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Resonant guided elastic waves in an adsorbed bilayer:
Theoretical analysis of the density of states
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We study resonant acoustic waves of sagittal polarization in a bilayer deposited on a substrate. Such
resonances were initially studied by Brillouin light scattering in a buffer silica layer of a Si-SiO2 bilayer on a
Si substrate. Using a Green’s-function method, we have obtained the local and total densities of states as a
function of the frequencyv and the wave vectorki parallel to the interfaces. When the velocities of sound in
the buffer layer are higher than those in the topmost layer the former acts as a barrier between phonons of the
topmost layer and those of the substrate; therefore well-confined resonant waves may exist in the higher slab,
which appear as well-defined peaks in the density of states. The positions of these peaks enable us to study the
speed of resonant modes as a function of the parallel wave vector and the thicknesses of the buffer and topmost
layers. Specific applications of our analytical results are given in this paper for a GaAs-Si bilayer on a GaAs
substrate.
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I. INTRODUCTION

The propagation of surface acoustic waves in adsor
layers, the so-called Love1 and Sezawa and Kanai2 modes,
has been extensively studied since the beginning of this
tury. These modes3 are respectively of shear horizontal an
sagittal polarizations, which means a polarization perp
dicular or parallel to the sagittal plane defined by the norm
to the surface and the wave vectorki parallel to the surface
These studies4–12have been performed mostly in the vicini
of the transverse threshold of adsorbate layers and below
transverse velocity of sound in the substrate and there
these modes become guided waves of transverse charac
adsorbed layers.

Some years ago,13–21much attention has been devoted
the propagation of acoustic modes lying above the subs
velocity of sound and at the vicinity of the longitudin
threshold of the adsorbate, the so-called longitudinal gui
modes ~LGM’s!. The LGM’s are resonances~also called
leaky or pseudowaves! with a displacement field having lon
gitudinal character and propagating in the film. The
pseudomodes are of sagittal polarization and are with
analogy in the case of shear horizontal polarization. LGM
in one adsorbed layer14–17 were investigated by Brillouin
light scattering, and the experimental results were found
be in agreement with a Brillouin scattering cross-sect
theory.16

Some very recent papers19,20 gave experimental evidenc
and theoretical explanation of Brillouin light scattering fro
sagittal surface acoustic phonons in a structure compose
a Si-SiO2 double layer on a Si substrate. The main feature
550163-1829/97/55~7!/4442~7!/$10.00
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this system are related to the buried SiO2 layer. Thep•p
Brillouin spectra show, in addition to the usual sagit
modes ~Rayleigh and Sezawa waves!, two longitudinal
guided pseudomodes near the longitudinal threshold o
that are analogous to those previously observed in a si
adsorbed layer.14–16 Similar investigations were performe
on a silicon-oxynitride-fused-silica~Si-SiON! double layer
deposited onto a Si substrate13 and on ZnnSe-ZnSe12xSx
strained layer superlattices.22 The measure of surface mode
and pseudomodes by Brillouin spectroscopy helps one
characterize the elastic properties of thin films17,21 and
superlattices.4–9,22

Among different mathematical approaches, the Green
function method is quite suitable for studying the spect
properties of these composite materials; in particular, it
ables us to calculate the total or local density of states~DOS!
in which the localized or resonant surface modes appea
well-defined peaks. We have previously18 applied such a for-
malism to the case of one adsorbed layer. In the pres
paper we are interested in calculating both local and to
DOS associated with the more complicated case of sag
acoustic modes in an adsorbed bilayer. The knowledge of
DOS in these structures enables us to determine the sp
distribution of the modes and in particular the possibility
guided pseudomodes, which may appear as well-defi
peaks of the DOS in the continuum of the substrate b
band. The Green’s-function approach used in this work
also of interest for the calculation of transmission and refl
tion coefficients,23,24or for studying the scattering of light by
surface phonons.25

Our analytical results can of course be applied to a
4442 © 1997 The American Physical Society
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combination of material parameters in the bilayer and in
substrate. In this paper we shall focus our attention o
phenomenon that apparently has not been discussed in
vious works: this is the possibility of finding well-define
guided pseudomodes in the topmost layer, as a consequ
of its separation from the substrate by the buffer layer, wh
the velocities of sound in the buffer are higher than those
the topmost layer. This phenomenon results from the
that some of the slab modes of the top layer, even if they
in resonance with the substrate bulk modes, cannot propa
in the intermediate layer and therefore remain well-defin
guided waves of the higher slab. A preliminary report
these results26 as well as the results associated with the s
plest case of transverse polarization27 were presented else
where.

After a brief presentation of the model in Sec. II, we gi
in Sec. III some numerical results for a GaAs-Si bilayer d
posited on GaAs.

II. MODEL

The adsorbed bilayer is formed out of two different sla
( i51,2) deposited on a homogeneous substratei5s. The
slabs are respectively of thicknessd1 andd2 . All the inter-
faces are taken to be parallel to the (x1,x2) plane. A space
position along thex3 axis in mediumi is indicated by (i ,x3),
where 2di /2<x3<di /2 in the two adsorbed layers an
x3<0 in the substrate~see Fig. 1!.

The media forming the slabs and the substrate are
sumed to be isotropic elastic media characterized by t
mass densitiesr and their elastic constantsC11 andC44. The
squares of the bulk longitudinal and shear plane wave vel
ties are, respectively,

Cl
25

C11

r
, Ct

25
C44

r
. ~1!

FIG. 1. Schematic representation of a bilayer deposited o
homogeneous substrate.d1 andd2 are, respectively, the thicknes
of the buffer and of the surface layer.
e
a
re-

nce
n
in
ct
re
ate
d
f
-

-

s

s-
ir

i-

Due to the isotropy within the (x1,x2) plane, the shear
horizontal vibrations are decoupled from those polariz
within the sagittal plane, for any value of the propagati
vectorki parallel to the surface.

We obtain the local and total DOS associated with
supported double layers from the knowledge of the cor
sponding Green’s function, which is calculated here by us
the theory of interface response in composite materials.23 In
this theory, the Green functiong of a composite system ca
be written as23

g~DD !5G~DD !1G~DM !@G21~MM !g~MM !G21~MM !

2G21~MM !#G~MD !, ~2!

whereD andM are, respectively, the whole space and t
space of the interfaces in the composite material. Within
elastic model, M is just limited to the planes
x350[2d1/2,d1/2[2d2/2 andd2/2 ~see Fig. 1!. G is a
block-diagonal matrix in which each blockGi corresponds to
the bulk Green function of the subsystemi . In our case, the
composite material is composed of slabs of materialsi ( i
51,2) with thicknessdi deposited on a substrate of mater
i5s. In Eq. ~2! the calculation ofg(DD) requires, besides
Gi , the knowledge ofg(MM ). In practice, the latter is
obtained23 by inverting the matrixg21(MM ), which can be
simply built from a juxtaposition of the matricesgsi

21(MM ),
wheregsi(MM ) is the interface Green’s function of the slab
i ( i51,2) and of the substrate alone. Let us emphasize t
in the geometry of the adsorbed bilayer, the elements of
Green’s function take the formgab(v

2,kiu i ,x3 ; i 8,x 38),
wherev is the frequency of the acoustic wave,ki the wave
vector parallel to the interfaces, anda,b denote the direc-
tions x1 ([1), x2 ([2), and x3 ([3). For the sake of
simplicity, we shall omit in the following the parametersv2

andki , and we note asg( i ,x3 ; i 8,x 38) the 333 matrix whose
elements aregab( i ,x3 ,i 8,x 38) ~a,b51,2,3!.

By assuming thatki is along thex1 direction, the compo-
nentsg22 of the Green function decouple from the comp
nents g11,g13,g31,g33 ~i.e., g125g215g235g3250); the
former corresponds to shear horizontal vibrations, wher
the latter are associated with the vibrations polarized in
sagittal plane.

From the knowledge of the Green’s function in the su
ported double layers, one obtains for a given value ofki the
local density of states

na~v2,ki ;x3!52
1

p
Im gaa~v2,kiu i ,x3 ; i ,x3! ~a51,2,3!

~3a!

or

na~v,ki ;x3!52
2v

p
Im gaa~v2,kiu i ,x3 ; i ,x3! ~a51,2,3!

~3b!

The total density of states for a given value ofki is ob-
tained by integrating overx3 the local density of state
n(v2,ki ;x3) and by summing over the indexa. This expres-
sion can be written as the sum of three contributions:

n~v2!5n1~v2!1n2~v2!1ns~v2!, ~4!

a



1
.
n
n

th
e

t
th
e

our
as-
ted
’s

tal
stic
rate

ies
the
rier
sub-
the
ve-
ear

ded
ge
he

r

he

inal

en

4444 55E. H. EL BOUDOUTI, B. DJAFARI-ROUHANI, AND A. AKJOUJ
wheren1(v
2) andn2(v

2) are the contributions of layers
and 2, respectively, andns~v

2! comes from the substrate
Actually, in the latter term, we subtract the contributio
nB~v2! of the bulk of the substrate, which is an infinite qua
tity and writens(v

2)5nB(v
2)1Dsn(v

2).
Then we have

n1~v2!52
r~1!

p
Im trE

2d1/2

d1/2

g~ i51,x3 ; i51,x3!dx3 , ~5!

n2~v2!52
r~2!

p
Im trE

2d2/2

d2/2

g~ i52,x3 ; i52,x3!dx3 , ~6!

Dsn~v2!52
r~s!

p
Im trE

2`

0

@g~ i5s,x3 ; i5s,x3!

2Gs~x3 ,x3!#dx3 . ~7!

g andGs are, respectively, the response functions of
adsorbed bilayer and of an infinite substrate. The trac
taken over the components 11 and 33, which contribute
the sagittal modes we are studying in this paper. The in
gration overx3 can be performed very easily because
Green’s-functions elements are only composed of expon
tial terms.28

FIG. 2. Dispersion curves of resonant sagittal modes fo
GaAs-Si bilayer on a GaAs substrate.C is the velocity. The figure
is sketched ford1/d250.5, whered1 andd2 are, respectively, the
thickness of the Si and GaAs slabs.

TABLE I. Transverse and longitudinal velocities and mass d
sities for GaAs and Si.

Ct ~m/s! Cl ~m/s! r ~kg/m3!

GaAs 3342 4710 5316.9
Si 5845 8440 2330
-

e
is
to
e-
e
n-

To end this section, let us notice that, to the best of
knowledge, the supported double-layer Green’s function
sociated with sagittal modes has not been calcula
before.28 The shear horizontal component of this Green
function was given recently.12,27

III. NUMERICAL RESULTS

This section contains a few illustrations of local and to
densities of states and dispersion curves for sagittal acou
waves in a GaAs-Si bilayer deposited on a GaAs subst
cut along the~001! plane and for propagation wave vectorki

along the@100# direction~see Fig. 1!. The parameters for the
materials are listed in Table I. In this structure the velocit
of sound in the Si buffer layer are higher than those in
GaAs topmost layer; therefore the former acts as a bar
between phonons of the topmost layer and those of the
strate, and well-confined resonant waves may exist in
higher slab in such a way as to realize an acoustic wa
guide. Similar illustrations were presented for pure sh
horizontal~SH! waves in a very recent paper.27 In the case of
sagittal acoustic waves studied here, we show that gui
longitudinal acoustic waves with velocities lying in the ran
of longitudinal velocities of sound may be confined in t
topmost layer.

Figure 2 gives an illustration of the dispersion curves~ve-

a

FIG. 3. Variation of the DOS due to the adsorption of t
GaAs-Si bilayer on the GaAs substrate, atkid255 ~a!, 10 ~b!, and
15 ~c!. The antiresonances appearing atCt~GaAs! andCl~GaAs!
correspond tod peaks of weight21

4, resulting from the subtraction
of the substrate bulk band in the variation of the DOS@see Eq.~7!#.
The arrows indicate the positions of the transverse and longitud
velocities of Si.

-
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55 4445RESONANT GUIDED ELASTIC WAVES IN AN . . .
locity C versus the reduced parallel wave vectorkid2). The
thicknessd1 of the Si slab is such thatd150.5d2 , whered2
is the thickness of the GaAs layer~see Fig. 1!. Apart the
lowest branch corresponding to the Rayleigh wave~RW! lo-
calized at the surface of the GaAs layer, the other branc
represent resonant modes induced by the bilayer in the
tinuum of the substrate bulk band, which means above
transverse velocity of sound of the GaAs substrate. Th
resonant modes are depicted from the maxima of the D
shown in Fig. 3 for a few values of the wave vectorkid2 .
The full ~dashed! horizontal lines in Fig. 2 represent the p
sitions of transverse and longitudinal velocities of sound
GaAs~Si! medium. In the limitkid2→` in Fig. 2, the reso-
nant modes move to the GaAs transverse sound line.
pseudomodes belowCt~Si! represent resonant guided wav
of the topmost GaAs layer, and appear as well-defined pe
in the DOS of Fig. 3, even though they are in resonance w
the bulk modes of the GaAs substrate. For the sake of il
tration of very narrow peaks, these resonances are enla
by adding a small imaginary parte to the velocity C
@e510233Ct~GaAs!#. One can, however, notice that th
widths of these peaks become large when eitherkid2 or the
thicknessd1 of the buffer layer decreases~see below!.

Among the above guided waves, one can distinguish
modes falling betweenCt~GaAs! andCl~GaAs!, which are
predominantly of shear vertical character and the branc
falling betweenCl~GaAs! and Ct~Si!, which are predomi-
nantly of longitudinal character. This is shown in Fig.
where we have separated in the DOS the contributions

FIG. 4. Same as in Fig. 3, where the contributions of sh
vertical ~full curves! and of longitudinal~dashed curves! compo-
nents in the DOS are separated.
es
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shear vertical~full curves! and of longitudinal ~dashed
curves! components. One can also notice in Fig. 2 import
coupling and anticrossing of these pseudomodes in the vi
ity of the GaAs longitudinal sound line. In Fig. 2 there a
also well-defined resonances with velocities falling betwe
Ct~Si! and Cl~Si!, which are guided waves of the whol
GaAs/Si bilayer. More specifically, as will be shown belo
one can distinguish in this velocity range narrow and inte
resonances that are associated with the GaAs topmost la
separated by small and broad peaks corresponding to th
buffer layer@see Figs. 3~b! and 3~c!#. These resonances hav
mixed shear vertical and longitudinal character as shown
Fig. 4. AboveCl~Si!, the resonances become very weak
pecially for small values ofkid2 .

An analysis of the local DOS as a function of the spa
positionx3 ~Fig. 5! clearly shows the localization propertie
of the different kinds of modes belonging to different velo
ity range. The local DOS reflects the spatial behavior of
square modulus of the displacement field. Figures 5~a! and
5~b! correspond to the modes respectively labeled 1 and
Figs. 3~b! and 4~b!, showing that these pseudomodes a
confined in the GaAs slab and do not propagate into the
buffer layer. Consequently, they remain well-defined guid
waves of the topmost GaAs slab; however, the first one@Fig.

r

FIG. 5. Spatial representation of the local DOS forC54.116
km/s, 5.11 km/s, 6.609 km/s, 7.032 km/s, and 9.335 km/s
kid2510. These pseudomodes are, respectively, labeled 1, 2,
and 5 in Fig. 3~b!. The full ~dashed! curves correspond to shea
vertical ~longitudinal! components of the local DOS. The spa
positions of the different interfaces are marked by vertical lines
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5~a!# is predominately of shear vertical character as its
locity (C54.116 km/s! lies between Ct~GaAs! and
Cl~GaAs!, while the second one@Fig. 5~b!# with a velocity
C55.11 km/s lying betweenCl~GaAs! andCt~Si! is mostly
of longitudinal character. Figures 5~c! and 5~d! correspond to
the modes respectively labeled 3 and 4 in Fig. 3~b! with
velocities lying betweenCt~Si! andCl~Si!. The mode labeled
3 in Fig. 3~b! (C56.609 km/s! shows a strong localization in
the topmost GaAs layer@see Fig. 5~c!# and, therefore, is con
fined in the latter even though the shear component of
wave is traveling in the Si buffer layer. The mode labeled
in Fig. 3~b! is propagating in the two adsorbed layers with
pronounced amplitude of the transverse component in th
buffer layer, while the longitudinal partial wave is evane
cent in the latter as its velocity (C57.032 km/s! lies below
Cl~Si!. The mode labeled 5 in Fig. 3~b! shows, as predicted
a propagation of the acoustic wave in the who
GaAs/Si/GaAs system@Fig. 5~e!# as its velocity (C59.335
km/s! lies aboveCl~Si!. Figures 5~a!, 5~b!, and 5~c! evidence
what we believe is one of the main outcomes of this wo
namely, the existence of well-confined modes in the topm
GaAs layer even though they are in resonance with the b
modes of the GaAs substrate. Figures 5~d! and 5~e! have
been presented for the sake of completeness but the c
sponding peaks are probably very weak to be observ
experimentally.

As mentioned above, the pseudomodes induced by
bilayer are dependent on the width of the buffer layer. Fig
6 illustrates the variation of the velocity of the pseudomod
as a function of the thickness ratiod1/d2 , for a given value
of the surface layer thicknessd2 such thatkid2510. Besides
the Rayleigh branch, the next branches belowCt~Si! and a
few branches betweenCt~Si! andCl~Si! are almost horizon-
tal, which means that the velocities of the correspond
pseudomodes are independent of the thicknessd1 of the Si

FIG. 6. Variation of the velocity of the resonant modes, f
kid2510, as a function ofd1/d2 .
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FIG. 7. Variation of the DOS due to the adsorption of t
GaAs-Si bilayer on the GaAs substrate forkid2510 and different
values ofd1/d2 : 0.2 ~a!, 1.5 ~b!, 3 ~c!.

FIG. 8. Variation of the velocity of the resonant modes, f
kid1510, as a function ofd2/d1 .
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buffer layer; these pseudomodes, which are essenti
guided modes of the topmost GaAs layer, appear in gene
as very sharp peaks in the DOS~illustrated in Fig. 7!, except
for small values ofd1 @Fig. 7~a!# where the phonons in the
surface layer may keep an important interaction with those
the substrate. In the velocity range betweenCt~Si! andCl~Si!
there also exist dispersive branches in Fig. 6 that go asym
totically to Ct~Si! for increasing values ofd1 . The latter
pseudomodes actually correspond to small peaks of the D
~Fig. 7! and are associated with a resonant behavior ins
the Si buffer layer or in both surface layers. At the crossin
of the flat and dispersive branches in Fig. 6, the peaks in
DOS broaden and become rather small. Finally in the velo
ity range aboveCl~Si! the peaks in the DOS remain alway
very small~see Fig. 7!.

In the same manner, we have studied the behavior of
resonant modes as a function of the surface GaAs la
thickness. Figure 8 presents the variation of the velocity
the resonances as a function of the ratiod2/d1 , for a given
value of the buffer layer thicknessd1 such thatkid1510.
Except the lowest branch associated with the Rayleigh wa
the next branches are all dispersive and go asymptotically
the limit of Ct~GaAs! for an increasing value ofd2 . One can
observe coupling and anticrossing between the branche
the vicinity ofCl~GaAs! as well as in the velocity range from
Cl~GaAs! to theCt~Si!. BetweenCt~Si! andCl~Si!, we ob-
tained guided resonant modes in the adsorbed bilayer with
important coupling of these pseudomodes at the cross
points. In addition there are no flat branches associated w
guided modes of the Si buffer layer because the velocities
sound in Si are higher than those of GaAs. To emphasize
guided modes of the buried layer, its velocities of sound ha
to be chosen lower than those of the topmost layer and of
R
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substrate; this requirement is, for example, achieved in
case of a Si-SiO2 bilayer on a Si substrate.19,20

IV. CONCLUSION

The results presented in this paper are based on an
lytical calculation of the response functions for acous
waves of sagittal polarization in an adsorbed bilayer.28 These
complete response functions can be used to study any p
cal property of the adsorbed bilayer.29 These include the cal
culation of local and total densities of states and the de
mination of the dispersion relation for surface guided wa
in this structure. Of course, the Green’s-function appro
used in this analysis also enables us to obtain the disp
ment field associated with multiple reflection and transm
sion at the different interfaces, even though we do not
phasize this aspect here.

The expressions of the DOS enable us to derive the
persion of localized and resonant modes~called also leaky or
pseudowaves! in the adsorbed bilayer. Particular attenti
was devoted to sharp guided resonant waves confined i
topmost layer, as a consequence of its separation from
substrate by the buffer layer, when the velocities of soun
the buffer are higher than those in the topmost layer. Th
resonances appear as well-defined peaks of the DOS,
their relative importance being very dependent on the w
vectorki and the thicknesses of the buffer and topmost lay
as well as on the parameters of the constituents. Althoug
our illustrations~Figs. 2, 6, and 8! most of these resonance
were situated below the buffer bulk band, the opposite s
ation can also be realized by interchanging the two cons
ent materials.19,20The experimental observation of the sha
resonances in an adsorbed slab predicted here can be
sible with Brillouin scattering.13,19,20
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