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Phase-dependent thermal transport in Josephson junctions
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We calculated the energy current through a Josephson junction and found it to consist of three contributions:
a quasiparticle current, an interference current, and a pair current, similar to the total electrical current in a
Josephson junction. The quasiparticle part satisfies Onsager relations, and represents the normal dissipative
heat current. The other two parts depend on the phase drop across the jittiiond are related to pair
tunneling. We show that the pair energy current, like the Josephson current, is nondissipative. It appears only
when there is a voltage across the junction, and therefore oscillates in time. The interference energy current
appears when either a voltage or a temperature drop is present. In the latter case, the interference current can
flow in eitherdirection, depending on the sign of cé8). Thus, this part of the energy current can flow in the
oppositedirection to the temperature drop, causing a reduction in the dissipation as compared to what would
occur without the interference current. Nevertheless, the second law of thermodynamics is not violated with
respect to theotal current. This effect is related to the coupling of quasiparticles and pairs in the supercon-
ducting electrodes comprising the juncti¢60163-182@07)05006-9

[. INTRODUCTION In Sec. Il we perform the perturbation theory calculation
of the energy current through the junction. Three contribu-
The total electrical current in a superconductor-insulatortions emerge: one being the quasiparticle heat current and
superconductofSIS) Josephson junction consists of three two additional pair related terms. A physical interpretation to
parts: A quasiparticle current, an interference current, and thée nature of the pair terms is presented in Sec. lll. We
Josephson currehtThe quasiparticle current represents aconclude that these terms represetersibleenergy trans-
nonequilibrium response to a voltage or to a temperaturée!, Which is facilitated by the coupling existing between
drop across the junction. It is therefore associated with disduasiparticles and the condensate. We conclude in Sec. IV.
sipation. The interference currériis proportional to the co-
sine of the phase drop across the junction, and is related to Il. THE ENERGY CURRENT THROUGH
coupling of the quasiparticles and the condensate in the elec- A JOSEPHSON JUNCTION
trodes. The Josephson current flows in the absence of a volt-
age or a temperature drop, and is proportional to the sine of
the phase drop across the junction. In a previous faper In order to determine the thermal current through a SIS
discussed the thermoelectric properties of a SIS Josephsd@sephson junction, we calculate the total energy current
junction. We have seen that only the quasiparticle currenfiowing through the junction within the following model.
flows in response to a temperature drop. The fact that théhe junction is comprised of two BCS bulk superconductors
interference current did not have a thermoelectric responsgeparated by an insulating barrier. We assume each super-
was interpreted as an indication that this term was actually §onductor is a particle reservoir in equilibrium and is char-
nondissipative current. We also discussed the effect of th@cterized by a many-body BCS Hamiltonigh a chemical
coupling of quasiparticles and condensate on the thermoelegotential u, and a temperaturg. The left-hand sidéLHS)
tric properties of the system. guantities are denoted by the subscfind the right-hand
These results lead us to the conclusion that we could exside(RHS) quantities byr. The particle current is a tunneling
pect interesting phenomena with respect toghergytrans-  current, therefore the total Hamiltonian includes a tunneling
fer through the junction. Hence, we study here the thermaglement Hy. The total Hamiltonian can be written as
transport in a SIS Josephson junction and complete the déd,.=H,+H,+Hy. The particle current is calculated using
scription of thermoelectric transport in this system. We cal-a microscopic perturbation theory, expanding in the small
culate the energy current through the junction, using perturtunneling matrix element. The total particle current is equal
bation theory. From the viewpoint of the theory of to the rate of change of the averaged electron-number opera-
irreversible processéswe expect the quasi-particle current tor in the LHS reservoiP, with respect to timeé.The electric
to correspond to a heat current which satisfies the Onsageurrent is the particle current multiplied by the electric
relations. The entropy production rate can be calculated frosharge carried by the particle. We propose to calculate the
the heat current. This should give us the Joule heat generatethergy current in a similar way: an electron, tunneling be-
by the normal current component. We also expect, in view ofween the electrodes, carries a quantum of eneriggm one
the quasi-particle-pairs coupling and the resulting interferside and adds it to the other. In the case of a normal electron,
ence current, that anomalous contributions will be found inthe energy dissipated into the reservoir due to this process is
the thermal transport. the thermodynamic average of the difference u. There-

A. The model
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fore, we will calculate the thermodynamic average of the

time derivative of the operatdt — uP.> We expect that with Hr= kE TkoCl.oCq.0+ H-C., ©)
respect to the quasiparticles in the superconductor, this cur- e

rent will correspond to the heat carried by them. We assum@here the tunneling matrix element is denoted Ty. In

that the oxidized layer separating the superconductors is #0sephson junctions the relevant physical parameter is a
good heat insulator, thus heat is transported only by tunnePhase difference across the junction. Thus, we must keep
ing particles. According to the quantum-mechanical equatioffack of the phases. Consequently, throughout the following

of motion, the energy change on the LHS is calculations, the BCS order parameterin the bulk super-
’ conducting electrodes will be a complex function.
dQ' d i Substituting the expressions for the operators into(Ey.

ai <a(H|—ﬂ|P|)> =g<[Htot,H|—M|P|]>- (1) we obtain for an isotropic superconductor

|
The angular brackets in Eql) represent a thermodynamic d_Q:E t n t

average over a grand-canonical ensemble. The operators aret ﬁlm k%‘,, fkaq<Ck,ng,o> ZquAk<C""*"Cq"’> '
given by the following expressions. The electron-number op- (4

erator Is where &,=e€,—u, is the electron energy relative to the

chemical potential.

Pi=2 Cl,Cio. ) o
ko B. Three contributions to the energy current

whereCl’U andC, , are single-electron creation and annihi-  Following the recipe in Ref. 6, we calculate in the Appen-
lation operators in the momenturk)(and spin ¢) represen-  dix the energy change in the LHS electrode, using first-order
tation. The momentum quantum number of the LHRHS) perturbation theory. The energy current, flowing from left to
superconductor is denoted tfq). The tunneling Hamil- right, is — (dQ'/dt) and will be denoted byg'tot. The result
tonian is is

w|w||w— opu|
YW= A2 (W= )%= A?

4 (=
Qior= Qup Qap pair™ Qpair= 7 f | AWO (WA= AR )NING Ty 2L fy(w) — (W= 6p)]

wsgnw)sgnw—u)
VW2 = AP (W= 6p)2 - A7

4 (=
+ Tfimdw(@(wz—AﬁanNlNr|T|r|2[f|(W)—fr(W— Sp)]cod (86+25ut)]|A[|A,]

ndl I 2 2 12 2 2 ,
| | dwdw W —ADO (W 2= ADNIN T 2L fi(w) — f(w')]

sSi(80+26ut)] wsgnw)sgnw’)
“ww—sa AMAl T
W —wW-—du VW2 —AZ\ w2 —A?

®)

We denote the phase differenée- 6, across the junction by semiconductor modéllt represents the energy carried by the
86. E .= ,/§k2+ Akz is the BCS quasiparticle energy. The dif- tunneling quasiparticles, which is dissipated in the elec-
ference between quasiparticle chemical potentials of the twiodes. Like its electric counterpdrit ensues from the nor-
superconductors ig, — u;= Su. Note that in all the integrals mal spectral-density functions,Aq(w) [see Eq(A6) in the
in Eq. (5) a 6 function like ®(w?— A2 _) restricts the qua- Appendix. It vanishes whedu = 6T=0. Similar to the be-
siparticle energyv to be above the BCS gap. In the first two havior in bulk superconductorgy, decreases exponentially
integrals this isA,=max{A,,A,], whereA, and A, are in (A/kgT) as the temperature is reduced beldw As ex-
assumed constant. Also note that for convenience we omittegected, this term also satisfies Onsager’s relations. This can
the# in the second part of the argument of the sin and co®e shown by expanding the energy dependent functions
functions. The quasiparticle distribution function is denotedN|(§), N:(£), and T, () to first order in the electronic en-
by f(w)=1[expfv— u)/kgT]. The normal-metal densities of €rgyé. As explained in Ref. 4, the expansion must be carried
states(DOS) are denoted by, (£) and N, (&) whereas the out in Eqg. (A6) and not in Eg. (5. We find that
tunneling matrix element ig,, . The third integral on the L3;=Qg/T is equal toTL3,, which was obtained in Ref. 4.
RHS is the principal value of the integral over the pole in theThe notationLisj depicts the elements of thex2 quasipar-
integrand, and is denoted 8. ticle thermoelectric transport coefficient matrix of the system
As evident in Eq(5), the total current breaks up into three in the superconducting state.
parts. The first integral is the normal heat current due to In addition to the normal heat current, the energy current
tunneling of quasiparticles, and is understood within theEq. (5) includes two anomalous terms. These contributions-
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represent the energy transported by trers. Unlike the [ll. INTERPRETATION

quasiparticle current, this energy cannot be dissipated be- | qrger to gain some physical insight of the nature of the

cause there is no heat reservoir w_hmh corrg_sp(_)nds t0 pahomalous pair terms, we StU@ltot in special cases and
states: the condensate forms a single-equilibrium, manycajculate the entropy production raterelated to them. Since
body quantum state. Therefore, we will argue that thesgve interpretedQy, as the heat current of quasiparticles, we
terms represent the reversible exchange of the energy inigan assume that the entropy current is giVGIQJA}IT|- The

the surrounding magnetic field. In Sec. Ill we present theentropy production rate is given by the thermodynamic
arguments which lead us to this understanding. In the Aprelatior?

pendix we find that these terms originate from timéxed

term in Eq.(A6) that is proportional toA,(w)By(w). This o= 9 % 6)
stands in contrast to the electrical current, where both the T T

Josephson current and the interference current are given Iiquation(6) represents the fact that the heat transferred by
the anomalous term proportional BR(w)Bg(w). In the case the carriers from the LHS to the RHS is conserved. Hence,
of energy transport, this latter term vanishes in the calculawhen summing the reverse heat currents one is left with the

tion. The new mixed term is dependent 86 and implies a  Neating in the systerte.g., Joule heating This can be ex-
é)ressed as the entropy production rate in the system. For the

. N Sake of clarity, we study two special cases: a junction biased
coupling between the quasiparticles and the condensate ly by a voltage and a junction biased by a temperature

the bulk superconductor electrodes. As we show below, thiﬁrop.
coupling leads to aeffectivetransfer of energy between the
electrodes. Note that there is another mixed term in(Ef) A. A voltage biased junction

which is proportional toBy(w)Aq(w). This term does not  First we consider a system in which a voltage
depend on the phase drop across the junction, and contrilv=— su/e (e>0) appears across the juncti¢gg., an ex-

utes to the quasiparticle current. The two pair terms in Eqternal current that is larger than the critical current is applied
(5) are proportional to co$p) and sing6), respectively. The 10 the junction, but the temperature drop across it vanishes.

term Q% " is analogous to the electrical interference cur-NSerting Eq.(5), and the equivalent expression @,
rent, whereafQP?" resembles the Josephson current How—[Wh'Ch can be easily derived from E(B)] into Eq. (6), we
' ! P : obtain the net entropy production rate in the Josephson junc-

ever, we emphasize that mathematically they originate fromion, Note that we also included the pair terms in the deriva-
a different source. Botl{ "*" and Qf*" vanish as the tem- tjon of o, even though the contribution of these terms is not
perature of the system approaches the superconducting tragissipative, as we discussed above. In the limit of small bias

sition temperaturd,.. we find
o= 2 AT WO (W= A2 NINLT PLE (W) — (W= 8] [wiiw— ou]
T 4 e ma; 1N e | r J\/WZ—AF\/(W—(S,LL)Z—AI?

sgnw)sgnw—ou)
YW2— A2V (W= 8u)2— A?

V dme (= 2 5 5
+?Tf7xdW(W — AL NIN Ty [T (w) — f (w— Su) ]cog (86+26ut) ]| A || A

Ve (= * 2 2 12 2 2, ’
+?7L@L dwdw O (w2— A2 O (w'2— AZ)N\N, | T, |2 f(w) — f, (w")]
Si(66+28ut)] sgnw)sgnw’)
— AT TS )
W' —w—du w2—AZ\w'2—A?

It is not surprising to recognize in E¢?) the expressions for traverse the electric field. This does not contribute to the
the total electric current through the junction, which haveheating of the system. Indeed, the time average of these
been worked out in this notation in Ref. 4. Using these reterms is zero. The produtty, ,,V ~ coss6(t) was introduced
sults, we can rewrite Ed7) as and discussed in Ref. 4, in view of the fact that the interfer-
ence current was found to have no thermoelectric properties.
The fact that the net entropy production rate derived from the
wherel o,V is the normal Joule heat due to the quasiparticleenergy currents gives us the termg paV andl g,V is in-
current. The termsg, 5oV andl .V aretime dependerand  teresting. First, it implies that they can indeed be interpreted
represent the energy transfered by pairs of electrons whichs electric power. Moreover, even though the pair energy

oT=lV=(l gt I qp pairt I pair)Vi (8)
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currents originate in the mixed, (w)B,(w) term rather than rent, whenT,=T,=0 the quasiparticle-pair term is nonzero
the B (w)By(w) term (which is the origin of the electric only for eV>2A. This is the electrical energy needed to
current3, we conclude that the physical processes underlyingreak a pair. The response of the interference energy current
the phase-dependent electrical currents also drive the phasera voltage can be calculated by analogy to the normal ther-
dependent energy currents. In particular, the ‘@dsterm  moelectric coefficient, i.e., EP P =QIPPaly We use
results from a coupling between the quasiparticles and thg,,qtation marks in order to indicate that % PaiR i ot a
condensatg in the bulk superconductors. We shall therefor?henomenological thermodynamic coefficient. The result is
refer to ;h|s term as the interference energy current. Ou hat the coefficient oscillates in time like ¢o#(t)] due to
explanation of these anomalous power terms is the follow:

. . the time dependence of the phase drop in the presence of a
ing. We argue that the energy-gV) carried by the coupled voltage across the junction. However, when averaging over

quasiparticles and the pairs is stored in the surrounding Ma%me the coefficient vanishes. This behavior supports our

netic field via the inductancelike behavior of the Josephson, .. ~ . . o

. ) . X I identification of the interference current as a nondissipative

coupling. Such a process is reversible, i.e., it is not associ- o .

; Co L O . current. In Ref 4 a similar calculation showed that

ated with dissipation in the system. This is consistent with; LB Pl — | pPay 5T () (at instant of time O
the change of sign of the power with time. The change in the ~12 | —Y @ every instant of time ©ne

ight be tempted to state that this is consistent with the

magnetic field, in turn, is manifested by a change in the ! .
phase drop across the junction. The same mechanism alg%psager re_Iatlons. HOW?‘VE‘“ we note that _the pair currents
corresponds to the produki,V~sinde(t). In this case only cannot be incorporated into the_ theory of irreversible pro-
the pairs carry energy across the junction. We believe th gesses. We only state that the interference current, and the
this is the physical process that gives rise to the ac Josephsebr‘?“"‘t'current analog, possess no thermoelectric properties.
current that is measured when there is a nonzero voltage
across the junction. Note that part of the energy carried by
the pairs is dissipated as radiation.

According to Eq(5) the energy currents corresponding to  Next we consider the case where the junction is biased by
pair transport oscillate in time because of the relationa temperature drop across the junction, but the voltage across
2eVIh=d(560)/dt. The phenomenon corresponds to theit vanishes. It turns out that there is only a contribution from
mechanism given above. Note that, like the quasiparticle curQ® and QP P". Using Eq.(5) we find

B. A temperature biased junction

SWN,Nr|T|,|25TF ( df)wZ[w2+|A|||A,|cos(50)] ©

tot_ ~ap qgp pair_ -
QI QI +QI AT dw \/W2_A|2\/W2_Ar2 ’

where we made the usual linear-response approximéfiofA’ (w) — f(w)~ — (df/dw)wsT/T. The functionsN;, N,, and
|T,;|2 were taken at the Fermi energy. The first term in the square brackets on the RHS () Eqrresponds to the
guasiparticle heat conductance in the superconducting state. The second term in those brackets is a novel effect in which the
energy current depends on the phase drop across the junction. This latter part has the very interesting property that it can
conduct energy in the directiamppositeto the temperature drop across the junctidapending on the phase drop across the
junction). This enables us to control the quasiparticle heat conductance by manipulating the interference energy current via the
phase drop. However, note that the net heat conductance will always be in the direction of the temperature drop, in agreement
with the second law of thermodynamics.

The anomalous properties of the interference energy current are exhibited when examining the entropy production rate for
a temperature drop across the junction. Inserting(Bginto Eqg. (6) we find

Amax

2 2 re 2F a2
_ 8NN Ty | <5T>J d( df)w[w+|A|||Ar|coswe>] 0

AT® Cdw) w2 A7 w2 A2

DefiningL,,=Q, /48T, we see that Eq10) breaks up into two parts. The first part of the sum is the quasiparticle contribution,
which can be written ak35(5T)%/ T2, Indeed, this is the thermodynamic expression for the normal entropy production rate.
The second part can be written ak$5P*™ ( 5T)%/T2. “ L3 P*"™ is not a thermodynamic coefficient. It depends on the cosine
of the phase drop across the junction, which implies that the “entropy production rate” associate@WHH can be
negative. Equatioril0) implies that it is possible to control the quasiparticle Joule heating by tuning the phase difference
across the junction. Note that the total entropy production is always non-negative, as required by the second law of thermo-
dynamics.

In order to understand the physical mechanism underlying this peculiar interference current, it is useful to rewsite Eq.
in a more explicit form. Starting from EqA6) and substituting EqA5), we write down the four terms given by the product
A (w)Bg(w). Then we perform the integration over the quasiparticle energigsand dw’. Since we setdu=0, the
expression for the interference energy current is reduced to a sum of two terms:

A max

4 AylA
QIPF=5 2, 'iﬂmmcos SO (' 1) 8(Ex—Eq)+ (L~ '~ 1N 8(Eict Eg)], (1)
: q
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namics. The interference and pair energy currents are non-
dissipative processes, since they correspond to a mechanism
related to the tunneling of pairs. IF;=T,=0 andV#0,
these currents are nonzero and oscillate in time. We under-
stand this as a reversible exchange of energy with the mag-
netic field surrounding the junction. The pair energy current,
unlike the Josephson current, vanishes if the voltage and the
temperature drop across the junction are zero. The interfer-
ence term, like its electrical counterpart, is a result of energy
exchange due to the combined processes of breaking and
creating pairs and the tunneling of paitk1 dirty materials,
impurities in the electrodes could enhance pair breaking; this
process is not accounted for hgrEor 5T#0 andV=0 one
can reduce the heat transport and the dissipation of the qua-
siparticle current to a minimum value, determined by Egs.
FIG. 1. A schematic description of the processes that correspon(jg) an_d (10)._The process responS|bIe f_or this effect origi-
ates in the interplay between quasiparticles and the conden-

to the interference energy current. On the LHS and RHS we hav te. The interf ¢ ffects the dissipati d heat
the quasiparticle energy spectrum of the electrodes. This illustrated - € interierence term ariects the dissipation and hea

the mechanisms that give rise to an effective transport of energtI ans_port_ 'r? thg. Sys_tem clln a rg_verSIbIehfashlon, 'f'e" It can
from one side to the othdsee text ow in either direction, depending on the sign o aai( _
This effect can be measured as a modulation of the heating

of the electrodes of a Josephson junction as function of an

where we substituted uw,=|Aq/2E,. Following . . .
qVq q q
Langenberd,we associate the terms on the RHS of Ed) applied magnetic fluxe.g., in a SQUID setyp

to processes illustrated in Fig. 1. Those processes involve the W& Delieve the microscopic description of the interfer-
X S N 2 ence energy current given above is relevant to the phenom-
tunneling of a quasiparticle, which is representedfyy|“ in

. enological “convective heat conductance” in a supercon-
Eqg.(11). However, in order to account for the dependence Orbuctin% bar, which was suggested by Ginzb%r/gccorging

the phase dropd, one must assume that another process alsg, Ginzhurg, the thermal transport of a superconducting bar,
occurs and the two processes must be superimposed. TRe \yhich a temperature gradient is applied, will include a
other process is that a pair tunnels. Then it breaks up intgew contribution, in addition to the normal contributions.
two quasiparticles, one of which tunnels back. The mechathjs term is due to the breaking and recombination of pairs
nism of energy transfer is the following: consider procass at the edges of the bar, as a result of the discontinuity im-
in Fig. 1 for the casé);=A,=A. Initially we have an exci- posed by the edges. In our case the edges form the junction.
tation E; on the RHS. Then a pair tunnels to the LHS and

breaks up. The final state is an excitati®pon the IHS. We ACKNOWLEDGMENTS

see that brgaklng a pair on thg LHS removes an gneﬁgy 2 partial support for this work was provided by the Israel
from that side. On the other side, the recombination of theggjance Foundation, the U.S.-Israel Binational Science
pair releases an energyA2 Hence, effectivelythe energy  £oyndation, and a grant from the office of the vice president
24 is transferred from the LHS to the RHS. Procbse Fig.  for research at the Tel-Aviv University. We would like to
1 involves the removal of an energi2rom the LHS elec-  thank v. L. Ginzburg for stimulating discussions. We also
trode. Note that the time reversed versions of proceases penefited from fruitful discussions with A. Shnirman.

andb also occur. The sum of all these processes determines

the net energy transfer by the interference energy current.  APPENDIX A: CALCULATION OF THE ENERGY

We emphasize that this isot energy carried by the pairs TRANSFER THROUGH A JOSEPHSON JUNCTION

(i.e., the charge carriersas is the case for quasiparticle )

transport. The entropy generated in the electrodes is due to !N order to calculate the energy change in the LHS elec-
the combined effect of tunneling pairs and the process of’°de, given in Eq(4), we need to evaluate the thermody-
breaking and recombining pairs in the electrodes. The depefi@mic average of the product of two electron operators. In
dence on the phase drop ensues from the tunneling of pageneral, to first order in perturbatlpn 'gheory, the average of
ticles as coherent pairs across the junction. Note that thé" operatoiO(t) (wheret denotes timgis

contribution of the interference energy current, ), van- [t

ishes whenT,=T,. This is explained by the fact that the (O(t)) =i %dtl([O(t),V(tl)])exp( 7). (AD)

time reversed processes cancel each other out when

T,=T,. The square brackets denote the commutators of the two op-

erators. The operato¥ is the perturbation in the Hamil-
tonian, andy is a small parameter which is eventually taken
to zero. It represents the assumption of an adiabatic pertur-
We showed that the tunneling energy current in a Josephdation. In our calculatiov=Hy and O is the product of
son junction is similar to its electrical counterpart. The qua-electron operators on the RHS of E@). Performing the
siparticle current represents energy transport by quasipartfirst-order calculation, we obtain averages of commutators of
cles. This energy is dissipated in the electrodes which act gsroducts of twoC operators(e.g.,{{CC,CC])). Applying
heat reservoirs. As expected, the quasiparticle heat curretite commutation rules, we end up with averages over prod-
satisfies the relations imposed by nonequilibrium thermodyucts of four electron operators. These break up into pairs,

IV. CONCLUSION
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corresponding to the LHS and RHS electrodes. At this stage a similar way we define the functior< and F= by

it is convenient to define two types of functions: reversing the order of the operators and the sign. The func-
tionsG~ andG= can be used to construct the normal single-
G, (t,t") = —i{Cr, ()CI (1)), particle Green’s function. Similarly, the functios™ and

F = can be used to construct the anomalous Green'’s function,
- ) which describe pair tunneling. Recognizing these functions
Fio(t,t)==i(Co(1)C_—o(1")). (A2) " in the first-order expansion of E¢4), we can write the en-
ergy change in the LHS in the following way:

dQ

at -8R [ dtlexmnto[gkﬁkqlz[ek (12,065 (1)~ GF (110G (L)1 3 &cTieT - FL (1 DF5 (Lt

—FE(t OF  (6t) 1+ AT T ko[ G (L) Fg (1, = G (Lt F o (1, ) 1+ Al Tl [ Fic (11,0 Gy (tty)
—FE(tl,t)Gé(t,tl)]]. (A3)

In Eq. (A3) we denote the LHSRHS) momentum byk(q). Next, we Fourier transform the Green'’s functions into frequency
space and express them by their spectral densities

) odw .
G,f<(t,t1)=e""l“‘tl)J Ze"w(“‘l)(ii)f(iw)Ak(w),

©

. o (edw .
Fk><(t,t1)=e""'(t“1)e“9lf —e W) f(=w)B(w). (A4)

00277

The superconducting phase in thdunction is introduced by the creation-annihilation operators of a pair, as postulated in the
modified Bogliubov transformatiohThe spectral densities are

A(w) =27 [u|28(wW—Ey) + vy 28w+ Ey)],
Bk(W) = 27TUkU k[ 5(W_ Ek) - 5(W+ Ek)]! (AS)

where|u,|?=1/2(1+ &/E)) and|v,|?=1/2(1— & /E,) are the absolute value squared of the coherence factors. The product
Uy can be written a$A,|/2E, . In these relation&, = \/§k2+ Azk is the BCS quasiparticle energy spectrum &pds the
electron energy spectrum relative to the chemical potential. SubstitutingA&¢jsand (A5) into Eq. (A3) we obtain

d 8 dwdw
Q |m2f f i T L = f(w)]

k,q,0

Ar(W)Aq(W")

2
‘flekq| W_W,_5/L+i ”

Br(W)Bqg(w')

T A(W)Bg(w)
Kaw—w'—su+in

+ex —i(86+28ut) JALT T -k TW—w —optiz

1
+ EeXF[ —i(00+256ut)]&Tyq

Bi(W)Aq(W")

w—w'—3du+in|’ (A6)

+A:|qu|2

where §6 is the phase difference across the junction. Theexpressions of the spectral densities into &) and inte-
difference between the quasi-particle chemical potentials ofrating the expressions we obtain Ef). Since the tunnel-
the 2 superconductors is denoted poy— u,=4Su. The next  ing matrix element is invariant under time reversal, we used
stage is to perform the sum over the momentum and spirthe reIationquT,k,q=|qu|2. Note that the second term in
The latter gives a factor of two. The sum over momentum isEq. (A6) is odd in &, and therefore it will not contribute to
transformed into an integral over the electronic speéjra the energy current. Also note that in the above derivation we
and £;. The integration nullifies terms of the integrand assumed that the normal DOS functions and the tunneling
which are odd in these variables. Substituting the explicitmatrix element were independent &f and & .
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