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Many-body carrier interaction effects in quantum wells
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~Received 4 October 1996!

Many-body carrier interaction effects shift the ground- and excited-state subband energy levels of quantum
wells. We derive carrier-carrier Coulomb exchange and direct interaction energies as a function of carrier
density, quantum well composition, and well width. For values of these parameters of physical interest, the
excited-state exchange energy is small compared to the ground-state exchange energy. Our expressions for the
ground- and excited-state direct interactions yield considerably smaller energy values than those reported by
previous investigators. This is due to the fact that in our derivations we differentiate between quantum well
width, carrier doping width, and ground- and excited-state wave function effective confinement lengths. Direct
interaction energies increase linearly with carrier density, and for large carrier densities substantially negate
exchange interaction effects. We illustrate carrier-carrier interaction effects for the heavy-hole subband of
electrically neutral,p-type, isolated strained-layer GexSi12x/Si quantum wells.@S0163-1829~97!05608-7#
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I. INTRODUCTION

In a series of publications, Coon and co-workers eva
ated many-body interaction effects on ground- and excit
state energy levels of doped quantum wells.1–6 Specifically,
they evaluated the Coulomb direct and exchange interac
energies. Direct interaction energies are positive and r
E~hh0! andE~hh1!, the heavy-hole ground- and excited-sta
energies in the absence of interaction, to higher energies.
exchange energies are negative and shiftE~hh0! andE~hh1!
to lower energies. The net carrier density induced ene
shift, DE~cc!, is a balance between these positive and ne
tive shifts.

In Refs. 1 and 2, Bandara and Coon formulate Hartr
Fock equations for Coulomb direct and exchange inter
tions, and solve for the ground- and excited-state direct
exchange interaction energies,Edir

0 , Edir
1 , Eex

0 , andEex
1 , re-

spectively. In derivingEex
0 they approximate an exponenti

by the first two terms, and in derivingEex
1 they approximate

an exponential by the first nonvanishing term of its pow
series expansion. It is claimed that in this approximationEex

1

is small compared toEex
0 . However, for an electrically neu

tral doped quantum well, they show thatEdir
1 /Edir

0 52
3, so tran-

sition energy calculations do have to consider the upper-s
direct interaction energy.

In Ref. 3, Choeet al. deriveEex
0 , but notEex

1 , based on
the complete series expansion of the exponential. The
thors also note that the length to be used calculatingEex

0 is
the confinement lengthL08 , the length at which the ground
state wave function of the quantum well extrapolates to z
in the barrier region. However, the authors did not corr
Edir
0 for L08 . In Ref. 4, Choeet al. refine the mathematics o

Ref. 3. In Ref. 5, a review paper, the authors formulate
teraction effects based on derivations of Refs. 1 and 2. R
erence 6 is the Ph.D. thesis of Bandara. Thus, in their tr
ment of many-body interactions, exchange and dir
Coulomb interaction effects are not treated in a system
manner. One missing element isEex

1 , based on the full ex-
pansion of the exponential. Another element is that they
rive Edir based on the well widthL, and neglect the consid
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erable effects of the confinement lengths.Edir
0 and Edir

1

increase linearly with carrier density, and for large carr
densities~Edir

1 2Edir
0 ! may substantially negateEex

0 .
In this investigation we follow and extend the formalis

outlined by Coonet al., and deriveEex
0 based on the com

plete power series expansion of the exponential. The spe
format of our series solution is more convenient to app
and we obtain identical numerical results. Similarly, we d
riveEex

1 based on the fully expanded exponential. We find,
agreement with Coon and co-workers, thatEex

1 is small com-
pared toEex

0 . In many practical devices, the carrier dopin
width is smaller than the quantum well width. In our deriv
tions we distinguish between quantum well width, dopi
width, and ground- and excited-state wave function confi
ment lengths. We find that by appropriately applying the
different lengths, our equations for the direct interacti
mechanism yield considerably smallerEdir

0 andEdir
1 values

than the ones derived by the previous investigators. O
equations reduce to earlier results if all lengths are take
be identical. We illustrate our carrier density results for t
heavy-hole subband of electrically neutral,p-type, isolated
strained-layer, Si12xGex/Si quantum wells.

II. EXCHANGE INTERACTION

The Coulomb exchange potentialVex of a carrier in statei
due to carriers in all possible statesj , Ref. 1, is

Vex
i ~r !5

e

4pe (
j
E dr 8

1

ur2r 8u
c j* ~r 8!c i~r 8!, ~1!

and the exchange interaction energy is

Eex
i ~r !52eE dr c i* ~r !Vex

i ~r !c j~r !

52
e2

4pe (
j
E drE dr 8

1

ur2r 8u
c j* ~r 8!c i~r 8!

3c j~r !c i* ~r !. ~2!

For the ground state,i50. Heree is the electronic charge,e
is the dielectric constant, andcj ~r ! are the basis functions o
5147
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5148 55ALFRED KAHAN AND LIONEL FRIEDMAN
a carrier in statej . Exchange interaction energies are neg
tive, and lowerE~hh0! andE~hh1!, the heavy-hole subban
ground- and excited-state energy levels of an undoped q
tum well. This mechanism increases the intersubband tra
tion energy~blueshift!.

The basis functions are

cn~r !5
1

A1/2 exp~ ikn•s!f0~x!. ~3!

We choose the origin of the normalized ground-state o
electron wave function,f0(x), to be at the quantum wel
center,

f0~x!5A2/L08 cos~k0x!, uxu,L08/2 ~4!

wherek05p/L08 . In these equationss is a two-dimensional
position vector in the heterostructure plane,x is a one-
dimensional displacement normal to the quantum well pla
k is a two-dimensional wave vector parallel to the well, a
A is the quantum well lateral area. The ground-state confi
ment lengthL08 is the length at which the ground-state env
lope function penetrating into the barrier region extrapola
to zero.

The maximum carrier induced energy shift occurs at
zone center, at wave vectork50. Following the procedures
outlined in Ref. 3,Eex

0 , at k50, is

Eex
0 ~k50!52

e2

4pe0

kF
e r

f 0~b!k50 , ~5!

where f 0(b)k50 is given by

f 0~b!k50

5 (
n50

`
~21!n

~n11!
bnpnH 2

~n12!!
2

1

~2p!n11 sin~np/2!

1
3

~2p!n12 cos~np/2!2 (
k50

n
1

~2p!k12

1

~n2k!!

3F 2pk

~n112k!
sin~kp/2!13 cos~kp/2!G J . ~6!

The parameterb is

b5kF /k0 . ~7!

The radius of the two-dimensional Fermi sea iskF5~2ps!1/2.
Here,s5NDLd is the carrier sheet density,ND is the ionized
impurity density, and the doping width isLd , which can be
smaller than the well widthL. Assuming complete ioniza
tion, the carrier concentration is taken to be equal to
impurity concentration. We designateND as the carrier den
sity, implying either donors or acceptors. Also,e5e0er ,
wheree0 ander are the dielectric constants of free-space a
well material, respectively. The specific format of Eq.~6!
differs from the one given in Ref. 3, Eq.~7!, but it yields
identical numerical result. In our formulation, we do not d
tinguish between even and odd terms, and both are co
niently summed to the same upper limit.

The first excited-state exchange interaction energyEex
1 is

derived by replacing in Eq. ~2! the combination
-

n-
si-

-

e,

e-
-
s

e

e

d

e-

uf0(x)u
2uf0(x8)u

2 by f0(x)f1(x8)f0(x8)f1(x), where
f1(x) is the excited state one-electron wave function.4 We
choosef1(x) consistent withf0(x), with the origin at the
quantum well center,

f1~x!5A2/L18 sin~2k1x!, uxu,L18/2 ~8!

wherek15p/L18 . For the present, we assumeL085L18 , that
is, k05k1 . In this approximation, the excited-state exchan
interaction energy is

Eex
1 ~k50!52

e2

4pe0

kF
e r

f 1~b!k50 , ~9!

where

f 1~b!k505 (
n50

`
~21!n

~n11!

bn

p2 H 2S 11
1

3n11Dp sin~np/2!

1
1

2 S 114n1
1114n

3n12 D cos~np/2!

1
1

2 (
k50

n
1

3k12

pn2k

~n2k!! F 2pk

~n112k!

3~313k12!sin~kp/2!1~723k13!

3cos~kp/2!G J . ~10!

Figure 1 showsf 0(b)k50 and f
1(b)k50 as a function ofb.

The excited-state carrier interaction energy correction
creases with increasing carrier concentration. TheEex

1 ~k50!
expression of Coonet al., Ref. 2, Eq.~8!, corresponds to the
first nonvanishing term of this series, then51 term. We have
also derived the exact series expression forL08ÞL18 . We find
that for L08/L18 values of interestEex

1 become smaller. The
more exact solution is very well approximated by multipl
ing Eex

1 , Eq. ~9!, by the ratio ofL08/L18 .

FIG. 1. Functionsf 0~b! and f 1~b!, Eqs. ~6! and ~7!, evaluated
for k50.
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55 5149MANY-BODY CARRIER INTERACTION EFFECTS IN . . .
III. DIRECT COULOMB INTERACTIONS

The direct Coulomb interaction potential for the quantu
well, Vdir~r !, is the sum of potentials due to carriers a
ions,6

Vdir~r !5Vel~r !1Vion~r ! ~11!

where

Vel~r !52
e

4pe (
n
E d3r 8

1

ur2r 8u
ucn~r 8!u2

and

Vion~r !5
eND
4pe E d3r 8

1

ur2r 8u
.

Vel~r ! is the potential at pointr due to carriers at positionr 8
summed over all statesn, andVion~r ! is the potential due to
a uniform ionized impurity densityND . In practice, only the
occupied ground state is included in calculatingVel~r !. For
the heterolayer,r is the vector sum ofs and x, the two-
dimensional in-plane and normal to the plane coordinate v
tors, respectively, andcn~r ! are the basis functions.

The Coulomb direct interaction energiesEdir
i are

Edir
i 52eE d3r Vdir~r !uc i~r !u2. ~12!

As in the case of exchange interactions,Edir
0 andEdir

1 involve
well width L, doping widthLd , and ground and excited-sta
wave function confinement lengthsL08 and L18 . Following
the procedures outlined in Ref. 6, for an electrically neu
doped well,

Edir
0 5

3

2p

e2

4pe0

L08s

e r
F11

2

3 S p2

6
21D S L08Ld21D

2
p2

3 S 12
Ld
L08

D G , ~13!

and

Edir
1 5

1

p

e2

4pe0

L08s

e r
F11

4 sin~ap!

pa~42a2!
1
1

2 S L08Ld21D
3S p2

3
2
1

2D a22 p2

2 S 12
Ld
L08

D G . ~14!

For an isolated square well potential of finite depth a
width, the upper- to ground-state confinement length ratia
is

a5
L18

L08
52FE~hh0!

E~hh1!
G1/2. ~15!

Equations~13! and ~14! are, to the best of our knowledge
new results. ForL185L085Ld5L the bracketed expression
of Eqs. ~13! and ~14! reduce to unity, and we obtain th
equations stated in Ref. 2, Eqs.~9! and ~10!.
c-

l

d

In our formulation, direct interaction effects are small
than those derived by Coonet al. In the approximation,
a5L18/L0851, but LdÞL08 , the transition energy due to di
rect interaction reduces to

Edir
1 ~a51!2Edir

0 52
1

4p

e2

4pe0

L08s

e r
F523

L08

Ld
G . ~16!

For L08/Ld51.45, a value for a typical quantum well, ou
direct interaction energy shift is;0.5 of that computed for
L085Ld .

IV. RESULTS AND DISCUSSION

The carrier density adjusted transition energyE10 is

E105E8~hh1!2E8~hh0!

5@E~hh1!2E~hh0!#1@~Edir
1 2Edir

0 !1~Eex
1 2Eex

0 !#

5DE~hh!1DE~cc!. ~17!

Here,E8~hh1! andE8~hh0! are excited- and ground-state ca
rier density adjusted energy levels,DE~hh! is the intrasub-
band transition energy ignoring carrier interactions, a
DE~cc! is the net carrier-density-induced energy shift. W
follow the formalism of Refs. 2 and 5, and addDE~cc! as an
energy correction term toDE~hh!. TheEex andEdir energies
are derived based on penetration depthsL08 andL18 , lengths
computed fromE~hh1! andE~hh0!.

We apply the equations developed in this investigation
a p-type strained-layer Si12xGex quantum well deposited on
a Si~001! substrate. We consider the Ge0.25Si0.75/Si composi-
tion investigated by Peopleet al.7 Quantum well and doping
widths are L5Ld540 Å, and the acceptor density i
NA5431018 cm23. The infrared absorption spectra of th
device is a superposition of at least four bands, two betw
6–7 mm, a major band peaking near 8.0mm, and one at
;10.3 mm. We calculateE~hh0!542 meV, E~hh1!5155
meV, L08558 Å, and L18561 Å. These computations ar
based on the model of an isolated finite-depth square-w
potential, the formalism developed in Ref. 8. We then fi
Eex
0 ~k50!5230.0 meV, Eex

1 522.6 meV, Edir
0 50.8 meV,

andEdir
1 50.3 meV. The largest carrier density induced effe

is by far due toEex
0 . The carrier density induced energy sh

is DE~cc!527 meV. This increases the intrasubband tran
tion energy from 113 to 139 meV, a wavelength shift fro
11.0 to 8.9mm.

Figure 2 shows calculated ground- and excited-state
change and direct interaction energies, andDE~cc!, as a
function ofND between 131017 and 131020 cm23, for x~Ge!
50.25 andL5Ld540 Å. Direct interaction energies in
crease linearly withND , and for largeND the direct interac-
tion energies andEex

1 cannot be neglected. Figure 3 show
DE~cc! as a function ofND for x~Ge!50.25 andL5Ld
ranging between 20 and 80 Å. The decreased energie
largeND reflect the increased contributions of the direct
teraction mechanism. ForL560 and 80 Å, the curves ar
terminated at densities for whichb.4.

For largeND , the Fermi levelEF rises aboveE8~hh1!, the
upper state is occupied, and theE10 transitions become for-
bidden. We calculateEF , referenced toE8~hh0!, from
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5150 55ALFRED KAHAN AND LIONEL FRIEDMAN
EF5E8~hh0!12p~\2/2m0!s/mhh. ~18!

Figures 4~a! and 4~b! show E10 and the transition wave
lengths, respectively, for the curves depicted in Fig. 3.
terminate the curves atND values for whichEF equals or
exceedsE8~hh1!. For L540 Å, this occurs atND54.531019

cm23. At this ND , E10 is shifted from 113 meV for the
undoped well to 164 meV for the doped well, that is, a sh
from 11.0 to 7.6mm. Figure 5 showsDE~cc! as a function of
ND for L540 Å, andx~Ge! between 0.2 and 0.8.DE~cc!
decreases with increasingx~Ge!. For ND5131019 cm23,
DE~cc! betweenx~Ge!50.2 andx~Ge!50.8 varies only by 5
meV, a very small change.

Figure 6 showsE10 as a function ofx~Ge! for L530 Å
andND50, 131018 and 131019 cm23. Transition energies
increase withND . Energy shifts between the undoped a
the 131019 cm23 doped quantum wells range between
and 38 meV. The curves show a sharp break atx~Ge!50.19.
This is thex~Ge! composition at whichE8~hh1! rises above
the barrier edge into the continuum, and it defines the in
section of bound-to-bound transitions and bound-

FIG. 2. Exchange and direct Coulomb interaction energies
function of carrier density for a Ge0.25Si0.75/Si, 40-Å-wide quantum
well. Superscripts 0 and 1 denote ground and excited states, re
tively. DE~cc! is the net carrier-density-induced energy shift.

FIG. 3. Carrier-density-induced energy shift as a function
carrier density and well width for a Ge0.25Si0.75/Si quantum well.
e

t

r-
-

continuum resonances. The conditions for transmission re
nances are discussed by Bastard.9,10 Wang and Karunasiri
assert that for infrared-photodetector applications, the m
efficient device configuration is for the first excited state
be close to the valence subband barrier edge.11 For a wider
L540 Å well,E8~hh1! is bound, andE10 increases monotoni
cally with x~Ge!.

Figure 7 showsDE~cc! as a function ofL for x~Ge!50.25
andND between 131017 and 131019 cm23. DE~cc! exhibits
a peak, which shifts with increasingND to smallerL. Figure

a

ec-

f

FIG. 4. ~a! Carrier-density-adjusted transition energyE10 as a
function of carrier density and width for a Ge0.25Si0.75Si quantum
well. ~b! Corresponding transition wavelengths.

FIG. 5. Carrier-density-induced energy shift as a function
carrier density and Ge composition for Si12xGex/Si quantum wells.
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55 5151MANY-BODY CARRIER INTERACTION EFFECTS IN . . .
8 illustratesE10 as a function ofL andLd . In typical appli-
cations,Ld/L ranges between 0.5 and 0.75, and maxim
E10 shifts between fully and partially doped quantum w
widths are less than 5 meV. We also find thatx~Ge! varia-
tions of the transition energy withLd/L are insignificant, less
than 5 meV. However,Ld/L effects can become significan
for narrow doping widths.

One issue complicating data comparison with calcula
E10 is the value assumed forV0~Ge/Si!, the valence heavy
hole subband offset between the pseudomorphically stra
Ge and the relaxed Si substrate. Theoretical and experim
tal values range between 730 and 900 meV. In our calc
tions we used the van der Walls recommended value of
meV.12 In Fig. 6, the dashed line showsDE~hh! using
V0~Ge/Si!5740 meV. In the bound-to-continuum regionE10
differences between the twoV0 values are small, but fo
bound-to-bound transitions the shallower potential well
ducesE10 by ;25 meV. Consequently, in fitting data on
should be cognizant of the fact that an arbitrary choice

FIG. 6. Transition energy of Si12xGex/Si quantum wells as a
function of Ge composition and carrier density. Forx~Ge!,0.19,
E10 are bound-to-continuum resonances, and forx~Ge!.0.19,E10
are bound-to-bound transitions.V0 is the heavy-hole valence sub
band offset between the pseudomorphically strained Ge and rel
Si substrate.

FIG. 7. Carrier-density-induced energy shift as a function
well width and carrier density for a Ge0.25Si0.75/Si quantum well.
l

d

ed
n-
a-
0

-

f

V0~Ge/Si! can reduce computed transition energies, thus
settingDE~cc! effects. For the previously citedx~Ge!50.25,
L540 Å quantum well, theV0~Ge/Si! change from 900 to
740 meV reducesDE~hh! by 13 meV.

In general, the infrared spectra of Si12xGex/Si quantum
wells are superpositions of interband, e.g., heavy-hole
light-hole, and intrasubband, e.g., heavy-hole to heavy-h
transition peaks and free-carrier absorption. Zanieret al.
show that peak position values are strongly affected by
method utilized in subtracting the free-carri
background.13,14 In their approach, the peak position is a fi
ted parameter, derived from the best fit to a model of fr
carrier absorption and a Lorentzian peak. This problem
also discussed by Kreifelset al., and they advocate a self
reference technique.15 Zanier et al. report spectra for three
L530 Å quantum wells~i! x~Ge!50.2, ND5231018, ~ii !
x~Ge!50.2,ND5231019, and~iii ! x~Ge!50.3,ND5231018

cm23. Well compositions are approximate, and energy pe
are broad. FittedE10 peak positions for samples~i!, ~ii !, and
~iii !, are ;115, ;125, and;160 meV, respectively. Ou
calculated values are 122, 151, and 170 meV. Forx~Ge!
50.2, the relative energy difference between the twoND
samples is 10 meV, and our calculated value is 29 meV.
ND5231018 cm23, the relative energy difference betwee
the twox~Ge! samples is 45 meV, and our calculated value
48 meV. Samplex~Ge!50.2 is just at the intersection o
bound-to-bound and bound-to-continuum transitions, an
slight shift in a parameter drastically affects experimen
and calculatedE10.

In a series of publications Wang and co-workers repor
infrared measurements of Si12xGex/Si quantum wells.16–20

Many of these results are summarized in Ref. 11. In th
publications, the free-carrier absorption subtraction meth
is unspecified. ForND5131019 cm23, E10 peaks forx~Ge!
compositions 0.15, 0.40, and 0.50 are at;145,;153, and
;172 meV.16–18Our calculated values are 143, 176, and 1
meV. The x~Ge!50.15 quantum well is a bound-to
continuum type transition. The measured energy shift
tween x~Ge!50.4 and 0.5 is 19 meV, and our compute
value is 14 meV. ForND5531019 cm23, L540 Å, and

ed

f

FIG. 8. Transition energy as a function of doping widthLd and
well width L for a carrier-doped Ge0.25Si0.75/Si quantum well. For
largeLd/L, E10 differences between fully and partially doped qua
tum wells are small.
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5152 55ALFRED KAHAN AND LIONEL FRIEDMAN
Ld530 Å, measured values ofE10 for x~Ge!50.4 and 0.60
are;220 and;234 meV, respectively.19,20 Our calculated
values ofE10 are 200 and 223 meV. For these samples
relative measured and calculated energy shifts are 14 an
meV, respectively. In general, differences between meas
and calculatedE10 are within 25 meV.

V. CONCLUSIONS

We have evaluated Coulomb carrier-carrier exchange
direct interaction effects for the heavy-hole subband
strained-layer quantum wells. We have derived, in a con
tent manner, the associated energy shifts both for the gro
and the excited-states. Ground- and excited-state exch
interaction energies,Eex

0 and Eex
1 , are negative, wherea

ground- and excited-state direct interaction energies,Edir
0 and

Edir
1 , are positive. The net carrier density induced ene

shift is a balance between these positive and negative off
In deriving these energy expressions we follow, and exte
the formalism of Coonet al.1–6 For Eex

0 we reproduce their
results. In derivingEex

1 , these investigators approximated
d

on

on

Pe

ro
e
23
ed

d
f
s-
d-
ge

y
ts.
d,

exponential by the first nonzero term of its power series
pansion. Our results forEex

1 are based on the complete e
pansion of the exponential. We find, in agreement with th
investigators, thatEex

1 is substantially smaller thanEex
0 . For

Edir
0 andEdir

1 , we consider an electrically neutral doped we
In our derivation we differentiate between well width
ground- and excited-state wave function confinem
lengths, and doping layer width. Our results forEdir

0 andEdir
1

yield substantially smaller energy shifts than the ones gi
by Coonet al.Consequently, for small carrier densitiesEex

0

is the primary component of many-body effects. Howev
direct interaction energies increase linearly with carrier d
sity, and for large carrier densities do become important
substantially negate exchange interaction effects.
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