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lons in crystals: The topology of the electron density in ionic materials.
Il. The cubic alkali halide perovskites
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We present here the topologicéBade) analysis of the electronic structure for 120 cubic perovskites
AMX; (A denotes Li, Na, K, Rb, CsM denotes Be, Mg, Ca, Sr, Ba, ZX denotes F, Cl, Br,)l The
perovskite being perhaps the simplest and most abundant structure for ternary compounds, we have found up
to seven different topological schemes for the electronic density. Those schemes can be simply arranged and
explained in terms of ratios of topologically defined ionic radii. However, no set of empirical radii, even of
best-fitted radii, can accomplish the same objective. All crystals do préeftand A-X bonds, many have
X-X too, and only CsSrk-and CsBak haveA-A bonds. The topology and geometry of the electronic density
has been further analyzed by depicting the shape of the attraction basins of the ions. Basins have polyhedral
shapes and can be simply predicted, in most cases, after the knowledge of the bonds that the ion forms.
M2* basins do present, however, bizarre nearly bidimensional wings on those topological schemes lacking
X-X bonds. Lattice energy has been found to be dominated by Coulombic interactions and determined by the
crystal size more than by the electronic topological scheme, although the influence of the electronic density at
the M-X bond critical point is also observed. The stability of the perovskite structure with respect to the
decomposition intdM X,+AX has been found to be mostly governed by B&" cation, the crystals having
smallM?* and largeA™ ions being the most stable ones. There is also a clear tendency for the crystals lacking
X-X bonds, and having bizartd?" shapes, to decompod&0163-182697)09204-1

[. INTRODUCTION In a previous work® we have discussed the extension of
AIM theory to solids. It was shown there that several impor-

We present a systematic analysis of the topological proptant differences appear, from the point of view of this theory,
erties of the electronic density in a family of ionic crystals: between gas-phase molecules and solids:
the halide perovskite&\M X;. Our analysis lies within the (1) Atomic basins in solids have well-defined boundaries
framework of theatoms in moleculesAIM) theory devel- and encompass a finite volum@) whereas ring and cage
oped by Bader and co-worketé. AIM theory provides a critical points are rare in most small molecules, they are
rigorous quantum-mechanical foundation to key concepts ofuaranteed to exist and are, in fact, quite abundant in solids;
the chemical structure, such as which bonds do exist, houB) as a consequence of the above, the traditional molecular
the shape of an atom is and what is its charge, or how thgraph of a solid can be very complicated and, what is more
properties of a functional group change from compound tamportant, it gives only a very poor image of the topological
compound. Although it has been extensively applied to groperties of the electronic density.
number of organic gas-phase molecules, not many studies Many of the topological features exhibited by crystalline
have been published concerning solid-state sysfeths. solids are, on the other hand, enforced by the point-group

Johnsof¥’ first suggested using the critical points of the and translational symmetry.
electronic density £) of crystals to help in the analysis of =~ We also presented in Ref. 12 an automatic algorithm for
x-ray diffraction patterns. Eberhaet al®>~’ have used AIM  the systematic determination of CP’s, a technical innovation
theory in the analysis of the electronic density of metals andhat opens up the possibility of investigating the relationship
alloys, defining basic polyhedral forms for bcc alloys andbetween geometry, electronic density topology, and struc-
examining the relationship among topological and thermodytural stability in a collection of closely related crystals.
namical properties. A similar account of the electronic den- In this paper we explore the topological properties of 120
sity topology in bcc lattices of Li and Na has been given byalkali-halide perovskite®AM X; (A denotes Li, Na, K, Rb,
Mei et al® Bader's own group has discussed recently someCs; M denotes Be, Mg, Ca, Sr, Ba, ZK;denotes F, Cl, Br,
of the consequences of AIM theory as applied to crystals, I). Our first objective in examining a large family of closely
particularly the possibility of defining such structural con- related compounds is to determine whether all these crystals
cepts as the Wigner-Seitz cell of a crystal in terms of theare homeomorphic or, on the contrary, they present a large
topology of p. variety of topological structures.

On the other hand, to our knowledge, the complete char- Another very significant objective is to determine the con-
acterization of the topological properties of the electronicnections between the electronic density topology and the
density in a solid has not been done before, partly because ohemical and structural stability of the compounds. This con-
the great difficulty in determining all critical pointcCP’s)  nection has been repeatedly proposed in the literature, and it
and integrating over the atomic basins using the availabldas been numerically explored in isolated molectiles.
methodology!! Alkali-halide perovskites are very convenient for this pur-
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pose. They have a simple crystallographic structure, which TABLE I. Equilibrium properties of a sample of the 120 per-
facilitates the theoretical calculation of the electronic densityovskites: lattice parameter(in A), bulk moduli B in GPa, and
as well as the topological analysis. Perovskites, on the othégttice energy Ej in kcal/mo).
hand, have a rich variety of structural phase transitions and
an interesting chemical reactivity. Crystal a Elatt B Expta  Expt

In add_ition_, even though a rich body of Iiteratur_e exists ONNaMgF, 3836 —951.97 87999  3.833 Ref. 61
the alkgh-halld_e perov;kltes, both from.the experimental anq<MgF3 3943 93477 82.692 3.989 Ref. 73
theoret:ccaF: points ;f view, a S)(/jster:natm searcg reveals thaﬁbCaFg 4483 _82507 47275 4431  Ref. 45
most of the possible compounds have never been reporte
either as acttE)aIIy being syr?thesized or as being unstablpe. T SCak 4459 —830.34  44.147  4.505 Ref. 74
ab initio calculations presented and discussed in this paperaan3 3.791  —984.30  89.764 3884  Ref. 75
may contribute to fill in a significant gap in the knowledge of KZnFs 3.897  —965.80  85.485 4.035 Ref. 74
ionic perovskites. RbZnF; 3.900 —970.97 86.921 4.110 Ref. 73

The paper is organized as follows. The computational('v'gc|3 4998 —737.96 33.849  4.998 Ref. 76
procedure is presented in Sec. II. Section Il contains a desCaCk 5563 —673.35 23.386 5396  Ref. 76
tailed description of the most relevant results and it is di-
vided into five parts devoted t@) introducing the topologi- o B . _ .
cal structures found on the perovskités) analyzing those M @t (0,0,0), and™ at (3,0,0)] fixes all geometrical pa-
structures from a geometrical point of viewg) discussing ameters but one: the cell s!de IengthWe have optimized
the reasons behind the occurrence of different topologigs; @ for all 120 compounds using a simplex method.
determining the most relevant ionic properties; dadex- The equilibrium properties of a sample of 120 com-
amining some significant correlations between the lattice enPOUNds, those perovskites for which reliable experimental
ergy, the geometry, and the topology of the crystal. Finally 98ometry of _the cubic phase exists, are collected in Table I.
in Sec. IV we discuss the meaning and significance of théMore extensive tables are available upon request. Our theo-

above results and analyze the relationship between topolodi@tical geometries are found to agree within 1.1% with these
and stability. experimental values. The largest discrepancies are found on

the Cs crystals, and can be related to the degradation of the
hard Coulomb hole functional parameters for the heaviest
Il. COMPUTATIONAL SCHEME elements. Previous analyses on alkali and alkaline earth ha-

. . , . ides indicate that a more realistic estimation of the relative
To begin the analysis of the electronic density we need t(!()arrors of the uCHFaiPI calculations to the experimental

know the equilibrium geometry of the compounds. Experi-~ ~'> * e 0 o 0
mental geometries are not available for most of the perovSaqulllbrlum properties is 2-4%, 3-6%, and 10-15% for the

skites analyzed in this work. As a consequence, we havg‘ggjli praersane]i:i?/resl, binding energies, and isothermal bulk
proceeded by determining, as a first step, the theoretical’ » Fesp y:

equilibrium geometry of every crystal. To this end we havecul-gggr:ogic t\r’]\':vg f[?rggtl'onjo%)é?r'ne:af\:gmb:efr;rml:l;gai; the
doneab initio perturbed iof**(aiPI) calculations on all the 30 P Y y ;
compounds CRITIC prograni” to determine the crystal wave fl_mctlon for

: each crystal. lons up to 3 cell side lengths contributed to the

aiPl is a quantum-mechanical method that solves the . ;
wave function at any point.

Hartree-Fock equations of a solid in a localized Fock space . : . '
. . The new algorithm designed to automatically find and
by partitioning the crystal wave function into local, weakly . " :

. : - lassify all critical points of a crystdl has been found to
overlapping, group functions, each containing a number OWork remarkably well in most crystals. Early runs that in
electrons but a single nuclet’:* The method brings cluded an insuﬁ?i:ient number of igns in.the e)\//aluation of the
togethet® ideas from the electron separability theory of . o

6 . g wave function were unable to locate all CP’s in some crys-
McWeeny® and HuzinagH and from the theory of localiz- . .
tals. Once this problem was solved, the only failures of the

ing potentials of Adam$ and Gilbert® to produce a well . - ’
. . ' automatic procedure wer@) false positives of points that
founded and very efficient treatment for ionic materials. . L
showed rather large gradients and that were easily discarded

The aiPl method has been successfully applied to th . ) A -
description of a variety of electronic, energetic, and struce—‘by inspection, andb) remarkably, the Wyckoff's 8 posi

tural properties of ionic crystals, including halidg€®-2? tion, which is a CP fixed by symmetrisee below, was
simple and complex oxidés, ?°and sulfideg’ considered doubtful in some crystals by the automatic dis-

TheaiP! calculations in the present work have been dcmecardlng criteria. Morse relationships and similarities among

using the best available Slater-type functi®TO) basis sets comp?unds_have been analyzed to make sure that all CP’s
for all ions2® The unrelaxed hard Coulomb hole formalism €€ found i every case.

(UCHP has been used to estimate the correlation en€rgy,

but the crystal wave function has been obtained at the Ill. RESULTS

Hartree-Fock level, not being modified by the correlation
estimation procedur® All Coulomb interactions have been

integrated exactly. Interionic exchange and lattice projection It has been discussed in papéf that site symmetry de-
operators, on the other hand, have been accounted for ermines that some special positions of the oalistbe CP’s

neighbors up to 25 bohr away. of the electronic density. This is the case for Wyckoff's

The perovskite structurfcubic, Pm3m, A* at (3,4,2), 1a, 1b, 3c, and 31 positions in thePm3m space group of

A. Topological structure of the electronic density
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TABLE II. Topological schemes of CP’s of the electronic den-
sity found on cubic halide perovskites. The space group is
Pm3m. Float numbers in parentheses representxhg, and z
coordinates not fixed by symmetry. CP’s are listed as: nuclgj (
bonds b), rings (r), and cages ), with numerical indexes to
distinguish the different types within each kind.

Y |
< ® @ Wyckoff Symmetry  Symmetry  Position CsSyF
U
@ /‘ J o la o, mam (0,0,0) n: Sr

1b Oh m% (%1%1%) n: Cs
3c Dan almmm (03,3 b,
3d Dap 4lmmm  (3,0,0) n: F
6e Cup 4m.m (x,0,0) by (0.73171)
6f Ca, 4m.m (x,13
89 Cs, .3m (X,x,X) ¢, (0.77150)
12h Cyp mn.. (x,20) s (0.52152)
12 C,, m.m2 (0x,x) cs5: (0.52581)
FIG. 1. Scheme of the perovskite unit cell. lons are represented?] Ca m.m2 (3:x.X) by (0.77826)
as: black M?"), large white X ), and large light grayA*) balls. 24k Cs m.. (0y,2)
Wyckoff's 3¢ position, lying at the center of each cube face, is also24| Cs m.. (%,y,z)
represented as small gray balls. This figure has been plotted with4m Cs m (X,x,2) 0.7067
MoLSCRIPT (Ref. 77. rqe (0.87703
the perovskites. Three of these positions are occupied by th£}=8n G ! xy.2)
crystal ions:A™ occupies b, M?* 1a, and X~ 3d. The (7,757 7) index 3322
3c positions lie at the center of the unit-cell cubic faces, Number of critical points ) 10
octahedrically surrounded by four equatordl ions and Family B

two axial A* ions (see Fig. 1, and they play a very impor-
tant role in determining the overall topology of the electronic
density. wheren represents the total number of nuclei in the unit cell,
After analyzing all 120 halide perovskites we have foundb the number of bonds, the number of rings, and the
that the electronic density can be classified into one of sevenumber of minima or cages. On the other hand, it is useful to
different topological scheme§.e., seven different arrange- considerr,,, the number of symmetrically different nuclei in
ments of critical points Seven may appear to be a large the unit cell, and similarlyr,, 7., and ., the number of
number for a group of apparently quite similar compoundssymmetrically different bond, ring, and cage points, respec-
On the other hand, we have performed some numerical exively. The topological schemes can be easily organized in
periments by placing two-electron imaginary ions, repreterms of ther=(r,,7,,7,,7c) vector or, even simpler, by

sented as singleslSlater-type orbitals, at the ionic sites. By the total number of symmetrically different CP’s:
independently varying the three orbital exponents, we were

able to generate a rather large number of topological =Tt Tt Tt T A3)
schemes, including the seven actually obtained for the halide
perovskites. This numerical experiment proved that they)| topological schemes found for the perovskites can be
physical limitation of the ionic sizgs effectively reduces to ayniquely identified by giving the family and value of Fur-
large extent the possible topological schemes. _ thermore, every scheme has a differentexcept3;, and
~ The seven topological schemes can be further organized  (to designate each scheme we will give the family as a
into three families according to the character of Wyckoff's capital letter and the value of as a subindex
3c position: (a) 3c is a bond CP in thes family; (b) a ring A single schemef,,, forms the family. The scheme
point in theR family; and(c) a cage point in the family. presents three different bond CP's;, by, andb,, corre-
The B family, which includes only one scheme, is describedsponding toA-A, M-X, and A-X bonds, respectively. The
in Table Il, and theR andC families, including three differ-  oyistence of thed-A bond is the most distinctive aspect of
ent topological schemes each, have been summarized {fe g,  scheme, and it is the consequence of two combined
Table III. . . . . factors: a very largé\ to X size ratio, and a large cell side
The translationally invariant crystals are topologically length a due to the large size oi. This is an unusual
equivalent to°, the 3-torus, and, consequently, all topologi- combination and consequently, only two out of the 120 crys-
cal schemes must satisfy Morse invariant relationshigs:  5¢ belong to this scheme- Csérﬁnd CsBak.
Neb4r—c=0 2 The C family comprises three topological schemes, all of
' them having an even number of different CRCg; C,o, and
and C1». TheR family also shows three topological schemes, all
of them having an odd number of different CPR;, R4,
n=1, b=3, r=3, c=1, (2) and Rq3. Both families maintain a close relationship and
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TABLE IIl. Topological schemes of CP’s of the electronic density found on cubic halide perovskites. The space g?anisFloat
numbers in parentheses represent¢hg, andz coordinates not fixed by symmetry. CP’s are listed as nualgiljonds p), rings (r), and
cages €), with numerical indexes to distinguish the different types of each kind. Only one example crystal is given for each scheme.

Wyckoff Symmetry Position KCaf LiCaF; KMgF; LiznCl 3 CsBel LiBel 5

la Oy (0,0,0) n: Ca n: Ca n: Mg n: Zn n: Be n: Be

1b (X (333 n: K n: Li n: K n: Li n: Cs n: Li

3c Dan (03,3 Cy ra Cy ra C1 ra

3d Dan (3,0,0) n:F n: F n:F n: Cl n: | n: |

6e Ca, (x,0,0) by:(0.25445) by: (0.25559) by: (0.22213) by: (0.22038)  b;: (0.13463)  by: (0.13509)
6f Ca (X,%,%) c3: (0.20197) c3: (0.23265) c3: (0.26445)
89 Csp (X,X,X) ¢y (0.25066) c,: (0.34028) c,: (0.24150) c,: (0.35535) c,: (0.27455) c,: (0.37188)

ry: (0.16679) r,: (0.16666)
c,: (0.08807)  c,: (0.08826)

12h Co, (x,3,0)
12 Co, (0X,X) ry: (0.20911) rg: (0.77770)  rg: (0.10345)  ry: (0.10373)
bs: (0.24479) bg: (0.76637)  bg: (0.24976)  by: (0.24963)
12] Co, (3%X) by (0.24537) b,: (0.31656) b,: (0.24340) b,: (0.66772) b,: (0.26205) b,: (0.34970)
24k Cs (0y,2)
24 Cs (2.2
24m G (x,%,2) 0.3284 0.3809 0.6725 0.6093 0.3449 0.4018
- (0.83773 v (0.28453 L (0.15773 v (0.69418 v (0.19523 i (0.32883
48n C; (x,y,2)
(Tn7o7r 7o) index 3212 3222 3322 3332 3333 3343
Number of critical points £) 8 9 10 11 12 13
Family C R C R C R

exhibit identical mechanisms in going from the simplest tognd¢, show a decreasing number of crystals in passing from
the most complex scheme. Accordingly;, and R;;  the simplest to the most complex topological scheme. The
schemes are obtained from tfigand R4 ones, respectively, actual number of crystals belonging to each scheme is 21
by adding both a bond and a ring point at Wyckoff'si 12 (Cg), 27 (Rg), 15 (C10), 25 (R11), 12 (C12), and 18 R,9).
position. Adding up to this both a ring and a cage point at
89 position originates th€,, and R 3 schemes.

We see here a simple mechanism for increasing the com-
plexity of a topological scheme: add new CP’s in pairs, each Visualizing the arrangements of critical points and the
new point being of a type with different sign in the Morse connections among them is not an easy task, given the huge
sum. Either bonds and rings, or rings and cages would do theumber of points that lie within the unit celirom 58 CP’s
trick. If both types of CP’s appear in the same Wyckoff's in the Cg scheme to 104 CP’s in thR&,3). The most signifi-
position, or in two positions with identical multiplicity, the cant and comprehensive way that we have found is based on
invariance required by the Morse relation is automaticallydepicting the attraction basins for each nuclei, together with
fulfilled. its polyhedral approximation: the weighted proximity poly-

The Cg and Rg schemes, the simplest in their respectivehedra(WPP.
families, present just two types of bond CP’s. The bond in  The attraction basin of a nucleus is made out of all the
Wyckoff's 6e position lies at the edges of the cubic unit cell points of space such that a trajectory that starts at the point
and constitutes a bond between the divalent metal and thend moves upward in the gradient field of the electronic den-
halide:M-X. The bond point in 12 on the other hand, rep- sity ends in the nucleus. All CP’s that, in any way, are re-
resents arA-X bond. The other four schemes of theand  lated to a nucleus lie at the surface of its attraction basin. The
R families have, in addition, aiX-X bond occupying the attraction basin has faces, edges, and vertices, which corre-
12i position. spond to bond, ring, and cage points, respectively. It is com-

We see that the topological analysis indicates a bondingnon for the faces to be planar and for the edges to be linear,
scheme more complicated than is usually assumed for simpleut this is not always the case and large curvatures do appear
inorganic crystals. Anion-anion bonds, in particular, may ap-in some basins.
pear rather unconventional. It is interesting to mention, in  Physicists and chemists tend to think of atoms in mol-
this regard, the predecessor of Pauling, who considered thecules as slightly deformed spheres. Spheres, however, do
existence ofX-X bonds in some alkali halides as a way to not fill the three-dimensional space without gaps and are thus
explain the anomalous sequence of geometries observed iimappropriate approximations to the attraction basins shape
LiCl, LiBr, and Lil.* in crystals. Polyhedra do represent a better approach, but we

The R family is the most frequent, and both famili®, have to keep in mind that in passing from curved faces and

B. Analysis of the molecular graphs
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square faces. The rhombi are associated to the Cs-F bonds,
whereas the small square faces correspond to Cs-Cs bonds.
The F~ basin has only six real faces: four rhombi related to
Cs-F bonds, and two large and curved squares corresponding
to Sr-F bonds. Within the polyhedral approximation, every
curved square appears as a smaller square with four triangles
connected to it by an edge each. Were they real, the triangles
of the F~ basin would represent F-F bonds, which do not
exist in B1p. The way the structure avoids face to face con-
tact between two neighborFbasins, implying an F-F bond,

is that the St* basins develop triangular and nearly bidi-
mensionalwingsthat perfectly envelop the curved triangles

of the F~ basins. Apart from those strange wings, the
Sr2* basin could be confounded with a slightly engrossed
cube, and that is the best convex polyhedral approximation,
used to plot the WPP.

The attraction basins for the ions in tdeandR topologi-
cal schemes have been depicted in Fig. 3. Table IV presents
the number and identity of faces, edges, and vertices for each
basin. Figure 4, finally, shows the associated WPP’s.

The first thing to notice is that the convex WPP’s are
good approximations to the shape of the attraction basins in
all cases except for th#12* basin inCs and Rg schemes.
Faces are mostly planar, the exception being the basins of
small cations when combined with large anions, which ap-
pear rather rounded and spherelike. The basin oAthéons
presents in the siK and’R schemes the topology, and to a
very good approach the geometry, of a rhombododecahe-
dron, the 12 identical faces being related to e bonds
between the ion and its nearest neighbors.

The halide basins present a progressive greater complex-
ity in passing fromCg to R413. The X~ basins have six faces
in the Cg andRq schemes: two axial faces associated to the
M-X bonds, and four equatorial faces due to £ bonds.

The two axial faces are very curved and appear nearly as a
square with four triangles’g) or four trapezoids®Rg) glued

to it at the edges. Each axial face, in fact, gives rise to five
polygons in the convex WPP. Th¢™ basins, on the other
hand, present 14 true faces in tdeand R schemes with
7=10: the 6 faces previously discussed, and 8 new faces due
to the X-X bonds.

From a geometrical point of view, the basins of two
neighborX™ ions do contact each other along a polygon of
the WPP. Topologically, however, that polygon is a bond-

FIG. 2. Attraction basingabove and weighted proximity poly-  re|ated face only in the=10C andR schemes. This prop-
hedra(WPP, below for each ion in the perovskit8,, topological  erty determines one of the most striking features depicted in
scheme. Thg basins have been computed wskmgc (Ref. 30 and Fig. 3. M2* basins inCg and Rg have the shape of a cube
rendered usingsEomview (Ref. 78. The WPP’s have been ob- \yith nearly flat wings extending from the edges of the cube.
tained using ENVIRON (Ref. 79 and ~rendered USING Tha \ings go between neighbot~ basins, effectively
GEOMVIEW (§ff: 7%' In e?Ch plot theA™ ion 'S,t.he uppermost avoiding them to have contact along the fictitious faces. In
figure, theM <" ion is the rightmost one, and th€™ ion lies in the the case ofCin to R the M2* basin is topologically
middle of the other two. The WPP’s are described in Table IV. equivalent tolg cubel'slthe basins show more or less acute

edges to linear representations some fictitious facets may apPikes on the cube vertices fG, and R,;, and a round,
pear, that is, facets that are not associated to a bond poirft€arly spherical, shape @, andRs. _

For algorithmic simplicity we have chosen the cage points to 10 end this analysis we should stress tiat cations
define the vertices of the polyhedral representation, th&haintain a rather constant shape among crystals, whereas the
WPP’s being just the convex hiflidefined by those vertices. anion basin stretches to fill in the gap between cations.

The relation between the attraction basin and the WPP is
presented in Fig. 2 for th8,, topological scheme. We can
see that the basin of Csis a rhombododecahedron with the  Once the different topological schemes have been de-
acute vertices of the rhombi cut away to form new smallscribed in detall, the question is what crystal exhibits which

(b)

C. The origin of the different topological schemes
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KCZ.F3 CS

FIG. 3. Attraction basins for each ion in the
C and R families of topological schemes in the
perovskites. The basins have been computed us-
ing crimic (Ref. 30 and rendered using
GeomvIEW (Ref. 78. For each crystal th&™ ion
is the uppermost figure, thd?* ion is the right-
most one, and th¥™ ion lies in the middle of the
other two. It is convenient to analyze this plot
together with Table 1V and Fig. 4.
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scheme and why. In doing this analysis we will concentrateTo show this we have prepared Fig. 5, in which we have

on C and R schemes, thd3;y one being rare, as described plotted the ratio R(M)/Ry(X) versus the ratio

before. R(A)/R,(X), every crystal being represented by a symbol
Topological ionic radii can be defined as the distancedifferent for each type of topological scheme.

from the nucleus to the surface of its attraction basin. It is |t is observed in Fig. 5 that thé and R topological fami-

evident from Figs. 2 and 3 that such topological radii dojies are decided according to the valueRgiA)/R,(X). If the

depend strongly on the direction being analyzed. Not all di-p+ o is larger than about 0.88 times the ion along the

rections are equally important, however, those containing\_x bond line, the crystal belongs to tiiefamily, and it
bonds being the most significant ones for the crystal stabilitybelongs to théyz family if the contrary is true '

In this way, theb; CP, which represents avi-X bond, pro- TheR(M)/R,(X) ratio, on the other hand, is in control of

vides estimated ionic radii " and X", which we will the topological complexity within each family: the larger
designate aR(M) and Ry(X), respectively. Similarly, the M2* is in comparison toX~, the simpler the topological

b, CP represents aA-X bond, and provides radii foA*,
RZ(A), and forX—, Ry(X). The b, CP, found in many crys- SCheme appearss and Rq occur for R(M)/Ry(X)=0.82,
tals, corresponds to a¢-X bond and gives a third radius for €10 @nd Ry for 0.82=R(M)/R,(X)=0.62, and(,, and
X~ Ry(X). An extensive compilation of topological radii is 13 for R(IM)/R,(X) <0.62. _
available upon request. It is interesting to notice that although the topological
We have found, after some initial surprise, that the ratio@dii behave similarly to Shannon's empirical ratfiionly

of ionic radii along theM-X andA-X bond lines completely the topolog_lcal vaIL_Jes provide an exact criterion to predict
determines the topological scheme exhibited by the crystathe topological family.
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TABLE IV. Characteristics of the attraction basins for each ion in the seven topological schemes
of perovskites. Each basin is a simply connected 3D region that satisfies Euler invariance relationship:
faces+ vertices= edges+ 2.

Crystal Scheme lon Faces Vertices Edges Comments
CsSrk; Bio Cs 12,+6b, 8c,+24cy 24r+24rg
Sr 6b, 8c,+12cy 24r, wings
F 2b;+4b, 8c,+8c5 16r,+4rg
KCaF; Cg K 12b, 8c,+6¢C; 24r,
Ca 6b, 8c,+12c, 24r, wings
F 2b;,+4b, 8c,+4c, 16r,
LiCaF, Ry Li 12b, 8c,+6¢C; 24r,
Ca e, 8c,+24c, 24r,+12r, wings
F 2b,+4b, 8c,+8c; 16r,+4r,
KMgF 5 Cio K 12b, 8c,+6¢C, 24r,
Mg 6b, 8¢, 12r,
F 2b;+4b,+8bg 8c,t+4c, 16r,+8ry
LiZnCl 4 Ri1 Li 12b, 8c,+6¢C4 24r,
Zn 6b, 8¢, 12r4
Cl 2b,+4b,+8b, 8c,+8c, 16r,+8rz+4r,
CsBek Cio Cs 1%, 8c,+6¢C, 24r,
Be 6b, 8c, 12r;
I 2b;+4b,+8b;  8c,+4c,+8c, 16r,+8r3+8r,
LiBel 5 Riz Li 12b, 8c,+6¢C; 24r,
Be 6b; 8¢, 12r,

I 2b,+4b,+8b;  8c,+8c3+8c,  16r;+8ry+4r,+8ry

Let us discuss now the bond angles observed in the dif- A further perspective on the ionic properties is obtained
ferent crystals, which we will determine as the angle ion-by integrating appropriate functionals over the ionic basfns.
bond-ion. Symmetry fixes th1-X and A-X bond paths to  Two of the simplest ionic properties, the charge and the vol-
be straight lines, and the bond angles to be exactly 180°. Theme, can be obtained, for instance, as
X-X bond, when present, does not have this restriction, and L
the deviation of thea(X,X) angle from 180° provides Q(A)=ZA—f p(r)dr, 4
an indication of the stress in the bond. We have found Qa
that a(X,X) varies from 172.30°, found in NazZngl to R
179.98°, found in CsMgk: There is a tendency for crystals V(A)=| dr, )
having a largeR(M)/R,(X) ratio to deviate from the linear- A
ity in t_he_x-x bond. This effect can be regarded as a'step iWNhereQA is the three-dimensional basin &f p(r) is the
the elimination of theX-X bond whenR(M)/Ry(X) in- glectronic density of the crystal, adq, is the atomic number
creases above-0.82. of A. A convenient average ionic radius can be defined as the

_ _ radius of a sphere having the same volume as the ionic basin:
D. Atomic properties

The topological analysis offers detailed information re- s

garding individual ions within the crystal. We will analyze
here some of the most significant results found on examining
two different sources of data: the geometrical position of The integration over the ionic basins is computationally
CP’s, and the properties obtained by integrating appropriatquite demanding. The algorithm implemented in trTIC
functionals over the attraction basins. prograni® involves sampling a number of rays defined by
Let us analyze first the topological ionic radii. After ex- their (6,$) spherical coordinates. The position of the basin
amining the data for correlations among the size of the difsurface is determined along each ray, and a Gaussian quadra-
ferent ions, the clearest relationship appears betviR{és) ture is used to integrate with respect to the radial coordinate
andR;(X) (see Fig. 6. R(M) is proportional to the radius of for each ray. Site symmetry is used to improve the perfor-
the halide ion and rather independent from the alkali ion sizemance of this method. A grid of 4040x60 points on
Similar behaviors have been previously repof2@n the  (6,4,r) has been used in this work. This grid produces an
other hand, if we consider those crystals having the samaccuracy better than 0.013An the integrated total volume
A* and X~ but differentM?*, Ry(X) is inversely propor- of the cell, and better than 0.001 a.u. in the cell total charge.
tional to the size oM?*, although Zr#* compounds fail to To simplify the discussion we have determined charges
lie in between Mg™ and C&™ as they should, according to and radii for each ion by averaging the raw integration data
the R(M) radii. from all the crystals that contain the ion. Similarly, we have

3
R(A)=[EV(A) G
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KCa.F:; Ca. LiCaF3; Rq

FIG. 4. Weighted proximity polyhedrdVPP
for the C and R families of topological schemes
in the perovskites. The WPP’s have been ob-
tained usingenvirRoN (Ref. 79 and rendered us-
ing GeomVIEW (Ref. 78. See discussion in text.

KMgFa Clo LlZIlCla Ru

CSBGI:; Cu LiBela R13

determined the highest and lowest valued&ndR for each  to notice that theX ™ ions donate charge to thé** ions, as
ion. The results of this analysis is depicted in Figs. 7 and 8is usually expected from empirical reasoning.

All perovskites behave clearly as ionic compounds, as Several interesting effects are observed in Fig. 8. First of
indicated by the topological chargésee Fig. 7. The charge all, the average ionic sizes increases, within each group of
of the alkaline ions is very close to the nominall value, ions, with the atomic number, as should be the case if we
halides have an average cha@éX)~ —0.95, and alkaline want to claim any physical meaning f&. Second, the dis-
earth ions vary fronQ(Be)~1.95 toQ(Zn)~1.8. The vari-  persion of ionic radii increases, within each group of ions, as
ability of the charge in the alkaline ions, on the other handwe descend in the Periodic Table, following the trend of the
increases as we descend in the Periodic Table, an effect thampirical polarizabilities. With regard to the differences be-
is observed neither on the halides nor on the alkaline earttween groups, the alkaline earth ions present a rather con-
ions. stant value forR, with the noticeable exception of B3,

The relative values 0D(A), Q(M), andQ(X) suggest a and halide ions exhibit a greater variability. The most inter-
minor role of the alkali ions, as compared with thi¢* and  esting fact is, however, the large variability of radii observed
X~ ions, in the redistribution of charge that is associated tdor the alkaline ions, even larger than that found for the
the formation of the crystal. In other words, tAé ions do  halides in sharp contradiction with the polarizabilities of
not significantly participate in the formation of the chemical both groups. This circumstance suggests that the variability
bond, but they have an essential contribution to the electroof R(A) has a different origin than the variability of
static interactions that dominates the lattice energy and, ifR(M) and R(X). It appears that théd* ions are weakly
general, the crystal energetic properties. It is also interestingound within the cage made up ®2* and X~ ions, in



55 IONS IN CRYSTALS: THE ... . Il. ... 4293

[ o + + G + é oL F R
Cip X =
12 Cp *x £ T T
o o + + Ry < L
Ry . g 00— T T
Ry3 o) _§ T T
o oo o o] + e + < T
L0r g a m T o, . + ) E 0.1 | :
ja] o o + + g T *
o
o [u} o u] o o S r+ . 2 +
< B o of + o+ E w02 f *
CR LR BC R S E
& ] s " n o % X §
- . - ™ % é 03 |. I s L I I L L J s 1 s | 1 L
= - L x < Li Na K Rb Cs Be MgZn Ca Sr Ba F Cl Br 1
06 F © [ o |* * E L. . .
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04 05 06 07 08 09 10 LI 12 13 14 dences that the lattice energy varies-adA/a, the classical
RGAYRAX) Madelung relationship. It is very interesting to observe that
2

even though the lattice parameter is the result of the compli-
FIG. 5. Classification of the topological schemes of the perovstated competition between quantum and classical-like forces,
kites and its relationship to the ionic size rati@éM)/R,(X) and  oncea is determined, the electrostatic interactions appear to
R(A)/Ry(X). dominate the lattice energy.
On the other hand, we have found that varyingAtieion
agreement with the minor role & ions in the charge re- has a very small effect on the bulk crystal propertias:

distribution that was previously indicated. E.t, andB. This observation is consistent with the small
role that theA™ ions play in the redistribution of charge that
E. Lattice energy is usually associated with the chemical binding. Even if this

effect is small, we may observe that the lattice parameter
‘(and the lattice energyincreases in passing from tito
a*t to K* compounds, and then decreases in passing to
Rb* and to C§ compounds. This very same tendency has
+ 2+ - been found on alkali halides.
AMX3(5—Aig t Mig *3Xq) - @ It has been previously observed, through the analysis of a
We have represented in Fig. 9 the lattice energies versus trseries of similar compounds, that the stability of a compound
lattice parametern of the 120 perovskites. The figure evi- correlates with the value of the electronic density at the bond
CP (see, for instance, Ref).ITable V shows tha-X have,
35 . : . . on average, the largest value pfamong bonds, and should

The simplest measurement of the crystal stability is pro
vided by the lattice energy, defined as the energy of th
reaction

play the dominant role in deciding bond-related properties.
We have plotted in Fig. 10 the lattice energy against

20l | p(by), the density at theVi-X bond CP. Not surprisingly,

’ each different combination &fl andX appears in a different
region of the diagram, but the figure also shows that the
lattice energies of those crystals havik in common are

~ 25F -
£
2 6 ——
=
% a0t - 5t * |
i jth
15 F ] 3 f
2 3 i
o 1
2 + ' .
10 1 i L |
1.5 2.0 25 3.0 35 4.0 +

R(X) (bohr) '"1iNa K Ao Cs Be Mg Zn Ca Sr Ba F Cl Br |
FIG. 6. Analysis of the ionic radii obtained as the geometrical FIG. 8. lonic radiiR obtained from the volume of the attraction

distance between the ions and the bond critical points: correlatiobasins and averaged to all crystals. Error bars represent the highest
betweenR(M) andR;(X). and lowest values among crystals.
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essentially proportional tp(b;)*3. Even though the electro- some of the bizarre features exhibited by the basins in some
static interaction appears to dominate the lattice energy, theases, particularly the nearly bidimensional wings of the
bond strength, represented pyb,), has a clear influence M?" basins in theCg, R, and B, topological schemes.

too. One of our objectives when we started this study was to
determine whether the stability of the crystal is correlated or
not with the topological structure. The lattice energy, which
measures the difficulty in breaking apart the crystal into its

) ) ) . _ isolated ions, is dominated by the electrostatic interactions
Nuclei act as attractors in the electronic density gradiengng follows the simplea™! Madelung law. Grouping to-

fields. Moreover, very few examples of non-nuclear attrac'gether the crystals that have the sam&" cation, we also
=40 1

tors have been reported 50_3%“4 and none has been found opserved, as a secondary effect, thay, is proportional to

in our study o_f_ the perovskﬂe;s. Since the topological struc-p(bl)m' wherep(b,) is the value of the electronic density in

ture and stability are determined as a result of the balancﬁ1e M-X bond CP.

between the attractors of the system, we should anticipate a o, 3 more fundamental basis, the stability of the crystal

significant degree of similarity in the topological properties shouid be addressed with respect(@ solid-state reactions
of the AM X3 perovskites. The rich variety of topological producing compounds of different stoichiometry, dbyithe
schemes found is, in this regard, an interesting surprise. OWyistence of crystals with the sarévl X, stoichiometry but
study has shown that the organizing principle behind thaf giferent crystalline structure. To our knowledge, there is
variety is the ratio between topological ionic radii along the ygither experimental nor theoretical data regarding the

main bond paths or, in other words, the competition betweeRpemical stability of perovskites but for a handful of the
atomic basins to achieve a kind of preferred size. compounds studied in this work.

lonic radii along the bond paths follow systematic trends RbCaF; is the best studied of the perovskites analyzed in

in passing from one crystal to another, even though the ionighis  work. both from the experimenfrss  and

radius of an ion in a crystal strongly depends on the directioq,qgreticai®-° points of view. The perovskite structure is

being considered. _ _ _stable above-193 K; below this temperature the crystal is
Contrary to the common wisdom of assuming spherical

ions, ionic basins have, essentially, a polyhedral shape, even TABLE V. Average values of the electronic density units of
though faces and edges present very large curvatures in sord@ ° bohr=°) at the bond CP’s. Bonds are labeled as in Table Ill:
cases. Each bond CP acts as an attractor for a set of poirfls i theM-X bond,b, the A-X, b; the X-X, andb, the A-A bond.
lying in a bidimensional sheet, thus being the origin of a face

IV. DISCUSSION AND CONCLUSIONS

or limiting surface of the two ionic basins that the CP bindsCystals p(b1) p(b2) p(P3) p(D4)
togethgr. S!m|larly, e_agh ring CP is the attractor for _the_Bl 84.681 12.938 1.740
points in a line and originates an edge between several ionig, 42917 6.207
basins. Cage CP’s, finally, are repulsion centers for the gray, 35 426 0.750
dient field lines in all directions and provide the vertices of ° 25.824 10.469 8.516
the ionic basins. The type and number of CP’s in the unit cel[>° 21'749 1 '316 6'943
are limited by the Morse invariant relationships. The type ™! 12'451 ll' 684 12' 475
e i inni ; 12 . . -
and number of CP’s in the surface of an ionic basin are 13.076 2 806 13.156

limited by the Euler relation. Both conditions, together with "~*3
the space-group symmetry, put strict requirements on tha 27.970 4.632 9.770 1.740
shape of the ionic basins. This point of view helps to explain
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most stable as a tetragondl4{mcm) phase in the range which suggests that most of the perovskites are unstable with

50-193 K, as an orthorhombi®®fimg phase in the range respect toM X,+AX.

10-50 K, and there are evidences of a differgussibly To address this problem we have determined the energy

monoclinig phase below-10 K. NaMgF; (Refs. 61 and 62  of the reaction

presents similar phase transitions. The low symmetry phases

have been categorized as the result of tilting &, coor- MXz s+ AX(—AMX3 s (8)

dination octahedra about one, two, or three independe

axes®® 6756 These studies suggest that the high-symmetry

perovskite phase can be regarded as the dynamical average AE=E(AMX3) —E(MX,) —E(AX), 9

of lower-symmetry tilted-octahedra structures. The relation-

ship between phase transitions and topological structure ofhereE(compound) is theiPI total energy of the crystal.

p, albeit very interesting, is beyond the scope of this work. The optimum geometries and energies have been used for the
On the other hand, perovskites are usually prepared bpAMX; compounds. The fluorite structufeubic, Fm3m,

melting togetheM X, andAX in 1:1 stoichiometric propor- M?" at(0,0,0, X~ at(1/4,1/4,1/4] has been assumed for the

tions and slowly cooling while th&M X3 crystal is simulta- M X, compounds, and the rock-salt structure has been as-

neously grown and extracted according to the Czochralsksumed for theAX compounds. Even though perovskite, fluo-

procedure(see, for instance, Ref. B8Even though, to the rite, and rock-salt are not necessarily the most stable struc-

best of our knowledge, there is no systematic study on théures of the three types of compounds, the difference should

energetics of the above reaction, most of the X, not be very large nor should it modify the general trends for

compounds have never been referred to in the literaturghe whole set of crystals.

120 T T T T T
Cg + B
100 + Co  x .
Rﬁ; o o
80 + 1 a a T
513 2 DE
= 60 10 oo . . FIG. 11. Stability of the perovskite structure
é 2° op DDD with respect to reactio(8). Different symbols are
§ 40 - o . . .y T used for each topological scheme. Negative reac-
B ol ] v o8, %, | tion energies imply the perovskite being stable.
g ° o T ”-+++.-+ ¥ Crystals are ordered in such a way that com-
g 0 i s Skt x Ba ounds with a commomM?* are together and,
2 o) - X Sr P ?
g R . L . *x within them, those having the sande” are next
& 20 ;(P ° ‘9" x + Ca b to each other. In other words, the ordering
Ex e - scheme is M[A(X)]}, the innermost element
40 + 6 x * " . . .
o % o M )S"‘ varying the quickest.
60 B X * z
60 + x _
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Figure 11 represents the reaction energy of @8).to-  Li,Sr,F, compounds in the literature or the crystallographic
gether with the topological scheme for the 1M X; com-  databases, thus leaving the possibility that stable Caaitd
pounds. The first thing to notice is that the crystal stability isSrLiF 3 antiperovskites have been simply missed up to now.
dominated by the identity of th#1?" cation: B&*, Sr?™, The above results refer to the difference between
and most CA&* perovskites are unstable, whereas moslquantum-mechanical total energies. They Correspond, ther-
Zn?* and Mg and all BE* perovskites are stable. For a modynamically, to null temperature and pressure. We have
givenM2* | stability is favored by having larga™ ions. The  investigated thg role of't_hermal effects, up to about_900 K,
role of X~ is more complex, but it is seen that fluorides are®n the perovskite stability and have found interesting but
different from the other halides, either more stable or lessSmall effects that do not modify the general trends discussed
the chlorides, bromides, and iodides displaying rather similapove. A detailed discussion of our calculations will be pre-
behavior. sented elsewher@.

It is very interesting to observe in Fig. 11 that all crystals ~ The crystal side length can be largely modified by the
having R and By, and most crystals having; topological appllcat_lon of external pressure or,_to a more limited ext_ent,
scheme, are unstable. Contrarily, @b and mostR 5 crys- by_heatlng the crystal. It is interesting to know up to Whlch_
tals are stable. It appears that the existence of bizarre feR0iNt such external perturbations can influence the topologi-
tures, such as wings, in the attraction basins works again§€"| s.truct.ure of the electron dens_lty..CaIcuIatlc.)ns done on the
the stability of the crystal. Alternatively, we can argue that@lkali halides evidence that the ionic properties and the po-
the formation ofX-X bonds is important to stabilize the sition of the CF_”s do present a smooth varlatlon with respect
structure. This sheds new light on the question of what id© the crystal side length, but the topological scheme found
simple and what is complex in relation to the topological@t the equilibrium geometry is maintained for a wide range
structure ofp. The simple enumeration of critical points Of @ values. This behavior is related to the fact that ionic
would suggest that those topological schemes having th@d" change Imea}rly witha, put their ratios remain essen-
smallest values for are the simplest ones. The shape of thetially constant. Th|§ observation QOes not preqlude the exist-
attraction basins is simpler, however, in the schemes of larggNce of a change in the topological scheme induced by the
7 and, as the analysis of reactit8) indicates, those schemes change ofa, but it can be regarded as a rare possibility.
are more favored in energetic terms. To end this work we want to stress the importance and

This suggestive connection between the topological propusefulness of the atoms in mqlecules thepry as atool to ana-
erties of the electronic density and the chemical stability ofy2& and describe the properties of a solid. Rather than em-
perovskites is in agreement with previous results relating th@irically inventing arbitrary recipes, AIM theory gives a rig-
stability of theB1 andB2 phases of the alkali halides to the °rous foundation to important historical concepts such as
ratio of ionic radii obtained through topological argumefits. ionicity, index of .coordln.atlon, coordination polyhedra., vol-

We have also studied reactié8) with respect to the for- Ume of an atom in a solid, and many more. Of great impor-
mation of antiperovskites instead of perovskites. Antiperov{ance is to observe that AIM theory does not rely on any
skites,MAXs, have the same structure as perovskites, excegtPProximation to introduce such concepts but, in fact, topo-
thatM2* andA* exchange their positiors™ ions are octa- Iog|cally defined propertles would improve as a consequence
hedrally coordinated by the anions and theX bonds will  ©f @ny improvement in the wave function.
dominate. According to our results, the only antiperovskites
that are simultaneously more stable than the perovskite and
MX,+ AX are CalLiR;, SrLiF3, and BaLiF;. Even more, the We are grateful to the Centro de I@alo Cientfico of the
perovskite structure should be unstable in the three comdniversity of Oviedo for computational facilities. Financial
pounds. BaLik is the only antiperovskite experimentally support from the Spanish Direcci@General de Investigaaio
observed among th&M X5 compound$® %" *However, we  Cienffica y Tecnica (DGICYT), Project No. PB93-0327, is
have found no mention whatsoever to neithey,Ca,F, nor  also acknowledged.
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