherence length (j0[\vF /pD0), the gap
shows a depression on theS side and a finite discontinuity a
the interface. More recently, Bruder23 has performed a simi
lar calculation for the case of anisotropic superconductors
systematic study of the self-consistent gap profile in a N
structure for different values of the current and the bar
strength will be presented elsewhere.24

We wish to answer the questions: ‘‘What are the effe
of self-consistency?’’ and ‘‘when are they important?
While the bulk of this paper is devoted to the first questio
an answer to the second question can be presented in r
simple terms. A clear result that emerges from the work p
sented here, as well as from related papers,6,10,21 is that, at
zero temperature, self-consistency is important when the
perfluid velocityvs is comparable to the depairing veloci
vd . Sincevs must be obtained self-consistently after an
erative resolution of the BdG equations, a general rela
that yieldsvs in terms of the applied voltage seems difficu
to find. However, some conclusions can be reached from
following considerations: Let us consider a generic NS
structure, similar to any of those depicted in Figs. 1~c!–1~e!
@the argument could be easily generalized to structures
one superconducting terminal, like those in Figs. 1~a! and
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1~b!#, with the possible inclusion of some additional qua
particle scattering within theN and S regions. When the
applied voltageV is sufficiently low, Andreev reflection is
the only charge-transmitting channel. Incident electrons
reflected as holes, pumping Cooper pairs into the superc
ductor. In this low-voltage regime, and at zero temperatu
all the current inS is carried by the condensate, with a valu4

I S5evsnA, ~4!

A being the transverse area andn the electron density. On
the other hand, the current in the normal leads can be wri
as

I N5
2e2

h
NchT0V, ~5!

whereNch is the number of available channels at the Fer
level, andT0<1 is the average transmission probability f
electrons coming from the normal leads. Current conser
tion requiresI S5I N . As the voltage increases, the conde
sate carries more current and self-consistency effects bec
important whenvs&vd . A simple analysis reveals that thi
condition translates into

T0V&aD0 /e, ~6!

wherea is a number of order unity:a52, p/2, and 4/3 in
one, two, and three dimensions, respectively. Since the m
interesting physics occurs forV comparable toD0 /e ~at
higher voltages, the superconducting features tend to bec
marginal!, one infers from Eq.~6! that the effects of finite
superfluid flow can only be important forT0 close to unity.
Thus, we may formulate the following criterion:At voltages
of order D0 /e, the effects of a finite condensate flow a
important in NSN structures of uniform width containin
transmissive NS interfaces. The condition of equal width
guarantees the possibility of achieving high currents in

FIG. 1. Schematic representation of the structures to be stud
~a! Normal-superconductor junction~NS!, ~b! NSS8 structure with
S8 a wide superconductor for whichvs.0, ~c! symmetric NSN
structure,~d! symmetric NSN with many channels, and~e! asym-
metric NSN~with a different barrier strength at each interface!.
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55 533SELF-CONSISTENT SCATTERING DESCRIPTION OF . . .
superconductor at the voltages of interest. The argum
above can be generalized to the case where theN and S
wires have different widths. LetWS andWN be the widths of
the superconductor and of thenarrowestnormal wire. One
can show that,~i! when the superconductor is narrower th
both normal wires (WS,WN), the condition~6! applies iden-
tically with T0 defined differently but also bounded by
maximum value of one, reserved for structures with id
contacts, and~ii !, whenS is wider than at least one norma
wire (WS.WN), the right-hand side~rhs! of Eq. ~6! must be
multiplied by a factorWS /WN.1, thereby raising the scal
of voltages at whichvs becomes comparable tovd ~dilution
effect! and hence making self-consistency unimportant.

It is interesting to note that the criteria formulated abo
exclude those structures with poor transmission from one
the normal sides as possible candidates to display
current-conservation effects discussed in this article. In p
ticular, we cannot expect the physics of finite flow to
relevant in structures where electrons and holes experie
weak localization in theN region, since that requires a sma
average tranmission:T0.p l /2L!1, with l the impurity
mean free path andL the length of the disordered norm
region.25 This result holds even at the resistance mini
characteristic of coherent Andreev reflection, because th
are still comparable to the classical normal-state resistan26

When studying nonlinear transport in superconduct
structures within a current-conserving description, so
ideas developed in conventional nonequilibriu
superconductivity15 are necessarily revisited, albeit from
new perspective based on a scattering picture. For insta
we reencounter the phenomenon of charge imbala
whereby quasiparticles are not in equilibrium with t
condensate.27 In particular we find that lack of complete the
malization strongly reduces the efficiency with which t
presence of quasiparticles tends to destroy superconduct
and from Eq.~2! we identify a general reason for this beha
ior. The fact that a nonequilibrium population of quasipar
cles can strengthen superconductivity has been shown
SNS structures both experimentally28 and theoretically.29 In
Refs. 28 and 29 it is noticed that a nonzero superconduc
order parameter may exist in theN segment atT.Tc pro-
vided that equilibration of quasiparticles is incomplete. He
we predict a similar phenomenon by which, due to quasip
ticle nonequilibrium, a superconductor~with T,Tc) may
havevs.vd and still display a nonzero order parameter.

The existence of a nonzero flow in the condensate g
rise to a rich variety of transport regimes. At low enou
voltages, current is solely transmitted by Andreev reflecti
As the voltage increases, so doesvs , and the quasiparticle
dispersion relation becomes correspondingly distorted@com-
pare the insets of Figs. 2~a! and 2~b!#. This causes alowering
of the threshold voltage for quasiparticle transmissio,
which occurs atV5D2 /e, whereD6[D06\qvF . Above
this voltage, Andreev transmission~AT! converting electrons
into quasiholes becomes possible, while normal transmis
~NT! as quasielectrons is still not available ifV,D1 /e.
Some properties of this regime in which AT is the only qu
siparticle transmission mechanism have been analyze
Ref. 30, the most important being the insensitivity of tran
port to the presence of impurities, since these can only
duce Andreev reflection and thus cannot degrade the cur
nt
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As the voltage increases further, transport can evolve in
ferent ways. For very transmissive structures, and at
temperatures,D2 may become negative and a state of ga
less superconductivity~GS! is achieved@see the inset of Fig.
2~c!#. In less transmissive systems,vs remains low and some
regimes may be unstable.

This paper is arranged as follows: In Sec. II, we pres
the model employed in our calculations, and discuss its ra
of physical validity. In Sec. III, we describe the various sc
tering mechanisms which, with different energy threshol
can operate in hybrid NS structures. Section IV deals w
some transport properties that can be inferred from very g
eral considerations. In Secs. V–IX, we present and disc
specific numerical results for several prototypical structur
Section V addresses self-consistent transport in the mos
sic structure: the NS interface. Several remarkable res
~such as a negative peak in the differential conductance! are
argued to be not observable in practice. However, their st
paves the way for a deeper understanding of transpor
more realistic structures such as NSS8 ~Sec. VI!, whereS8 is
a wide superconductor withvs always negligible, or a sym-
metric NSN~Sec. VII!. The effect of several transverse cha
nels~still within the regime of quasi-one-dimensional supe
conductivity! is studied in Sec. VIII, where the interestin
conclusion is reached that the basic physics learned f
one-dimensional models remains valid. Section IX is d

FIG. 2. Scattering probabilities for an electron incident on a
junction from the normal lead. The superconducting condensate
a finite vs and Z51 is taken for the barrier at the interface.~a!
vs /vd50 ~BTK!; ~b! vs /vd50.7; and~c! vs /vd51.3, GS regime,
in which normal transmission at low energies is possible~here,
Z51.1 has been taken to show AR and AT probabilities se
rately!. Insets: Schematic quasiparticle dispersion relation,«(k), for
each case. Filled~empty! circles indicate electron-~hole-! like
propagation.
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534 55J. SÁNCHEZ-CAÑIZARES AND F. SOLS
voted to the asymmetric NSN structure, and a final summ
is given in Sec. X. This paper is complemented by Appen
A, where we show that there is a well-defined asympto
region in theSwire where the gap amplitude, as determin
by the self-consistency condition, becomes independen
the longitudinal coordinate. This result underlines the phy
cal relevance of results obtained within the approximation
asymptotic self-consistency.

II. THE MODEL

Our goal is to solve the BdG equations for several str
tures of interest. In Eq.~1!, H0 contains the kinetic energ
plus a barrier potential of the formV(x)5Hd(x) at each NS
interface. The parameterZ5mH/\2kF is a dimensionless
measure of the barrier strength.13 As in other scattering stud
ies of transport, we choose a basis of retarded scatte
states. Each quasiparticlen is characterized by its energyE
and by a discrete indexa labeling theincomingscattering
channel. Thus, quasiparticlen[(E,a) is populated with
probability f n5 f a(E)5 f 0(E2tma), where f 0(E) is the
Fermi-Dirac distribution,ma is the chemical potential at th
emitting reservoir, andt51(21) for incoming electron
~hole! channels~chargee.0 is assumed for electrons and
convention ofE.0 for all n is adopted!. For superconduct-
ing terminals, the noninteger value of the quasiparti
charge is not a problem because for themma[0.

The total current can be written in terms of a sum ov
quasiparticle states:

I ~x!5
2e\

m (
n

Im@ f nun* ~x!¹un~x!

2~12 f n!vn* ~x!¹vn~x!#, ~7!

where the factor of 2 accounts for spin degeneracy. The c
densate current is identified with the term which is indep
dent of the occupation probabilities$ f n%:

I c~x!52
2e\

m (
n

Im@vn* ~x!¹vn~x!#, ~8!

On the other hand, the quasiparticle component of
electric current is given by the term linear in$ f n%:

I qp~x!5
2e\

m (
n

f nIm@un* ~x!¹un~x!1vn* ~x!¹vn~x!#.

~9!

In Appendix A, we show that, except for unphysical o
cillations at the scale of the Fermi wavelength, the amplitu
of the rhs in Eq.~2! becomes independent ofx at distances
from the scattering region much greater thanj0. Hence,
D(r ) behaves asymptotically as in Eq.~3!. This permits to
describe transport in terms of a well defined scattering pr
lem, since the scattering channels are known exactly. T
are given by the solutions of the BdG equations for a per
superconductor with a gap of the form~3!.4,12 The quasipar-
ticle dispersion relation is4

«~k!5
\2kq

m
6F S \2

2mD 2~k21q22kF
2 !21uDu2G1/2, ~10!
ry
x
c
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and the coherence factors are

u~k!5
uDu

@~«k2jk1q!
21uDu2#1/2

,

v~k!5
«k2jk1q

@~«k2jk1q!
21uDu2#1/2

, ~11!

wherejk5\2k2/2m2EF .
In terms of the scattering channels, Eqs.~2!, ~8!, and~9!

are rewritten as

uDu5
g

hE0
\vD

dE(
l

1

nl
vlul~122 f̃ l!, ~12!

I c5
e

pmE0
`

dE(
l

1

nl
~q2kl!vl

2 , ~13!

I qp5
e

pmE0
`

dE(
l

1

nl
f̃ l@kl1q~ul

22vl
2!#. ~14!

In Eqs. ~12!–~14!, the subindexl runs over all channels
available at energyE. These are determined by the re
solutions kl to the equation«(k)5E. nl is the absolute
value of the group velocity for channell, i.e.,
nl5(1/\)ud«(kl)/dklu. ul is an abbreviation foru(kl), and
similarly for vl . In the gap equation, a standard cutoff at t
Debye energy has been introduced to ensure a finiteuDu. The
occupation probabilities$ f̃ l% are takenf̃ a5 f a for the incom-
ing statesa, and

f̃ b5(
a

f auSbau2, ~15!

for the outgoing channelsb, whereuSbau2 is the probability
for a quasiparticle to be transmitted froma to b.

The term in the rhs of Eq.~14! which is explicitly linear
in q may be written in the form (2e\/m)qdQ* , where

dQ*[
1

\E0
`

dE(
l

1

nl
f̃ l~ul

22vl
2! ~16!

is referred to asquasiparticle charge imbalance.13,31 In all
the cases that we have considered, its contribution to
quasiparticle current is negligible, namely, (2e\/
m)qdQ* /I qp,1024.

The transmission coefficientsSba are obtained from the
solution of the scattering problem. The effect of thed barrier
is expressed through the matching conditions

cL~0!5cR~0!,

c R8 ~0!2c L8~0!5
2mH

\2 c~0!. ~17!

At this point we introduce the simplifying approximatio
that the gap amplitude is stepwise uniform, i.
uD(x)u5uDuQ(x). In this way, the calculation reduces to
generalization of the work by BTK~Ref. 13! to include a
nonzero value of the superfluid velocity which will be dete
mined by the requirement of current conservation.
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55 535SELF-CONSISTENT SCATTERING DESCRIPTION OF . . .
To compute the transport properties of structures w
more than one interface, such as NSN or NSS’, we introd
the assumption ofincoherentmultiple scattering of quasipar
ticles by the interfaces. We wish to remark that this hypo
esis is equivalent to that which in normal transport leads
picture where the contribution (h/2e2)R/(12R) of a given
obstacle to the resistance19 (R is the reflection probability!
can be treated as an additive quantity. In the case of su
conducting transport, the assumption of incoherent scatte
does not lead to a simple additive rule for the resista
because of the presence of the condensate, which introd
qualitative differences in the required treatment. Within
picture of incoherent scattering, where probabilities—n
amplitudes—are added, the description of transport in a fi
S segment does not differ much from the case whereS is a
semi-infinite lead. Equations~12!–~14! still apply if, for
f̃ l , we use

f̃ l5(
a

f aTla , ~18!

whereTla is a characteristic concept of Bayesian statistics
is the probability that a quasiparticle found traveling in cha
nel l entered the structure initially from the incoming cha
nel a.

As an example of how to compound scattering probab
ties, let us consider the NSN structure. At the left interfa
we may write

P̂~q!F ueL
1u2

uhL
1u2

ueS
2u2

uhS
2u2

G[F ReeRehTee8 Teh8

RheRhhThe8 Thh8

TeeTehRee8 Reh8

TheThhRhe8 Rhh8

GF ueL
1u2

uhL
1u2

ueS
2u2

uhS
2u2

G5F ueL
2u2

uhL
2u2

ueS
1u2

uhS
1u2

G ,
~19!

where the matrix elements are probabilities correspondin
a NS junction with a phase gradient 2q. e andh refer to the
type of quasiparticle and6 indicates the sign of the grou
velocity, positive if motion is to the right. The array on th
lhs ~rhs! of Eq. ~19! contains the square moduli of the am
plitudes for the incoming~outgoing! channels. The prime
indicates scattering for particles coming from theS side. At
the right interface, we have, analogously,

P̂~2q!F ueR
2u2

uhR
2u2

ueS
1u2

uhS
1u2

G5F ueR
1u2

uhR
1u2

ueS
2u2

uhS
2u2

G . ~20!

Combining Eqs. ~19! and ~20!, one may derive a
linear relation giving the unknown probabilitie
(ueL

2u2,uhL
2u2,ueS

6u2,uhS
6u2,ueR

1u2,uhR
1u2) in terms of the fluxes

at the incoming channels, namely,ueL
1u2,uhL

1u2,ueR
2u2,uhR

2u2.
The quantitiesuSbau2 or Tba are obtained by assuming on
one incoming channel is populated. Then, by introduc
Eqs.~19! and~20! in Eqs.~12!–~14!, the current and the ga
can be computed.

Self-consistency at the NS interface is implemented
follows: At a given voltage, we solve for the scattering pro
h
e

-
a

er-
ng
e
ces

t
te

it
-

-
,

to

g

s
-

lem with guess values forq anduDu and compute the curren
in theN lead from the trivial normal counterpart of Eq.~14!.
The gap and the current in the superconductor are obta
from Eqs. ~12!–~14!. The new value ofuDu is used as an
input for the next iteration. The newq value is adjusted by
requiring current conservation,I N5I S5I qp1I c , and exploit-
ing the factI c has an explicit linear dependence onq. With
the newq and uDu the scattering calculation is performe
again. The iterative process continues until self-consiste
is achieved. Then, for a given value of the applied volta
we have a pair of values (q,uDu) yielding scattering results
that, when introduced in Eq.~2!, give the same value o
uDu and satisfy current conservation. By varying the volta
we reproduce the self-consistentI -V characteristic of the NS
structure. Generalization to structures with more than o
interface is made following the indications given in the pr
vious paragraph. The best guess values at a given step i
iteration are those of the lastI -V point calculated. Self-
consistency is especially difficult to attain at the beginning
every new transport regime. It is easily lost when the gu
values lie very far from the true ones. For this reason, sm
voltage incremental steps~compared with the typical energ
D0) must be introduced to ensure success in the nextI -V
point.

The assumption of incoherent elastic scattering requ
the existence of some quasi-elastic dephasing mecha
that randomizes the phase with negligible energy degra
tion. Thus, iflf is the dephasing length andL is the length of
the superconductor, we requireL@ lf . On the other hand
L@j0 is needed foruDu to reach its asymptotic value. W
also assume that quasiparticles do not relax within the su
conductor among themselves nor with the superconduc
except for the indirect coupling required by the se
consistency condition. Our calculations show this lack
equilibration is responsible for notable transport properti
Relaxation is expected to be negligible when the cha
imbalance15,27 relaxation time,t« , is much longer than the
average residence timet r . In summary, we find that
L*max$j0 ,lf% and t«@t r must be satisfied for our mode
to be meaningful. For not very reflecting interface
t r.L/vF , so that simultaneous fullfilment of the two abov
conditions requirest«@\/D0. This strong inequality is real-
izable at sufficient low temperatures.32 Another implicit as-
sumption is that the condensate has a uniform chemical
tential. This is necessarily the case when phase slips
effectively forbidden. For this reason we need operation
from the critical temperature (T!Tc).

33

III. SCATTERING MECHANISMS

Transport properties of a hybrid normal-superconduc
structure are strongly dependent on the microscopic sca
ing of quasiparticles. At an NS interface there are four ch
acteristic scattering processes.13 An electron coming from
theN lead may undergo normal reflection~NR!, normal tran-
mission~NT! as a quasielectron, Andreev reflection~AR! as
a hole, and Andreev transmission~AT! as a quasihole. Qua
siparticle transmission into the superconductor can only
cur above certain energy theresholds. The AT process ta
place for E.D2 , while NT requiresE.D1 . For suffi-
ciently largeq, we have seen thatD2 may become negative
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536 55J. SÁNCHEZ-CAÑIZARES AND F. SOLS
before theD1 threshold is reached. In such a case, NT int
nonconventional branch may occur for energ
0,E,uD2u @see inset of Fig. 2~c!#. If (Q1 ,Q2) are the
charges transmitted to the quasiparticle (Q1) and condensate
(Q2) current components of the superconductor in a sca
ing event for an electron of chargee coming from theN
lead, we have (0,0) for NR, (e,0) for NT, (0,2e) for AR, and
(2e,2e) for AT. The charge going into the condensate
adjusted to preserve current conservation, taking into
count the quasiparticle charge that is reflected into theN
lead. The charge 2e absorbed by the condensate in the tw
Andreev processes can only be carried away from the
interface if the Cooper pairs move, i.e., ifqÞ0. Since AR
and AT contribute to loading the condensate, higher val
of q are required as more of these two events occur, if c
rent is to be conserved. Because Andreev events are the
possible processes at low energies, the superfluid veloci
expected to increase strongly with voltage in the low-volta
region.

The parameterZ is a dimensionless measure of the barr
scattering strength. If theS lead is made normal (D050),
then only NT and NR occur, with probabilities

utu2512ur u25
1

11Z2
, ~21!

where t (r ) is the transmission~reflection! amplitude. The
amplitudes for the scattering processes at an NS interface
be written exactly in terms of the one-electron coefficie
r and t, provided thatq50 and the standard approximatio
is introduced that, for matching purposes, the quasiparti
wave vectors are replaced by6kF . If a,b,c,d are the am-
plitudes for AR, NR, NT, and AT, respectively, one obtai

a5u0v0utu2/D,

b5~u0
22v0

2!r /D,

~22!

c5u0t/D,

d5v0r * t/D,

where D5u0
22v0

2ur u2, and u0
2512v0

25@11(E2

2uDu2)1/2/E#/2. For E,uDu the square root is replaced b
i (uDu22E2)1/2. Equation~22! applies to asymmetric barrier
provided thatr , t denote amplitudes for electrons comin
from the left.34 Explicit reference to amplitudes from th
right has been removed by invoking unitarity of the scatt
ing matrix. Equation~22! shows in a transparent manner th
AR involves the transmission of two electrons, with the d
terminantD accounting for extra multiple reflections at th
interface. AT is an involved process which requires tranm
sion of the electron with a simultaneous internal reflection
a hole within the superconductor. When current conserva
is neglected (q50), AT is not important. Being available
only for E.D0, it is always overshadowed by the mo
probable NT process~note thatudu,ucu), which has the same
energy threshold.13 The situation changes drastically whe
q becomes nonzero, because AT and NT open at diffe
energies. In particular, we shall see thatthere exists a range
of voltages in which AT is the only quasiparticle transm
a
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sion mechanism. Note, however, that AT is forbidden in ver
transmissive interfaces withur u.0.

In Fig. 2, we plot the four scattering probabilities for
barrier of intermediate strength (Z51) and several values o
the superfluid velocity. The insets show the schematic d
persion relation in each case. For greater accuracy, the
equations have been solved exactly. For completeness
show in Fig. 2~a! the scattering curves forvs50, retrieving
results implicitly given in Ref. 13. Figure 2~b! deals with a
moderate superfluid velocity (vs50.7vd) for which the ini-
tial threshold atE5D0 splits into D6 . In the range
D2<E<D1 , we observe that AT occurs, while NT is no
possible untilE>D1 . In this energy range AT is therefor
the only mechanism of quasiparticle transmission. In F
2~c!, we present results for the casevs>vd . Formally, a
negativeD2 signals the onset of gapless superconductiv
With proper inclusion of self-consistency, it has been sho
that equilibrium GS cannot exist within a perfect one
dimensional wire,6 and only in a very small range ofvs
values if three dimensionality is taken into account.11 Lack
of equilibration changes the picture qualitatively, permitti
GS to be a well-defined, stable transport regime.10 We will
return to these scattering mechanisms, as well as to the tr
port regimes they define, when discussing numerical res
for transport in specific structures.

IV. GENERAL REMARKS

In this section we pay attention to some general featu
of the model that will be helpful in the discussion of resu
later in this paper. If we focus on the condition of asympto
self-consistency@see Eq.~12!#, we note that the coherenc
factors ul ,vl , defined in Eq.~11!, are both real becaus
kl is real. By factoring out thex dependence~which goes
like e2iqx) in Eq. ~3!, we obtain an equation foruDu. Clearly,
the properties ofu(k) andv(k) will affect the magnitude of
the gap.

Note the double sign appearing in Eq.~10! for the disper-
sion relation. When the superfluid velocity is modera
(vs,vd), only the plus sign leads to a positive energy, a
this is true for anyk vector that may be considered.35 How-
ever, when the superfluid velocity exceedsvd , both signs
lead to a positive quasiparticle energy in the neighborhood
1kF , while none of them can yield a positive energy in t
vicinity of 2kF . This is the GS regime shown in the inset
Fig. 2~c!. A simple analysis reveals thatv(k) is positive for
the plus solution of Eq.~10!, and negative for the minus
solution. Sinceu(k) is always positive, we conclude tha
sgn@u(k)v(k)#,0 for states in the new, unconvention
branch. This implies that the presence of these new quas
ticles tends to cancel the contribution of the existing conv
tional quasiparticles to the rhs of the gap equation~12!, i.e.,
with their presence they tend toreinforce the gap.10,36 This
behavior contrasts markedly with that found for thermal qu
siparticles. In such a case, the states ofE.0 becoming avail-
able with the onset of GS are populated with probabil
f l. 1

2, which contributes to depress the gap.12 An important
physical consequence is that, in the absence of quasipar
equilibration,a nonzerouDu can survive up to high voltage
~we have explicitly checkedeV*5kBTc in our calculations!.
This effect manifests itself as inefficient heating in the pr
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55 537SELF-CONSISTENT SCATTERING DESCRIPTION OF . . .
ence of high-voltage transport. Lack of heating has b
observed,37,38 but it could also be due to a mere dilutio
effect. The GS state disappears quickly with increasing te
perature. We shall see that, even at zero temperature
directional randomization caused by the confining effect
two opaque barriers can also contribute to depress the
For not very long superconductors (L;j0), the penetration
of incoming quasiparticles below the gap can also be a ca
of gap reduction.21,24

We end this section with some thermodynamic consid
ations. Although our system is not in equilibrium, we ta
advantage of the fact that the state of the system can
characterized by the properties of the emitting reservo
each of which is in internal equilibrium. The population
quasiparticle states and the properties of the condensat
determined by the chemical potentials at the reservoirs
well as by the current-conserving scattering processes w
the structure. This picture of local equilibrium permits us
adopt a statistical definition for the free energy:

F5
1

hE0
\vD

dE(
l

1

nl
$El~ f̃ l2vl

2!

1kBT@ f̃ lln f̃ l1~12 f̃ l!ln~12 f̃ l!#%. ~23!

This expression agrees with Eqs.~23! and~24! of Ref. 6 for
a uniform superconductor with equilibrium flow, if th
Fermi-Dirac distribution is replaced byf̃ l as defined in Eq.
~15!. In our calculations, we have checked that the free
ergy so defined is smaller than that which would be obtai
by settingD to zero (FS,FN).

FIG. 3. I -V characteristics of a NS junction for different value
of the effective barrier strength (Z50, 0.5, 1, and 2). The current i
given in units ofI 052eD0 /@h(11Z2)#. ~a! Total electrical current;
solid ~dotted! lines are obtained from a self-consistent~non-self-
consistent! calculation. ~b! Quasiparticle component of the sel
consistent current.
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V. I -V AT NS

In Figs. 3 and 4, we present numerical results for seve
NS junctions of different barrier strengths. Here, as in
calculations shown in the following three sections, we ha
taken a bandwidth ofEF55 eV, a cutoff energy of
\vD50.1 eV, and a zero temperature, zero current gap
D051 meV. These numbers yield a critical temperatu
Tc56.6 K. Unless otherwise stated, the results sho
throughout this paper correspond to zero temperature
Figs. 3~a! and 3~b!, we plot the total current and its quas
particle component versus applied voltage. Non-se
consistent results are shown for comparison. Figure 4 sh
the superfluid velocity and the gap amplitude determin
self-consistently for each value of the voltage. In the fu
transparent case (Z50), the currentI increases linearly as
(4e2/h)V for V,D0 /e. In this low-voltage regime, curren
is transmitted at the interface by AR and it is carried inS by
the condensate. In this case, the AT channel is forbid
becauser50 for Z50. Figure 4~a! shows that the superfluid
velocity also rises linearly until it reaches the depairing va
vd , point at which the system enters the GS regime. T
transition is marked by a sharp drop of the current to val
close to (2e2/h)V corresponding to those of an ‘‘ideal’’ NN
interface, i.e., a perfectN wire. In spite of the enhancemen
of vs , the reduction inuDu is so strong that the condensa
current becomes negligible.uDu decreases because, with G
a new holelike branch appears that is however left em
because no quasiparticles come from theS side. On the other
hand, the emerging electronlike branch is strongly filled~NT
has a probability close to one! but that simply replaces the
effect of the empty conventional holelike branch that h
sunk belowE50. Because the vanished empty conventio
electronlike branch has been replaced by an empty unc

FIG. 4. Self-consistent parameters for the curves of Fig. 3:~a!
superfluid velocity in units of the depairing velocityvd ; ~b! mag-
nitude of the order parameter in units ofD0.
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538 55J. SÁNCHEZ-CAÑIZARES AND F. SOLS
ventional holelike branch, the net effect is a stronger can
lation on the rhs of Eq.~12! and a corresponding reduction o
the gap.uDu is also diminished because, being overshadow
by NT, AR is no longer the dominant charge transmitti
mechanism, and less current has to be carried by the con
sate. We do not have a simple physical explanation to
small increase ofvs at the onset of GS. It is noteworthy tha
in these conditions, the system still prefers energetically
have a small finite value ofuDu.

Except for the existence of AT, the situation wi
Z50.5 is very similar to the transparent case.
v[eV/D0.0.6, a slight increase in the differential condu
tance (dI/dV) is caused by the opening of the AT chann
A characteristic feature of AT is that the quasiparticle curr
is negative@see Fig. 3~b!#, since it is transmitted by holes
The total current increases, however, because a new Co
pair is added to the condensate in each scattering event.
translates into a faster increase~as a function of voltage! of
the superfluid velocity@see Fig. 4~a!#. Figure 4~b! shows a
slight decrease of the gap caused by the opening and~only!
partial filling of a conventional channel. A much more dra
tic reduction of the gap takes place with the onset of GS
v.1.2, point at which the quasiparticle current begins
increase with voltage. The gap decay is even stronger tha
the transparent case because the emerging electro
branch is now less populated, since more electrons are
mally reflected.

For Z51 andZ52, the barrier is less transmissive an
the total current becomes smaller~note that in all the figures
the current is plotted in units ofI 0[2eD0utu2/h). Because of
this, the superfluid velocity is also smaller, and the bran
distortion is less important. The AT channel is therefo
opened at higher voltages (v.0.8 forZ51 andv.0.95 for
Z52). Still, there are some similarities with the case
Z50.5, namely, an increase ofvs and of the condensat
current, a negative quasiparticle contribution to the curre
and a smalluDu decay due to the low population of conve
tional quasiparticles caused by poor transmission.10 As the
voltage increases in the AT regime, GS is not eventua
achieved because, beingvs low, the thresholdD1 for con-
ventional NT is reached beforeD2 becomes negative. Un
like in the GS case, the onset of this new regime is
accompanied by a drop in the total current. Only a slig
change in the slope of the current~visible atZ51) reveals
the existence of NT. A clearer signature appears in the
of I qp, where the slope changes from negative to positive~at
v.1.6 for Z51 andv.1.1 for Z52). Conventional NT is
accompanied by very moderate reductions ofvs , I c , and
uDu, as well as by a rise inI qp. The weak dependence o
vs anduDu on voltage in the high-voltage region is due to t
poor transmittivity of the interfaces.

Figure 3~a! predicts a sharp decrease in the curr
through transmissive structures at a critical voltage va
and one wonders why it has never been observed. Typ
measurements of the excess current predicted by the B
model ~dotted lines! have been performed in structures wi
a wide superconducting electrode (S8), with or without a
narrower superconducting segment (S) connecting theN and
S8 leads. A wide superconducting leadS8 may be described
theoretically by a pair momentum that remains close to z
(q.0) because of current dilution. The NS8 interface is well
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described by the BTK model without requiring sel
consistency. In the next section we show that the NSS8 struc-
ture does also display an excess current that is even gre
than in the NS8 case.

VI. I -V AT NSS8

In Fig. 5, we show theI -V characteristic for a NSS8 struc-
ture. In S, the values ofq and uDu are adjusted self-
consistently, while inS8, q50 and uDu5D0 are always
taken. We assume a clean contact at the SS8 interface
(ZS50) with a zero-voltage drop. Non-self-consistent~NS8!
results are also shown for comparison. We obtain the des
excess current, thus recovering qualitative agreement w
experiments. Let us discuss first theZ50 case. As in the NS
interface, GS is reached forv51 and a large current flux is
carried by the unconventional quasielectron branch. Ho
ever, these quasielectronscan only be Andreev reflected a
the SS8 interface, and, after traveling throughS, the quasi-
holes are normally transmitted at the NS interface with pr
ability close to one. Thus,Andreev reflection is enhancedby
the presence ofS. The result is that, being AR still very
probable, the slope ofI continues to be 4e2/h for v.1. The
difference in behavior with the NS8 ~dotted lines! and NS
@Fig. 3~a!# cases is noticeable. AsV continues to increase
the upper limit of the low-energy branch,2D2 , eventually
reaches the valueD0 ~this occurs atv52), and then NT from
S to S8 becomes possible. Since the increase in curren
mostly channeled through the new NT channel,dI/dV shifts
to a ‘‘normal’’ value of 2e2/h.

For high values ofZ, the regime with only AT at the NS
interface is bypassed, and the system jumps directly to
However, we have seen in the previous paragraph that
new flow of quasielectrons can only be Andreev reflected
SS8. The greater likelihood of AR causes a sharp increas
the current, as shown in Fig. 5.

We find it remarkable that, as compared with the N8
~BTK! case,the presence of a narrow S segment between
N lead and the wide S8 reservoir enhances the current fo
moderate-to-large voltage values. In particular, Fig. 5 shows
that the excess currentdue to Andreev reflection can b

FIG. 5. I -V characteristics of a NSS8 structure forZ50, 0.5,
1, and 2 at the NS interface~solid lines!. Dotted lines correspond to
the NS8 ~non-self-consistent NS! case. Incoherent scattering ha
been assumed.
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55 539SELF-CONSISTENT SCATTERING DESCRIPTION OF . . .
doubledin the case of transmissive contacts. The experim
tal observation of this effect would provide a proof of th
existence of gapless superconductivity in the clean super
ductorS.

VII. I -V FOR NSN

We have seen that the self-consistentI -V curves for a NS
interface change qualitatively if the narrowS wire is made
finite and a wide superconducting terminal is added on
other side. We will see in this section that the spectacu
behavior found in Sec. V does not survive either in the ot
natural realization of the NS interface, which consists of
taching a second normal lead on the opposite side of
superconductor. For simplicity, we consider a symme
NSN structure, with the same value ofZ at the two NS
interfaces. In such a case, the potential drops evenly at
interfaces and the existing electron-hole symmetry~the flux
of incoming electron from the left mirrors that of holes fro
the right! simplifies the theoretical analysis. The more co
plicated case of an asymmetric NSN structure is studied
the next section.

The numerical results for a symmetric NSN are shown
Figs. 6 and 7. Non-self-consistent curves with analog
scattering assumptions are also shown. ForZ50, the I -V
curve is identical to that of a perfect normal wire, name
I5(2e2/h)V. The reason is that a superconducting segm
with fully transmissive NS interfaces cannot improve on t
conductance of a perfectN wire,39 because it cannot mak
the average transmissionT0.1 @see Eq.~5!#. Being r50,
AT is forbidden, and GS is achieved atv52. This is clearly
observed in the plot ofI qp, which becomes positive. Re
markably, the variation of the condensate current is such
the total current is unaffected by the onset of GS, show
the behavior of a perfectN wire at all voltages. Figure 7

FIG. 6. Same as Fig. 3 for a symmetric NSN structure.
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shows thatvs anduDu are also unaffected by the presence
GS: vs displays the same linear increase with voltage a
uDu remains independent of it. The reason for the latter
that, as the new unconventional branch emerges@see the in-
set of Fig. 2~c!#, both its quasielectron and quasihole sta
are occupied with very high probability~due to NT at the
interfaces!, and this contributes to reinforce the order para
eter uDu. However, this argument would merely explain a
absence of strong reduction. The reason whyuDu remains
exactly constant has to do with the effective Galilean inva
ance of transport through a perfect wire. This is obviousl
nonequilibrium effect~see Sec. IV! characteristic of struc-
tures with high transmission. Interestingly, the same pred
tion for the total I -V curve is obtained from a non-self
consistent calculation withvs50. ForZ50.5, AT opens at
v.1.3, as signaled by the current jump in Fig. 6~a! and the
negative values of Fig. 6~b!. The enhancement of current
more abrupt and occurs at lower voltages than in the n
self-consistent calculation. As for the NS structure, the ne
tive values ofI qp are more than compensated by the stro
increase inI c that is required to accommodate the extra Co
per pairs transferred in AT events. A small reduction of t
gap ~caused by the new presence of standard quasipartic!
is compensated by a jump invs . GS is reached atv.1.8,
but, as in the transparent case, it is barely noticeable in
plot of the total current. In the regime between the onsets
AT and GS, possible impurities in the superconductor c
only induce Andreev reflection of the quasiparticles. Th
results in an insensitivity~within this voltage range! of
charge transport to the presence of impurities.30

For higher values of the barrier strength (Z51 and
Z52), the jumps in the total current~at v.1.7 and 1.9,
respectively! are much sharper than in the lowZ cases. Com-
parison of Figs. 3~b! and 6~b! reveals that, as the voltag
increases, the AT regime is bypassed and the system ju

FIG. 7. Same as Fig. 4 for a symmetric NSN structure.
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540 55J. SÁNCHEZ-CAÑIZARES AND F. SOLS
directly to the GS state. A plausible reason for this behav
is the following: As the AT mechanism opens at both int
faces, the two conventional branches become strongly po
lated, which causes a reduction of the gap. On the o
hand, frequent AT events force the condensate to carry
intense positive current, so that it can accommodate the e
flow of Cooper pairs. The two conditions~low uDu, high
I c) can only be satisfied with a high value ofvs that in turn
gives entrance to GS, which is what we observe. In ot
words, the AT regime is unstable for these structures,
cause it can only operate with values ofvs so high that the
system shifts instead to GS. Figure 7 shows a jump invs and
a decrease inuDu that corroborate the picture propose
above.

An interesting feature is that, at high voltages~GS state!,
uDu becomes smaller for higherZ. The reason for this is that
asZ increases, inner NR at the interfaces becomes very
portant and an effective directional randomization tak
place inS, with a resulting equipartition of the four quas
particle channels. However, becauseonly one half of the in-
coming scattering channels are occupied~namely, electrons
from the left and holes from the right!, unitarity requires that
equipartition in S can only be achieved with f˜

l.1/2 @see Eq.
~18!#, which necessarily leads to a strong reduction of
order parameter. In addition to this, in a realistic physi
scenario, an increase of quasiparticle confinement would
accompanied by a stronger relaxation and an eventual t
malization. This effect would contribute to suppressuDu even
further.

The dependence of the position of the first peak in
differential conductance~FPDC! with temperature and bar
rier strength has been studied in Ref. 10. There, it is sho
that the FPDC shifts to lower voltages with increasing te
perature and decreasingZ. More structured predictions abou
the behavior of the FPDC are made later in Sec. IX for
case of an asymmetric NSN structure.

VIII. NSN WITH MANY MODES

So far we have employed a one-dimensional model
our calculations. We wish to discuss the robustness of
main transport features against the existence of many pr
gating modes at the Fermi energy. Specific numerical res
are presented in Fig. 8 for the case in which 20 transve
channels are available for propagation. We assume pe
interfaces so that the transverse quantum number is
served. The different modes are not, however, totally in
pendent, since propagation through them is sensitive to
values ofq anduDu, which depends in turn on the occupatio
of the whole set of modes.

We observe that the current jumps that appeared in
one-channel case are still present in a many-mode con
and occur at similar voltage values. The physical reasons
the existence of these peaks are the same as in the
dimensional model. However, the fact that the current
hancement takes place within a very narrow voltage rang
not obvious if one notes that, nominally, the various thre
olds should lie at different values of the voltage for each
the 20 available modes, since each has a different longit
nal kF . Within a hard wall model for the transverse pote
tial, the quantitiesuDu6\vFq, which determine the thresh
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olds in the one-channel case10,21 must be replaced by
uDu6 f (m)\vFq, where

f ~m!5F12SmwD 2G1/2, ~24!

w52W/lF (W is the device width!, andm runs from 1 to
the total number of channels. AsV increases, quasiparticl
transmission will occur first for the mode with the highe
longitudinal energy~here, that withm51), and one would
expect naively that the other modes would open at co
spondingly higher voltage values. Inspection of Fig. 8 sho
however, that well-defined jumps in the current take pla
within a very narrow voltage range, and in just one or a f
steps. This points to the existence of acascade effect
whereby, as one mode enters the new regime~AT or GS!, it
induces a small sudden jump invs @see Fig. 6~a! for the
single channel case#, which helps anticipate the onset of th
same regime for the following mode with smallerf (m),
which in turn will favor the entrance of the following mode
and so on. A plot ofI qp, vs anduDu ~not shown! reveals that,
for these quantities, the transition takes place in a sligh
wider voltage range, and in a higher number of steps,
though the naive expectation of 20 different steps is ne
observed. This points to a preference of the system for
tain values of the totaldI/dV from which it departs in a very
small voltage range.

Another general feature is that current jumps occur
higher votages in the many-mode case. This is caused by
relative weight of channels with a smaller longitudinalkF
vector, which need higherq’s to undergo the same transition
A complementary reason is that modes with smallerkF are
more strongly reflected at the interfaces and thus see a hi
effectiveZ, which also tends to raise the voltage threshol
For similar reasons, the presence of many modes tend
reduce the amplitude of the order parameter.

We conclude that the existence of a well-defined FPDC
preserved in a many-channel context because of its fun
mental connection to the condensate flow. For this reas
the shift to lower voltages of the FPDC must be a cle
signature of a nonzero superfluid velocity.

FIG. 8. I -V characteristics for a symmetric NSN structure wi
20 transverse mode~solid!, convenient rescaled for compariso
with the single channel case~dashed!.



.

f-

is

e
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FIG. 9. Asymmetric NSN structure with fixed
Z250.5. For S, data of Pb have been taken
Temperature isT52 K (!Tc). The upper part
shows differential conductances for sel
consistent~solid! and non-self-consistent~dotted!
calculations. The normal resistance
RN5(h/2e2)(11Z1

21Z2
2). The lower part shows

~in units ofD0): Voltage drops at each interfac
~solid!, magnitude of the order parameteruDu
~dotted!, and ofD1 andD2 thresholds~dashed!.
Values forZ1 are:~a! 0.1, ~b! 0.25,~c! 0.5, ~d! 1,
and ~e! 2.
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IX. ASYMMETRIC NSN

In Fig. 9, we present curves for an asymmetric NSN ju
tion where one of the barriers is fixed at a low, nonzero va
of Z ~namely,Z250.5!, while the strengthZ1 of the other
barrier varies from small to large values. The upper par
Fig. 9 represents the differential conductance for both
self-consistent and the non-self-consistent calculations, w
the lower part shows the relevant energies of the probl
namely, the voltage differences at each interface, the ma
tude uDu of the self-consistent order parameter, and
thresholdsD6 . The calculations have been performed fo
finite temperature ofT52 K, with values ofEF , \vD , and
D0 which correspond to Pb, whose critical temperature
Tc57.2 K. Because the voltage does not drop symmetric
at the two interfaces, the intermediate voltage at the su
conducting segment is a third parameter~besidesq and
uDu) that must be determined self-consistently. A practi
method consists in requiring the current to be the same in
two N leads and adjust the voltage inS ~for given q and
uDu) until this is achieved. With fixed voltage drops, th
values ofq anduDu are in turn determined as in the previo
sections. We have found that, usually,I N does not vary much
in this second adjustment.

The caseZ1@Z2 @Figs. 9~d! and 9~e!# is easy to under-
stand. Because of its poor transmittivity, interface 1 acts a
bottle neck for current flow, and its properties, which a
those of a NS tunnel junction, determine the global transp
behavior. Because transmission is low, the inclusion of s
consistency does not introduce changes in the position o
first peak, although it affects its height. As in BTK, the fir
peak lies, characteristically, atV.D0 /e in both cases. Fig-
ure 9~c! shows that, when the two barriers are identical, o
obtains the largest differences between the two descripti
with the peaks located in quite different positions. By sy
metry, the non-self-consistent peak must be atV.2D0 /e
~i.e., when the voltage drops byD0 /e at each interface!. The
inclusion of a finite condensate flow gives rise to the low
ing of the voltage threshold and, for this reason, the FP
-
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tends to stay in the neighborhood ofV.D0 /e. Finally, when
Z1!Z2 @Figs. 9~a! and 9~b!#, the bottleneck shifts to the
second interface. However, since this is already quite tra
missive (Z250.5), we do not reproduce the transport beha
ior of a NS tunnel junction. Again, the presence ofvs is
responsible for important differences. While the BTK-typ
calculation tends to send the peak back to the neighborh
of V.D0 /e ~asZ1 decreases!, the self-consistent calculatio
predicts a peak position below this threshold~see also the
curve forZ50.5 in Fig. 3!. The evolution of the FPDC as
function ofZ1 is summarized in Fig. 10.

The lower curves of Fig. 9 show a correlation between
apparition of the first peak in the self-consistentdI/dV and
the reaching of theD2 threshold by the voltage drop at th
interfaces. As AT opens, there is a corresponding enha
ment of the current.

The continuous evolution from small to highZ1 could be
realized experimentally by means of a scanning tunne

FIG. 10. Evolution of the position of the first peak in the diffe
ential conductance as a function of the barrierZ1 for a fixed
Z250.5. Self-consistent~non-self-consistent! results are repre-
sented with circles~squares!.
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microscope measurement. A normal tip could be applied
superconducting particle located on top of a normal s
strate.Z1 could be varied by changing the tip-particle di
tance, and theZ2 value characterizing the island-substra
contact would be a fixed parameter. The same experim
could be performed onS islands of different sizes with dif-
ferent levels of current dilution. One expects transp
through broad islands to be well described by a non-s
consistent calculation, while the effect of a condensate fl
should be essential to understand the transport behavior
narrow island.

X. CONCLUSIONS

We have computed the self-consistent current-volt
characteristics of several types of hybrid norm
superconductor structures. We have focused on the
physical features arising from the implementation of se
consistency and from the related condition of current con
vation (I N5I S). We have shown on rather general groun
that the self-consistency effects are important in transmis
structures where current is not diluted in the superconduc

The existence of current flow in the superconducting c
densate (vsÞ0) introduces qualitative changes in the sc
tering of quasiparticles, affecting even the energy thresho
for propagation. The new structure of scattering chann
gives rise to a rich set of transport regimes, including volta
ranges in which only Andreev transmitted quasiparticles
enter the superconductor or in which a peculiar form of g
less superconductivity exists. We have seen that, when
plied to the isolated NS interface, the implementation of s
consistency predicts remarkable transport properties wh
however, are not observed in practice if proper bound
conditions are assigned to the superconductor side. We
explicitly shown that, if another normal lead, or a wide s
perconductor~for which vs.0), is attached on the opposit
side ofS, then the predictedI -V curves vary qualitatively.
The two main features are~i! a lowering of the voltage a
which the first peak in the differential conductance occu
and ~ii ! a global enhancement of current in a wide range
voltages due to the increased availability~favored by vs
Þ0) of charge-transmitting channels. In the case of NSN,
have shown these effects persist in the presence of m
propagating channels at the Fermi energy. Predictions~i! and
~ii ! are quite robust and should be observable. The effec
current increase should be particularly clear in NSS8 struc-
tures, whereS is narrow andS8 is wide, in the form of an
enhancement of the excess current. Such an effect woul
a strong indication of the existence of gapless supercon
tivity in the narrow superconductor. For asymmetric NS
structures in which at least one of the barrier strengths ca
tuned at will, we suggest experiments which would perm
the identification of finite condensate flow effects.

The implementation of self-consistency in transport c
culations puts a strain on the numerical resources and ne
sarily reduces the range of situations one can explore.
introducing some approximations~see the Introduction!, we
have reduced the extra numerical requirements to a m
mum. The simplicity of the resulting model has allowed us
identify the essential physical features associated to cur
conservation. A shortcoming is that the predictions obtain
a
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although rich in structure, are of a semiquantitative characte
The development of numerical methods to compute transp
properties at finite current densities with quantitative predic
tive power for interesting structures is an important cha
lenge. Together with the work of Refs. 10,21, we have a
tempted here to give some steps in this direction. We ho
that the present work will stimulate more research on the ric
physics of current-conserving transport in normal
superconductor structures.
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APPENDIX A: ASYMPTOTIC SELF-CONSISTENCY

A quasiparticle of energyE approaching the structure
through channela can be scattered into any of the outgoing
channelsb with probability amplitudeSba . Far enough
from the scattering region (uxu→`), the wave function is of
the form

ca~x!5Fua~x!

va~x!
G5fa~x!1(

b
S na

nb
D 1/2Sbafb~x!,

~A1!

wherenl is the group velocity of channell. The scattering
channels are the free propagating solutions for a perfect s
perconductor with Cooper pair momentum 2q. The wave
function for channell is4

fl~x!5F ule
iqx

vle
2 iqxGeiklxhl~x!, ~A2!

wherehl(x) is an indicator function taking value 1 if point
x lies in the lead of channell and 0 otherwise.ul , vl are
the coherence factors for vectorkl @see Eq.~11!#. For greater
clarity, we refer to vectors of incoming channelsa with let-
ter k and those of outcoming channelsb with p. Inserting
Eqs. ~A1! and ~A2! into Eq. ~2! with D(x)5uDue2iqx, we
obtain

uDu5
g

hE0
\vD

dE(
a

~122 f a!

na
Fvae

2 ikxha~x!

1(
b

S na

nb
D 1/2Sba* vbe

2 ipxhb~x!GFuae
ikxha~x!

1(
b8

S na

nb8
D 1/2Sb8aub8e

ip8xhb8~x!G . ~A3!
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To achieve asymptotic self-consistency, we take the li

uxu→` and neglect two types of terms:~i! ei (p82p)x with b
Þb8, which goes roughly ase2ikFx and yields unphysica
oscillations inuDu at the scale of the Fermi wavelength;~ii !
ei (k2p)x appears because of the electron-hole coherence
tweena andb. Sincek andp take values within an interva
of width j0

21, the integrated term becomes negligible f
uxu@j0 ~energy is integrated within and effective interval
orderD0). Thus, we may write
.

i-

B

nd

p

it

e-

uDu5
g

hE0
\vD

dE(
a

~122 f a!Fvaua

na
ha~x!

1(
b

vbub

nb
uSbau2hb~x!G . ~A4!

Noting that f̃ b5(a f auSbau2 and f̃ a5 f a , as well as the uni-
tarity condition(auSbau251, we are able to reproduce Eq
~12! of the main text. Equations~13! and ~14! can be easily
obtained with the same set of assumptions.
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