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Phase-dependent thermal transport in Josephson junctions

Glen D. Guttman, Benny Nathanson, Eshel Ben-Jacob, and David J. Bergman
School of Physics and Astronomy, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel-Aviv University,

Ramat-Aviv 69978, Tel-Aviv, Israel
~Received 26 September 1996!

We calculated the energy current through a Josephson junction and found it to consist of three contributions:
a quasiparticle current, an interference current, and a pair current, similar to the total electrical current in a
Josephson junction. The quasiparticle part satisfies Onsager relations, and represents the normal dissipative
heat current. The other two parts depend on the phase drop across the junctiondu and are related to pair
tunneling. We show that the pair energy current, like the Josephson current, is nondissipative. It appears only
when there is a voltage across the junction, and therefore oscillates in time. The interference energy current
appears when either a voltage or a temperature drop is present. In the latter case, the interference current can
flow in eitherdirection, depending on the sign of cos(du). Thus, this part of the energy current can flow in the
oppositedirection to the temperature drop, causing a reduction in the dissipation as compared to what would
occur without the interference current. Nevertheless, the second law of thermodynamics is not violated with
respect to thetotal current. This effect is related to the coupling of quasiparticles and pairs in the supercon-
ducting electrodes comprising the junction.@S0163-1829~97!05006-6#
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I. INTRODUCTION

The total electrical current in a superconductor-insulat
superconductor~SIS! Josephson junction consists of thr
parts: A quasiparticle current, an interference current, and
Josephson current.1 The quasiparticle current represents
nonequilibrium response to a voltage or to a tempera
drop across the junction. It is therefore associated with
sipation. The interference current2,3 is proportional to the co-
sine of the phase drop across the junction, and is relate
coupling of the quasiparticles and the condensate in the e
trodes. The Josephson current flows in the absence of a
age or a temperature drop, and is proportional to the sin
the phase drop across the junction. In a previous paper4 we
discussed the thermoelectric properties of a SIS Josep
junction. We have seen that only the quasiparticle curr
flows in response to a temperature drop. The fact that
interference current did not have a thermoelectric respo
was interpreted as an indication that this term was actual
nondissipative current. We also discussed the effect of
coupling of quasiparticles and condensate on the thermoe
tric properties of the system.

These results lead us to the conclusion that we could
pect interesting phenomena with respect to theenergytrans-
fer through the junction. Hence, we study here the ther
transport in a SIS Josephson junction and complete the
scription of thermoelectric transport in this system. We c
culate the energy current through the junction, using per
bation theory. From the viewpoint of the theory
irreversible processes,5 we expect the quasi-particle curre
to correspond to a heat current which satisfies the Ons
relations. The entropy production rate can be calculated f
the heat current. This should give us the Joule heat gener
by the normal current component. We also expect, in view
the quasi-particle-pairs coupling and the resulting interf
ence current, that anomalous contributions will be found
the thermal transport.
550163-1829/97/55~6!/3849~7!/$10.00
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In Sec. II we perform the perturbation theory calculati
of the energy current through the junction. Three contrib
tions emerge: one being the quasiparticle heat current
two additional pair related terms. A physical interpretation
the nature of the pair terms is presented in Sec. III. W
conclude that these terms representreversibleenergy trans-
fer, which is facilitated by the coupling existing betwee
quasiparticles and the condensate. We conclude in Sec.

II. THE ENERGY CURRENT THROUGH
A JOSEPHSON JUNCTION

A. The model

In order to determine the thermal current through a S
Josephson junction, we calculate the total energy cur
flowing through the junction within the following mode
The junction is comprised of two BCS bulk superconduct
separated by an insulating barrier. We assume each su
conductor is a particle reservoir in equilibrium and is ch
acterized by a many-body BCS HamiltonianH, a chemical
potentialm, and a temperatureT. The left-hand side~LHS!
quantities are denoted by the subscriptl and the right-hand
side~RHS! quantities byr . The particle current is a tunnelin
current, therefore the total Hamiltonian includes a tunnel
element HT . The total Hamiltonian can be written a
H tot5Hl1Hr1HT . The particle current is calculated usin
a microscopic perturbation theory, expanding in the sm
tunneling matrix element. The total particle current is eq
to the rate of change of the averaged electron-number op
tor in the LHS reservoirPl with respect to time.

1 The electric
current is the particle current multiplied by the electr
charge carried by the particle. We propose to calculate
energy current in a similar way: an electron, tunneling b
tween the electrodes, carries a quantum of energye from one
side and adds it to the other. In the case of a normal elect
the energy dissipated into the reservoir due to this proces
the thermodynamic average of the differencee2m. There-
3849 © 1997 The American Physical Society
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fore, we will calculate the thermodynamic average of t
time derivative of the operatorH2mP.5 We expect that with
respect to the quasiparticles in the superconductor, this
rent will correspond to the heat carried by them. We assu
that the oxidized layer separating the superconductors
good heat insulator, thus heat is transported only by tun
ing particles. According to the quantum-mechanical equa
of motion, the energy change on the LHS is

dQl

dt
5 K ddt ~Hl2m lPl !L 5

i

\
^@H tot ,Hl2m lPl #&. ~1!

The angular brackets in Eq.~1! represent a thermodynam
average over a grand-canonical ensemble. The operator
given by the following expressions. The electron-number
erator is

Pl5(
k,s

Ck,s
† Ck,s , ~2!

whereCk,s
† andCk,s are single-electron creation and annih

lation operators in the momentum (k) and spin (s) represen-
tation. The momentum quantum number of the LHS~RHS!
superconductor is denoted byk(q). The tunneling Hamil-
tonian is
if-
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HT5 (
k,q,s

TkqCk,s
† Cq,s1H.c., ~3!

where the tunneling matrix element is denoted byTkq . In
Josephson junctions the relevant physical parameter
phase difference across the junction. Thus, we must k
track of the phases. Consequently, throughout the follow
calculations, the BCS order parameterD in the bulk super-
conducting electrodes will be a complex function.

Substituting the expressions for the operators into Eq.~1!
we obtain for an isotropic superconductor

dQl

dt
5
2

\
ImF (

k,q,s
jkTkq^Ck,s

† Cq,s&12TkqDk
†^C2k,2sCq,s&G ,

~4!

where jk[ek2m l is the electron energy relative to th
chemical potential.

B. Three contributions to the energy current

Following the recipe in Ref. 6, we calculate in the Appe
dix the energy change in the LHS electrode, using first-or
perturbation theory. The energy current, flowing from left
right, is2(dQl /dt) and will be denoted byQtot

l . The result
is
Qtot
l 5Qqp

l 1Qqp pair
l 1Qpair

l 5
4p

\ E
2`

`

dwQ~w22Dmax
2 !NlNr uTlr u2@ f l~w!2 f r~w2dm!#

wuwuuw2dmu

Aw22D l
2A~w2dm!22D r

2

1
4p

\ E
2`

`

dwQ~w22Dmax
2 !NlNr uTlr u2@ f l~w!2 f r~w2dm!#cos@~du12dmt !#uD l uuD r u

wsgn~w!sgn~w2dm!

Aw22D l
2A~w2dm!22D r

2

1
4

\E2`

` È`

dwdw8Q~w22D l
2!Q~w822D r

2!NlNr uTlr u2@ f l~w!2 f r~w8!#

3P
sin@~du12dmt !#

w82w2dm
uD l uuD r u

wsgn~w!sgn~w8!

Aw22D l
2Aw822D r

2
. ~5!
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We denote the phase differenceu l2u r across the junction by
du. Ek5Ajk

21Dk
2 is the BCS quasiparticle energy. The d

ference between quasiparticle chemical potentials of the
superconductors ism r2m l[dm. Note that in all the integrals
in Eq. ~5! a u function likeQ(w22Dmax

2 ) restricts the qua-
siparticle energyw to be above the BCS gap. In the first tw
integrals this isDmax[max@D l ,D r #, whereD l and D r are
assumed constant. Also note that for convenience we om
the \ in the second part of the argument of the sin and
functions. The quasiparticle distribution function is denot
by f (w)51/@exp(w2m)/kBT#. The normal-metal densities o
states~DOS! are denoted byNl(j) andNr(j) whereas the
tunneling matrix element isTlr . The third integral on the
RHS is the principal value of the integral over the pole in t
integrand, and is denoted byP.

As evident in Eq.~5!, the total current breaks up into thre
parts. The first integral is the normal heat current due
tunneling of quasiparticles, and is understood within
o

ed
s
d

o
e

semiconductor model.7 It represents the energy carried by th
tunneling quasiparticles, which is dissipated in the el
trodes. Like its electric counterpart,1 it ensues from the nor-
mal spectral-density functionsAkAq(w) @see Eq.~A6! in the
Appendix#. It vanishes whendm5dT50. Similar to the be-
havior in bulk superconductors,Qqp

l decreases exponentiall
in (D/kBT) as the temperature is reduced belowTc. As ex-
pected, this term also satisfies Onsager’s relations. This
be shown by expanding the energy dependent functi
Nl(j), Nr(j), andTlr (j) to first order in the electronic en
ergyj. As explained in Ref. 4, the expansion must be carr
out in Eq. ~A6! and not in Eq. ~5!. We find that
L21
s [Qqp

l /dT is equal toTL12
s , which was obtained in Ref. 4

The notationLi j
s depicts the elements of the 232 quasipar-

ticle thermoelectric transport coefficient matrix of the syste
in the superconducting state.

In addition to the normal heat current, the energy curr
Eq. ~5! includes two anomalous terms. These contributio
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55 3851PHASE-DEPENDENT THERMAL TRANSPORT IN . . .
represent the energy transported by thepairs. Unlike the
quasiparticle current, this energy cannot be dissipated
cause there is no heat reservoir which corresponds to
states: the condensate forms a single-equilibrium, ma
body quantum state. Therefore, we will argue that th
terms represent the reversible exchange of the energy
the surrounding magnetic field. In Sec. III we present
arguments which lead us to this understanding. In the
pendix we find that these terms originate from themixed
term in Eq.~A6! that is proportional toAk(w)Bq(w). This
stands in contrast to the electrical current, where both
Josephson current and the interference current are give
the anomalous term proportional toBk(w)Bq(w). In the case
of energy transport, this latter term vanishes in the calcu
tion. The new mixed term is dependent ondu and implies a
novel mechanism of energy transport, which is related to
coupling between the quasiparticles and the condensa
the bulk superconductor electrodes. As we show below,
coupling leads to aneffectivetransfer of energy between th
electrodes. Note that there is another mixed term in Eq.~A6!
which is proportional toBk(w)Aq(w). This term does not
depend on the phase drop across the junction, and con
utes to the quasiparticle current. The two pair terms in
~5! are proportional to cos(du) and sin(du), respectively. The
term Ql

qp pair is analogous to the electrical interference c
rent, whereasQl

pair resembles the Josephson current. Ho
ever, we emphasize that mathematically they originate fr
a different source. BothQl

qp pair andQl
pair vanish as the tem

perature of the system approaches the superconducting
sition temperatureTc .
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III. INTERPRETATION

In order to gain some physical insight of the nature of t
anomalous pair terms, we studyQtot

l in special cases and
calculate the entropy production rates related to them. Since
we interpretedQqp

l as the heat current of quasiparticles, w
can assume that the entropy current is given byQqp

l /Tl . The
entropy production rate is given by the thermodynam
relation5

s5
Ql

Tl
1
Qr

Tr
. ~6!

Equation~6! represents the fact that the heat transferred
the carriers from the LHS to the RHS is conserved. Hen
when summing the reverse heat currents one is left with
heating in the system~e.g., Joule heating!. This can be ex-
pressed as the entropy production rate in the system. Fo
sake of clarity, we study two special cases: a junction bia
only by a voltage and a junction biased by a temperat
drop.

A. A voltage biased junction

First we consider a system in which a voltag
V52dm/e (e.0) appears across the junction~e.g., an ex-
ternal current that is larger than the critical current is appl
to the junction!, but the temperature drop across it vanish
Inserting Eq. ~5!, and the equivalent expression forQtot

r

@which can be easily derived from Eq.~5!# into Eq. ~6!, we
obtain the net entropy production rate in the Josephson ju
tion. Note that we also included the pair terms in the deri
tion of s, even though the contribution of these terms is n
dissipative, as we discussed above. In the limit of small b
we find
s5
V

T

4pe

\ E
2`

`

dwQ~w22Dmax
2 !NlNr uTlr u2@ f l~w!2 f r~w2dm!#

uwuuw2dmu

Aw22D l
2A~w2dm!22D r

2

1
V

T

4pe

\ E
2`

`

dwQ~w22Dmax
2 !NlNr uTlr u2@ f l~w!2 f r~w2dm!#cos@~du12dmt !#uD l uuD r u

sgn~w!sgn~w2dm!

Aw22D l
2A~w2dm!22D r

2

1
V

T

4e

\ E
2`

` È`

dwdw8Q~w22D l
2!Q~w822D r

2!NlNr uTlr u2@ f l~w!2 f r~w8!#

3P
sin@~du12dmt !#

w82w2dm
uD l uuD r u

sgn~w!sgn~w8!

Aw22D l
2Aw822D r

2
. ~7!
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It is not surprising to recognize in Eq.~7! the expressions fo
the total electric current through the junction, which ha
been worked out in this notation in Ref. 4. Using these
sults, we can rewrite Eq.~7! as

sT5I totV5~ I qp1I qp pair1I pair!V, ~8!

whereI qpV is the normal Joule heat due to the quasiparti
current. The termsI qp pairV andI pairV aretime dependentand
represent the energy transfered by pairs of electrons w
-

e

ch

traverse the electric field. This does not contribute to
heating of the system. Indeed, the time average of th
terms is zero. The productI qp pairV;cosdu(t) was introduced
and discussed in Ref. 4, in view of the fact that the interf
ence current was found to have no thermoelectric proper
The fact that the net entropy production rate derived from
energy currents gives us the termsI qp pairV and I pairV is in-
teresting. First, it implies that they can indeed be interpre
as electric power. Moreover, even though the pair ene
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currents originate in the mixedAk(w)Bq(w) term rather than
the Bk(w)Bq(w) term ~which is the origin of the electric
currents!, we conclude that the physical processes underly
the phase-dependent electrical currents also drive the ph
dependent energy currents. In particular, the ‘‘cosdu’’ term
results from a coupling between the quasiparticles and
condensate in the bulk superconductors. We shall there
refer to this term as the interference energy current. O
explanation of these anomalous power terms is the follo
ing. We argue that the energy (;eV) carried by the coupled
quasiparticles and the pairs is stored in the surrounding m
netic field via the inductancelike behavior of the Joseph
coupling. Such a process is reversible, i.e., it is not ass
ated with dissipation in the system. This is consistent w
the change of sign of the power with time. The change in
magnetic field, in turn, is manifested by a change in
phase drop across the junction. The same mechanism
corresponds to the productI pairV;sindu(t). In this case only
the pairs carry energy across the junction. We believe
this is the physical process that gives rise to the ac Josep
current that is measured when there is a nonzero vol
across the junction. Note that part of the energy carried
the pairs is dissipated as radiation.

According to Eq.~5! the energy currents corresponding
pair transport oscillate in time because of the relat
2eV/\5d(du)/dt. The phenomenon corresponds to t
mechanism given above. Note that, like the quasiparticle
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rent, whenTl5Tr50 the quasiparticle-pair term is nonze
only for eV.2D. This is the electrical energy needed
break a pair. The response of the interference energy cur
to a voltage can be calculated by analogy to the normal th
moelectric coefficient, i.e., ‘‘L21

qp pair’’ [Ql
qp pair/V. We use

quotation marks in order to indicate that ‘‘L21
qp pair’’ is not a

phenomenological thermodynamic coefficient. The resul
that the coefficient oscillates in time like cos@du(t)# due to
the time dependence of the phase drop in the presence
voltage across the junction. However, when averaging o
time the coefficient vanishes. This behavior supports
identification of the interference current as a nondissipa
current. In Ref. 4 a similar calculation showed tha
‘‘ L12

qp pair’’ [I l
qp pair/dT50 ~at every instant of time!. One

might be tempted to state that this is consistent with
Onsager relations. However, we note that the pair curre
cannot be incorporated into the theory of irreversible p
cesses. We only state that the interference current, and
heat-current analog, possess no thermoelectric propertie

B. A temperature biased junction

Next we consider the case where the junction is biased
a temperature drop across the junction, but the voltage ac
it vanishes. It turns out that there is only a contribution fro
Ql
qp andQl

qp pair. Using Eq.~5! we find
which the
hat it can
the
nt via the
greement

rate for

tion,
rate.
ine

rence
thermo-

Eq.
ct
Ql
tot5Ql

qp1Ql
qp pair5

8pNlNr uTlr u2dT
\T E

Dmax

`

dwS 2
d f

dwDw2@w21uD l uuD r ucos~du!#

Aw22D l
2Aw22D r

2 , ~9!

where we made the usual linear-response approximationf l
T1dT(w)2 f r

T(w)'2(d f /dw)wdT/T. The functionsNl , Nr , and
uTlr u2 were taken at the Fermi energy. The first term in the square brackets on the RHS of Eq.~9! corresponds to the
quasiparticle heat conductance in the superconducting state. The second term in those brackets is a novel effect in
energy current depends on the phase drop across the junction. This latter part has the very interesting property t
conduct energy in the directionoppositeto the temperature drop across the junction~depending on the phase drop across
junction!. This enables us to control the quasiparticle heat conductance by manipulating the interference energy curre
phase drop. However, note that the net heat conductance will always be in the direction of the temperature drop, in a
with the second law of thermodynamics.

The anomalous properties of the interference energy current are exhibited when examining the entropy production
a temperature drop across the junction. Inserting Eq.~9! into Eq. ~6! we find

s5
8pNlNr uTlr u2~dT!2

\T3 E
Dmax

`

dwS 2
d f

dwDw2@w21uD l uuD r ucos~du!#

Aw22D l
2Aw22D r

2 . ~10!

DefiningL22[Ql /dT, we see that Eq.~10! breaks up into two parts. The first part of the sum is the quasiparticle contribu
which can be written asL22

qp(dT)2/T2. Indeed, this is the thermodynamic expression for the normal entropy production
The second part can be written as ‘‘L22

qp pair’’ ( dT)2/T2. ‘‘ L22
qp pair’’ is not a thermodynamic coefficient. It depends on the cos

of the phase drop across the junction, which implies that the ‘‘entropy production rate’’ associated withQl
qp pair can be

negative. Equation~10! implies that it is possible to control the quasiparticle Joule heating by tuning the phase diffe
across the junction. Note that the total entropy production is always non-negative, as required by the second law of
dynamics.

In order to understand the physical mechanism underlying this peculiar interference current, it is useful to rewrite~5!
in a more explicit form. Starting from Eq.~A6! and substituting Eq.~A5!, we write down the four terms given by the produ
Ak(w)Bq(w). Then we perform the integration over the quasiparticle energiesdw and dw8. Since we setdm50, the
expression for the interference energy current is reduced to a sum of two terms:

Ql
qp pair5

4

\(
k,q

uDkuuDqu
Eq

uTlr u2cos~du!@~ f l
Tl2 f r

Tr !d~Ek2Eq!1~12 f l
Tl2 f r

Tr !d~Ek1Eq!#, ~11!
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where we substituted uqvq5uDqu/2Eq . Following
Langenberg,2 we associate the terms on the RHS of Eq.~11!
to processes illustrated in Fig. 1. Those processes involve
tunneling of a quasiparticle, which is represented byuTlr u2 in
Eq. ~11!. However, in order to account for the dependence
the phase dropdu, one must assume that another process a
occurs and the two processes must be superimposed.
other process is that a pair tunnels. Then it breaks up
two quasiparticles, one of which tunnels back. The mec
nism of energy transfer is the following: consider procesa
in Fig. 1 for the caseD l5D r5D. Initially we have an exci-
tation Eq on the RHS. Then a pair tunnels to the LHS a
breaks up. The final state is an excitationEk on the IHS. We
see that breaking a pair on the LHS removes an energyD
from that side. On the other side, the recombination of
pair releases an energy 2D. Hence,effectively the energy
2D is transferred from the LHS to the RHS. Processb in Fig.
1 involves the removal of an energy 2D from the LHS elec-
trode. Note that the time reversed versions of processea
andb also occur. The sum of all these processes determ
the net energy transfer by the interference energy curr
We emphasize that this isnot energy carried by the pair
~i.e., the charge carriers!, as is the case for quasipartic
transport. The entropy generated in the electrodes is du
the combined effect of tunneling pairs and the process
breaking and recombining pairs in the electrodes. The dep
dence on the phase drop ensues from the tunneling of
ticles as coherent pairs across the junction. Note that
contribution of the interference energy current, Eq.~9!, van-
ishes whenTl5Tr . This is explained by the fact that th
time reversed processes cancel each other out w
Tl5Tr .

IV. CONCLUSION

We showed that the tunneling energy current in a Jose
son junction is similar to its electrical counterpart. The qu
siparticle current represents energy transport by quasip
cles. This energy is dissipated in the electrodes which ac
heat reservoirs. As expected, the quasiparticle heat cu
satisfies the relations imposed by nonequilibrium thermo

FIG. 1. A schematic description of the processes that corresp
to the interference energy current. On the LHS and RHS we h
the quasiparticle energy spectrum of the electrodes. This illustr
the mechanisms that give rise to an effective transport of ene
from one side to the other~see text!.
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namics. The interference and pair energy currents are n
dissipative processes, since they correspond to a mecha
related to the tunneling of pairs. IfTl5Tr50 andVÞ0,
these currents are nonzero and oscillate in time. We un
stand this as a reversible exchange of energy with the m
netic field surrounding the junction. The pair energy curre
unlike the Josephson current, vanishes if the voltage and
temperature drop across the junction are zero. The inter
ence term, like its electrical counterpart, is a result of ene
exchange due to the combined processes of breaking
creating pairs and the tunneling of pairs.~In dirty materials,
impurities in the electrodes could enhance pair breaking;
process is not accounted for here.! For dTÞ0 andV50 one
can reduce the heat transport and the dissipation of the
siparticle current to a minimum value, determined by E
~9! and ~10!. The process responsible for this effect orig
nates in the interplay between quasiparticles and the con
sate. The interference term affects the dissipation and
transport in the system in a reversible fashion, i.e., it c
flow in either direction, depending on the sign of cos(du).
This effect can be measured as a modulation of the hea
of the electrodes of a Josephson junction as function of
applied magnetic flux~e.g., in a SQUID setup!.

We believe the microscopic description of the interfe
ence energy current given above is relevant to the phen
enological ‘‘convective heat conductance’’ in a superco
ducting bar, which was suggested by Ginzburg.8 According
to Ginzburg, the thermal transport of a superconducting b
to which a temperature gradient is applied, will include
new contribution, in addition to the normal contribution
This term is due to the breaking and recombination of pa
at the edges of the bar, as a result of the discontinuity
posed by the edges. In our case the edges form the junc
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APPENDIX A: CALCULATION OF THE ENERGY
TRANSFER THROUGH A JOSEPHSON JUNCTION

In order to calculate the energy change in the LHS el
trode, given in Eq.~4!, we need to evaluate the thermod
namic average of the product of two electron operators
general, to first order in perturbation theory, the average
an operatorO(t) ~wheret denotes time! is

^O~ t !&52 i E
2`

t

dt1^@O~ t !,V~ t1!#&exp~ht1!. ~A1!

The square brackets denote the commutators of the two
erators. The operatorV is the perturbation in the Hamil
tonian, andh is a small parameter which is eventually tak
to zero. It represents the assumption of an adiabatic pe
bation. In our calculationV5HT andO is the product of
electron operators on the RHS of Eq.~4!. Performing the
first-order calculation, we obtain averages of commutators
products of twoC operators~e.g., ^@CC,CC#&). Applying
the commutation rules, we end up with averages over pr
ucts of four electron operators. These break up into pa

nd
e
es
y
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corresponding to the LHS and RHS electrodes. At this st
it is convenient to define two types of functions:

Gks
. ~ t,t8!52 i ^Cks~ t !Cks

† ~ t8!&,

Fks
. ~ t,t8!52 i ^Cks~ t !C2k2s~ t8!&. ~A2!
h

pi
i

d
ic
eIn a similar way we define the functionsG, and F, by
reversing the order of the operators and the sign. The fu
tionsG. andG, can be used to construct the normal sing
particle Green’s function. Similarly, the functionsF. and
F, can be used to construct the anomalous Green’s funct
which describe pair tunneling. Recognizing these functio
in the first-order expansion of Eq.~4!, we can write the en-
ergy change in the LHS in the following way:
cy

in the

oduct
dQ

dt
l528Re(

kq
E

2`

t

dt1exp~ht1!H jkuTkqu2@Gk
,~ t1 ,t !Gq

.~ t,t1!2Gk
.~ t1 ,t !Gq

,~ t,t1!#1
1

2
jkTkqT2k2q@Fk

†.~ t1 ,t !Fq
,~ t,t1!

2Fk
†,~ t1 ,t !Fq

.~ t,t1!#1Dk
†TkqT2k2q@Gk

,~ t,t1!Fq
.~ t1 ,t !2Gk

.~ t,t1!Fq
,~ t1 ,t !#1Dk

†uTkqu2@Fk
,~ t1 ,t !Gq

.~ t,t1!

2Fk
.~ t1 ,t !Gq

,~ t,t1!#J . ~A3!

In Eq. ~A3! we denote the LHS~RHS! momentum byk(q). Next, we Fourier transform the Green’s functions into frequen
space and express them by their spectral densities

Gk
.,~ t,t1!5e2 im l ~ t2t1! È`dw

2p
e2 iw~ t2t1!~6 i ! f ~6w!Ak~w!,

Fk
.,~ t,t1!5e2 im l ~ t1t1!eiu l È`dw

2p
e2 iw~ t2t1!~6 i ! f ~6w!Bk~w!. ~A4!

The superconducting phase in theF function is introduced by the creation-annihilation operators of a pair, as postulated
modified Bogliubov transformation.1 The spectral densities are

Ak~w!52p@ uuku2d~w2Ek!1uvku2d~w1Ek!#,

Bk~w!52pukvk@d~w2Ek!2d~w1Ek!#, ~A5!

whereuuku251/2(11jk /Ek) and uvku251/2(12jk /Ek) are the absolute value squared of the coherence factors. The pr
ukvk can be written asuDku/2Ek . In these relationsEk5Ajk

21Dk
2 is the BCS quasiparticle energy spectrum andjk is the

electron energy spectrum relative to the chemical potential. Substituting Eqs.~A4! and ~A5! into Eq. ~A3! we obtain

dQ

dt
l5

8

\
Im(

k,q,s
E

2`

` È`dwdw8

~2p!2
@ f l~w!2 f r~w8!#FjkuTkqu2

Ak~w!Aq~w8!

w2w82dm1 ih

1
1

2
exp@2 i ~du12dmt !#jkTkqT2k2q

Bk
†~w!Bq~w8!

w2w82dm1 ih
1exp@2 i ~du12dmt !#Dk

†TkqT2k2q

Ak~w!Bq~w!

w2w82dm1 ih

1Dk
†uTkqu2

Bk~w!Aq~w8!

w2w82dm1 ihG , ~A6!
ed
n

we
ling
where du is the phase difference across the junction. T
difference between the quasi-particle chemical potentials
the 2 superconductors is denoted bym r2m l[dm. The next
stage is to perform the sum over the momentum and s
The latter gives a factor of two. The sum over momentum
transformed into an integral over the electronic spectrajk
and jq . The integration nullifies terms of the integran
which are odd in these variables. Substituting the expl
e
of

n.
s

it

expressions of the spectral densities into Eq.~A6! and inte-
grating the expressions we obtain Eq.~5!. Since the tunnel-
ing matrix element is invariant under time reversal, we us
the relationTkqT2k2q5uTkqu2. Note that the second term i
Eq. ~A6! is odd injk and therefore it will not contribute to
the energy current. Also note that in the above derivation
assumed that the normal DOS functions and the tunne
matrix element were independent ofjk andjq .
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