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Uniqueness of wave-plate measurements in determining the tensor components
of second-order surface nonlinearities
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The relative amplitude and phase of the components of the second-order susceptibility tensors for second-
harmonic generation from a chiral surface can be determined by making measurements of the second-harmonic
intensity. The intensity of the ands components of the reflected or transmitted second-harmonic wave must
be measured, but the measurements need not be calibrated nor even be on the same relative intensity scale.
However, these intensity measurements must be made as functions of the polarization state of the fundamental
radiation. We prove that it is sufficient to make these measurements at a single angle of incidence provided that
a wave plate of any retardation other than half wave is used to manipulate the polarization state of the
fundamental radiation. Quarter-wave retardation is a good choice. We derive explicit formulas to determine the
susceptibility components from the parameters found to describe the intensity measurements, where the electric
dipole approximation is made in the description of the nonlineaf89163-18207)03908-9

I INTRODUCTION |(20) =|fE} (0)+0E () +hE; (0)E) ()%, (1)

Chiral molecules have received attention lately as poten- h h . o dh |
tial nonlinear-optical materials owing to the rich nature of W1€'€ the expansion parametersg, andh are complex

their optical responsk? In linear optics, chirality of a mate- valued-andE,p(w) and E's(‘”) are, respectively, thp-land

rial system is exhibited by optical activity and is typically S-Polarized components of the complex-valued amplitudes of
quantified through measurements of optical rotatory dispert-he fundamental electric field incident upon the nonlinear
sion or circular dichroism. A nonlinear-optical technique Surface. We note that some of the expansion parameters may
has been discovered for detecting molecular chir4lie vanish for some surfaces, but there are no more than these
efficiency of second-harmonic generation from a surfac hree parameters. Also, Eq1) shows that the second-

composed of chiral molecules depends upon the handedne grmonic signal does not depend upon the overall phase of
i : L the parameters, but only on the relative phase among them.
of the circularly polarized fundamental radiation used to

. . . . . . . The expansion parameters are linear functions of the compo-
drive the nonlinearity. The difference in the efficiency is | i< of the second-order susceptibility tensors. One might
known as second-harmonic generation circular dichroismé

. 25 \ : onsiderf, g, andh to be susceptibilities but in ap-s
difference(SHG-CD,™” and the sign of the difference de- ., ginate system rather than in Cartesian coordinates: how-

pends upon the particular enantiomer composing the chirglyer, these parameters will change in value with changes in

surface. . . ~ the angle of incidence, so they are not purely material re-
SHG-CD was first used to demonstrate nonlinear opticakponse parameters as susceptibilities are usually defined.

activity of chiral surface%*,“'leut other methods have been Neverthelessf, g, and h are the parameters that can be

discovered. One is second-harmonic generation linear diffeimeasured most directly in an experiment.
ence (SHG-LD),***® which is where the efficiency of the  In earlier measurements of SHG-CD of chiral isotropic
harmonic generation changes between two different linearsurface$:'%?22% a quarter-wave plate was not only posi-
polarization states for the fundamental radiation. Another igioned to yield left- and right-hand circularly polarized fun-
second-harmonic generation optical rotatory dispefdibt?®  damental radiation, but was varied continuously over the
(SHG-ORD or polarization-azimuth rotation.Still others ~ whole range of possible wave-plate angles. By fitting @9.
are possiblé, but all require isotropic surfaces such thatto the measured response curve, the amplitude and relative
these effects can be used to detect chirdfi§? An experi-  phase of the parametefs g, and h were determined. In
ment has already demonstrated that nonlinear optical activitselated experiments, achiral isotropic surfaces were studied
can occur for an anisotropic achiral surface, where the molusing a half-wave plat&?>but a limitation of this method is
ecules composing the surface are neither chiral nor even athe fact that the parameters cannot be determined uniquely
ranged on the surface with chiral symmetry propertes. (even to an overall scaling of phasenless measurements
Regardless of the symmetry type of the nonlinear surfacare made at more than one angle of incideficguch a limi-
layer, the second-harmonic photon can always be thought d&tion does not occur when using a quarter-wave plate. This
as resulting from the annihilation of twe-polarized funda- advantage of using a quarter-over a half-wave plate has re-
mental photons, twas-polarized fundamental photons, or cently been exploited in a study of an achiral isotropic
one p-polarized fundamental photon with orsepolarized surfacé® and could be exploited in studying anisotropic
fundamental photon. An equation describing this is surfaces!
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(b)

FIG. 2. (a) Preparation of the polarization state of the incident
fundamental electromagnetic field by propagation gf-polarized
laser beanti.e., E?*=E"3°p¢ ) through a wave platgb) Defini-
tion of the wave-plate angléyp with respect to thedy_ and s
directions, wherd&{_ is the propagation direction of the laser beam.

The circle with a dot indicates a vector out of the drawing.
FIG. 1. Typical geometry of surface second-harmonic genera-

tion showing the unit vectors for the incident fundamental wave,
and the reflected and transmitted second-harmonic waves. The
hatched line indicates the thin nonlinear surface layer. The circles

with dots or crosses indicate vectors out of or into the drawing, || UNIQUENESS OF THE EXPANSION PARAMETERS
respectively.

We examine to what extent the expansion paramdters
g, andh can be determined assuming the use of a wave plate
In this paper, we extend the theoretical results of Ref. 140 manipulate the polarization state of the fundamental radia-
to form a theoretical basis for methods already used in Refdion. The fundamental electric field
2, 10, 22, and 23. In Sec. Il we examine the action of a wave
plate in manipulating the polarization state of the fundamen-
tal radiation and we prove that the parameferg, andh can
be determined uniquelfwithin an overall phase ambiguity
from measurements of the surface second-harmonic intefacident on the surfacésee Fig. 1 after traversing a wave
sity. The results also prove that measurements at only Blate(see Fig. 2is related to the electric field
single angle of incidence are required providing that a wave
plate of any retardation other than half wave is used. This is
a general result applicable to many surface types. In Sec. llI
we also illustrate the information content and utility in mea-
suring the parameters by giving formulas relating the com©f the laser by
ponents of the second-order susceptibility tensor directly to

E\(r)=[E, (@)pi_+E (w)Slexpliki_-r) )

E'%e(r) =[E2*(w)p{_ + EL*w)Slexpliky_ 1)  (3)

the parameters for a chiral isotropic surface. These formulas E, (o) E'aseiw)
are derived under the assumption that the nonlinearity of the P =Twe(9)| _fse ) (4)
surface can be described within the electric dipole approxi- E (o) Es*(w)
mation. In Sec. IV we summarize the results of the paper and
discuss their applicability to future experiments. The Jones matrix for a wave plate of linear retardatas’’
COSO—1i sind cosHyp —i sind sin26\yp
Twe(O)=| . . . , (5
i sind sin26yp Coso+i sind cosHyp

where 6=7/4 for a quarter-wave plate ant:7/2 for a half-wave plate. We shall consider the situation where the lager is
polarized only(i.e., E'j‘ser: 0). Note that, for this case of input polarization to a quarter-wave plate, right- and left-hand
circularly polarized light are produced f&r= /4 and — /4, respectively. .

The completely general expressidns (f,+if,)e'?, g=(g,+ig,)e'?, andh=h,e'? with h,>0 make the overall phase of
the parameters explicit. Equatidf) gives the second-harmonic intensity, after substituting the expressiorEsp(ms) and

E (o) from Eq. (4), to be

| (20w)=3[(f;+gy)SiP6—2 f,c08 65— 4f,c085 SINS COSB\yp+ (f1—g1)SINPS cosByyp+ hySir S sin 40yp]>+ 5[ (f5
+9,)SiP5— 2 f,c08 5+ 4f 0S5 Sind cosByyp+ (f,— g,)SI S cosdyp+ 2h,€0S5 Sind sin20yp)?, (6)
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where the expansion parametéis f,, g;, g,, andh; have as= %(f%-{- f§+ g§+ gg_ hi_ 2f,0,—2f,g,)sin*s,
been scaled uniformly to remove the explicit dependence on (99
the intensity of the fundamental field. Equatié®) shows
that measurement of the second-harmonic intensity does not b,=—1f,h,(coss sinS+4 cosSs sind)
provide any information about the absolute phasef the
parameters, g, andh. However, the amplitude and relative +302h;c05 sin’s, (109
phase off, g, andh may be determined providing the real-
valued parameters;, f,, g;, g,, andh; can be determined b,=3f,h,SiIrPS(sinf 6+ 2 cog8) + 3g,h,sin’s,
uniquely. (10b
For a half-wave plate, Eq6) reduces to
by=—%(f,+g,)h;coss sin’s, (100
[f1+91+(f1—g1)cosBypt h;sindbyp)
[fo+ 0.+ (fo— 0,)cOSByyp)? The values of Fourier coefficients can always be determined
+ 4 : () uniquely. By showing that only a single solution set exists

) ) _ that relates the parametefrs, f,, 91, g,, andh; to the Fou-
Equation(7) is unchanged when the signs of the two param-ier coefficientsa,, andb,,, the uniqueness of the parameters
eters f, and g, are transformed usingf,——f, and s proven.

g,— —9y. Hence these two parameters cannot be deter- The general case of retardation is where &#0, and
mined uniquely when using a half-wave plate to manipulate:os 50, which includes the case of a quarter-wave plate,
the polarization state of the fundamental radiation, whichhyt not a half-wave plate. Equatiofi0) give

shows the need to prove that the parameters can be deter-

mined uniquely for other cases of retardatién b,+2b,
Equation(6) can be expanded out and written as a Fourier =t sis (113
series. The result is !
4 _ —b;—3b3 11h
1(20) =0+ 3, [anCOL2Mbyyp) + DySiN2Mbyye) ], 2= 2hysiné cos’ (11b
8
- ® by+2b,  4b, "
where the coefficients are 01= hySi?6  hysints’ (119
ag=(f2+f2)cofs— (f,9;+ f,g,— th?)cogs sins
0 1 22 ) 21912 2922 2Ny ) by +3bs 2b,
+%[3(f1+f2+gl+gz)+h1+2(flgl+fzgz)]Sin45, gz_zhlsinﬁ (;055_ h,coss Sics” (11d
(%a) At this stage, we see thdt, f,, g;, andg, can be deter-
ai=(f.q,—f oSS sirs, 9b mined uniquely providing thath; can be determined
1= (1102~ 120,) (b uniquely. The substitution of Eq$l1l) into the expressions
az=(fi+f§—%h§+f191+f292)3in25 co2s for the Fo_urier co_efficientsam [i.e., Eqs._(9)] gives_ five
equally valid equations fdn, . That only a single solution for
+1(f2+f2—g2—g3)sin’s, (99  hy exists for one of these five equations will prove that
can be determined uniquely. Equati¢@b) has the single
az=(f,g;— f19,)sits coss, (9d)  solution

_ [(biba+babs—4bshy) — (2b;bs+2bybs+1003b,) cof 5] M2

hy a; , (12
|
since only the positive square root is to be taken under the —2b,
initial assumption thah;>0. A single solution forh; thus fo= 1 <5 cos” (13b)
proves that all of the parameters can be determined uniquely. !
Later we shall need to consider a situation in whigh a, Sint6—a,(8 cos+ 3 sirf ) |12
vanishes. In this case, we get h;=2 - . (130
sin*8(3+ cos )

A single solution in terms of the Fourier coefficients is found
fo— 4b, (133 and thereford andh can be determined uniquely even when
1" hysints’ g is zero.
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Another possible situation is that all of the parameters sets for the parameters, but there is always a minimum of
g, andh are real valued. In this case, Eq419 and(11¢  two. Therefore there is no unique set of parameters that de-

are still valid and a single solution scribe the second-harmonic signal. In summary, a half-wave
plate can never be used to determine the expansion param-
112 eters uniquely from a single angle-of-incidence measure-
h;=cs@4| [b§(4 cods ment, but a wave plate of any other retardation can, which
42,C0S 6— a,Sirt 6 includes a quarter-wave plate.

+16 coé 6 sirt5+8 cog s sin6) —b3cog s sin's

+b,yby(2 cod s sinP5—4 cog s sint5—2 sirf 5) 112 IIl. SUSCEPTIBILITY-TENSOR COMPONENTS

(14 General expressions for the expansion paramdters
andh have already been derived using the general formalism
of Sip€® and are given by Eq$38) of Ref. 14. These equa-
tions and measurements of the parameters provide one with
the information required to determine the components of the
second-order susceptibility tensors. One could determine the
_by+2b, 15 calibrated parametefy, f,, g1, g,, andh, from calibrated
Y h, (153 measurements of the second-harmonic intensity made using
the quarter-wave-plate technique, but that is not necessary in
order to find only the relative amplitude and phase of the
_by—2by 156 susceptibility components. All one needs to find is the rela-
9= h, 159 e parameterd"®'=(f,+if,)/h;, g™®=(g,+ig,)/h;, and
h''=1. The true calibrated amplltude parameter can then be
related to these relative parameters by

is found, which proves the parameters in this limit can be
determined uniquely.
For a half-wave plate, Eq$9) and (10) give

2[hf(ap—ap+a,) — (by—2by) ]

fo=x 2
2b5 —8b7+h%(1—2a,+6a
il 4 hal o+ 6a,)] fr m,=0r, /ijE?jI/Tj , (163
X[(by+2bg)2—hi(ag+as+a,)]. (159
rel
T =R T.OR /T, » (16b
[3(ag—aa+ay) — (by—2b,)2)*2 IR MO
g== h , (150
1
hRj T, = AR 1T (160

4 2 2 2 2\h2
(30~ 3a)Ny +4(a2+8a; ~Baoa, + by~ 4bi)hy wherej again equals eithgp or s and Qr, /7, @re unknown
+32(2a0b§—a2b2b4+ a4b§ 2a4b y=0, (158 constants of proportionality. After substituting E¢$6) into
Egs. (38) of Ref. 14 and taking the limit of only electric
where the upper or lower signs among the equations must tdipole responséi.e., x°°™ and x"°® are zerg, the resulting
taken together when forming a given solution set. Equatiorequations can be solved directly. We scale the absolute phase
(158 has either one or two positive, real-valued solutions forand amplitude of the susceptibility components such that
h,. Because there are two solutions fgrandg, for a par-  xgzs=1 and the remaining nonvanishing independent com-

ticular value ofh,, there can be up to four different solution ponents are

2 2 2 2
N Logrel el ( s13 ) (1—!’3’31%032 [1+rgs,] p—— 1- I’ptso| COt0
RTJR /T 3 T 20
222 s'ls Follp\ 1-r&ra, tglg [1+r‘5'32][1—r’5’32] 1+r pgl
2w ® 2w
—Io32 M p3i _rp32 1-rgs
F21R g’Re' m, =P otgy ——— B3 cotp2ex 2 Oty ——5 COth3° (17a
s 1471 p3 1+r53 1+r5s 1+rg3
1412, 1-r22
Xow= 2218 m O 1 7o tands 5, cote3” (17
sUsTpl e 1=r 5, 1+rs
e fre tas 1 Tpailfps 140, - (179
xyz— 'R¢IT 3
Y sisl-ralrgp  ths  1- rp32
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wherei =2 and the upper sign is valid or=1 and the lower element for the fundamental radiation, but a half-wave plate
sign is valid for the susceptibility components determinedis not a good choice. The use of a quarter-wave plate allows
using the reflected or transmitted waves, respectively. Théor the determination of the various parameters describing
guantitiesr andt represent the Fresnel amplitude reflectivity the strength of SHG arising from the annihilation of two
and transmission coefficients, respectively, of eithemther ~ p-polarized photons, twos-polarized photons, or one
s-polarized waves as indicated. The anglewith respect to  p-polarized photon with ones-polarized photon. Explicit
the surface normal for which a wave vector propagatesormulas are given for calculating the susceptibility compo-
within the nonlinear surface layer is related to the angle ohents in Cartesian coordinates from the measured values of
incidenced; by Snell's law. The superscripis or 2w indi-  the parameters in a givgns coordinate system. An overall
cate whether a quantity is to be computed at the fundamentamplitude and phase ambiguity remains in the determination
or second-harmonic frequencies, respectively. The precisef the susceptibility components. This problem could be
definitions of all quantities can be found in Ref. 14. Note thatsolved, however, by using the well-known reference-sample
Or, /7, is predicted to be zero for only electric dipole re- interferometric technique to measure the absolute magnitude

sponse and that in Sec. Il it was provigg);r_andhg_r_can an(ljz phase Of(f;‘)e.Of Ithde Suﬁcehptibilif;y com;f)olné%ts. ol

: . . . . quations include all the effects of linear-optica
still be determlned uniquely even gRs’Ts vanishes. . Fresnel reflection and transmission. They are applicable for
_ Equations(17) represent a very useful means of determin-gp,y angle of incidence including those where total internal
ing the susceptibility components in the limit o_f only electric (eflection occurs. We find that one may determine the sus-
dipole response. The key feature of the experimental metho&’eptibility components from measuring the- and
is that each intensity measurement can be made using a di:po|arized components of the second-harmonic wave in just
ferent arbitrary intensity scale. The ands-polarized com- e direction. The use of the reflected or transmitted direc-
ponents of the second-harmonic intensity do not even have tg,s should give the same relative values for the suscepti-
be measured on the same relative intensity scale. In addItIOIB"ity components. Any discrepancy would suggest that the

the susceptibility components can be determined from the,aterial response cannot be described either as an optically
expansion parameters measured using either the reflected @k, fiim or within the electric dipole approximation.

transmitted second-harmonic intensity. Both schemes could |, any future experiments, the parametéysf,, g, g
be used to check for self-consistency in the determination of , 4 h, appearing in Eq(6) rﬁust be determinezoi fi%,st. zée-
the susceptibility components, cee. - . cause Eq(6) is a nonlinear functional of the parameters, a
The susceptibility componey,; vanishes when there is g njinear algorithm must be used to fit a data curve for the
no chirality for an isotropic surface. Thus the .coupllng be-second-harmonic intensity measured as a function of the
tween Eqs(38) of Ref. 14 for thep- ands-polarized com-  coniinyous variation of the wave-plate angige. Another
ponents of the expansion parameters is lost a_nd the SOIUt'O%proach would be to fit the data to the Fourier series(@q.
given by Egs.(17) would not be valid. Solutions for the (yhich requires only a linear fitting algorithnand then to
susceptibility components of an achiral surface can be found,g¢ Eqgs(11) and(12) to compute the parametefs, f,, g,
though, by making the additional measurement of the scalingz, and h, from the Fourier-coefficient data. A somewhat
factor between thep- and s-polarized components of the gjmijar approach of using Fourier methods to determine the

expansion parametef8. parameters has already been used, but in the study of achiral
surface$>?° The use of Eq(6) and a nonlinear fitting rou-
IV. CONCLUSIONS tine is the most direct, though, and gives excellent agreement

A method for determining the relative amplitude and™ practice’®
phase of the components of the second-order susceptibility

tensors for a chiral surface has been developed. The method

makes use of the information gained from studying the pro- We gratefully acknowledge the financial support of the
cess of surface SHG as the polarization state of the fundaBelgian GovernmengGrant No. IUAP-16, the Belgian Na-
mental radiation is varied. It is found that a quarter-wavetional Science FoundatioiGrant No. FKFO 9.0103.93and
plate is a good choice to use as a polarization manipulatinghe University of Leuver{Grant No. GOA95/1
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