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Tunneling percolation model for granular metal films
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The evolution of conductivity in granular metal films, as a function of thickness and temperature, has been
modeled by percolation within the framework of the theory of stochastic transport in disordered systems. The
model was analytically worked out by means of the effective-medium approximation. The analytical expres-
sion obtained spans the entire range of resistance, from insulating to globally superconducting behavior, with
increasing thickness. Quasireentrant or local superconductivity was found in our results as a consequence of
tunneling junctions allowed in the model. Experimental data on tin films are considered.
[S0163-18297)05905-3

[. INTRODUCTION analysis of the effects of zero-point fluctuations on the
vortex-unbinding scenarity.

The conditions for the onset of bulk solid behavior and Our aim in this paper is somewhat different. We will
the development of associated phenomena, such us supg@resent a tunneling percolation model for describing the
conductivity in ultrathin films, are important problems in film’'s electrical behavior from quasireentrafibcal) to glo-
condensed matter physics. Recently fine experinidmse  bal superconductivity in the context of the stochastic trans-
been realized in ultrathin metal films that present granulaport theory!! The stochastic transport theory maps the con-
structure. The general behavior of sheet resist&{d® with  duction process in disordered media on a random walk on
thickness resumng in these experiments was Surprising|y ré.attices with random transition rates. The randomness in our
producible for a variety of soft metals such as®SrGa*® model is a crucial ingredient that mixes two different phe-
Pb® Al, and In. The thinnest films exhibit strong insulating "°Mena: the insulator-conductor transition at the metallic
behavior and activated conductivity with no trace of super-9rain concentratiop and the metallic connectedness perco-
conductivity. Manifestations of local superconductivity first lation one at the concentratiop, . Analytical results are
become noticeable for thicker films as a “kink” and before adong within the framework of the effective-medium approxi-
local minimum inR(T). The latter behavior has been called maﬂon (EMA?' The EMA is a powerful appr'oach fo study
“quasireentrant” superconductivity because the resistanc& nalytically diffusion problems and stochastic fransport pro-

. .qesses in disordered media. The EMA was developed inde-
never actually drops to zero. Subsequent addition of matenapendently by several authots™Whether the approximation
then leads to films that present global superconductivity ives exact results was analilzed recetftly

, o i
Quasireentrant superconductivity has also been observed ﬁw The random walk approach has been used to study the

three-dimensional films of granular aIumm_t‘anowever, random two-component mixture of good and poor conduc-
this particular behavior has not been found in homogeneoug, s The Iimit case in which the poor-conductor species has
films. Granular films result when glass or ceramic substrategfinite resistance is known as a random resistor network
are used. Homogeneous films are formed on amorphous Gguyre “ant” limit), and the limit case in which the good-
substrates. The resistance of homogeneous films is alwayscanductor has zero resistance is known as a random super-
monotonic function of the temperatufle (see Ref. 7 for a conducting networkpure “termite” limit). The “termite”
review). behaves like an “ant” on the normal conductor, where it
A remarkable feature in thin films is the fact that global performs a random walk in steps of one lattice spacing.
superconductivity is found when the normal-state sheet resigdowever, the clock is held still while it walks on the super-
tance falls below a value close td4e?. This is a universal conductor. The scaling properties of random resistor and su-
observation uncorrelated with either structural or materiaperconducting networks have been extensively studied by
parameters such as thickness or transition temperatieey  Honget al'® who developed a scaling theory for the general
much attention has been addressed to the role of Josephstwo-component alloy.
junctions in the interpretation of the experimental data of The EMA has also been extended to study the first-
thin granular films. A random array of Josephson-couplecbassage time problem in random metfighe first-exit time
grains was considered in order to explain the origin of theanalysis is a useful tool for describing the problem of “ter-
resistance minimum. This was theoretically treated by a bonehites” diffusion’ Recently, the role of percolation in dif-
percolation modé&land also experimentally studiédhe re-  fusion on square and simple cubic lattices with a random
sistive transition was also treated by renormalization-grouglistribution of energy barriers has been investigated by
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means of Monte Carlo simulation and the ENThe ana- tivity based on the geometrical interplay between tunneling
lytical predictions of the EMA in this model are in good and metallic junctions in the film.
agreement with numerical results both in the asymptotic
long-time limit and in the whole transient regime. Thus, the
reliability of the EMA has been well established in the
framework of percolation processes. However, the universal
behavior at the percolation threshold cannot be described The present model is based on the nature of the consid-
correctly by an approach like the EMA. ered films'? The samples were grown by precisely con-
The starting point for the stochastic transport theory trolled exposures of a cold substrate to the metal vapor flux.
within the linear response approximation, is the generalizeghepositions of increments of average film thickness of less

Il. TUNNELING PERCOLATION MODEL
FOR GRANULAR SUPERCONDUCTORS

Einstein equation for the conductivity: than 0.02 A were reported as possible, and typically incre-
, ments between 0.05 and 0.2 A were used in the evaporations.
o= ED (1.1) The vapor flux density was estimated to be uniform to better
kgT ' than 1 part in 16 over the area of the sample. All films were

grown on silica-glazed alumina substrates held between 15
wherekg is Boltzmann’s constanty is the number density of  and 18 K during metal deposition. The sample temperature
effective carriersq is the charge of the carriers, allde-  remained below the highest temperature during deposition
notes the frequency-dependent diffusion constant of the disgnd annealing effects were avoided. The glaze provided a
ordered medium. To evaluaf in a disordered medium we yery smooth surface on atomic length scales with variations
must know all the transition rates for the carrier between anbccurring 0n|y at |0ng Wave|engths_ In consequence, it is
pair of lattice sites. In the EMA, the problem of a particle’s reasonable to assumequivalent uncorrelated metallic
diffusion in a disordered lattice is replaced by a diﬁUSiongrains on the film, with a narrow grain_size distribution
problem on an ordered lattice with an effective transition rateacross the sample in the successive depositions of metal.
werr that is frequency dependent: We simplify the growth process by considering the insu-
lating substrate as a hypercubic regular lattice in two
(square or three(simple cubig dimensions. Each site of the
lattice can be occupied by a metallic grain with probability
p or can be unoccupie@acancy with probability 1-p. We
whered is the dimensionality of the systerd, is the coor-  are not considering correlations between any pairs of sites.
dination number of the lattice, aralis the lattice constant. We assume the probability to be proportional to the nomi-
dc hopping conductivity is calculated in the zero-frequencynal thickness. Fotrue two-dimensional filmsp is the areal
limit and corresponds to the long-time limit of the diffusion coverage and can be measured from digitized microgrﬁ’phs_
process. For the resistance in a disordered media we have lattice constard is selected equal to the mean diameter
then of grains. In this manner, two nearest-neighbor grains are
forming the smallest metallic cluster. This random manner of
filing the space induces topological disorder on the site
scale, but also represents a situation of structural disorder on
the cluster scale.
whereC is a constant that depends on the carrier properties We assume that the electronic states lamalized in the
n andq, on the lattice geometrical consta@snda, and on  metallic sitesand that the effective electronic transport pro-
the geometrical form factors of the sample. For growingcess takes place by hopping among neighbor grains. The
films the geometrical form factors are given by the effectivetransport process is mapped in the conventional way on a
conducting cluster, and thus depend on the growth parameteandom walk in the latticé™**and all the randomness of the
(thicknes$. Moreover, on large length scales, only the carri-system is contained in the spatial distribution of hopping
ers on the effective conducting cluster contribute to the conrates between sites. We assume hopping bonds between
ductivity. Their densityn is therefore also proportional to the nearest-neighbor sites only.
thickness. There are three types of bonds between two nearest

This paper presents a tunneling percolation model for meneighbor sites in the lattice. The bonds between two vacan-
tallic granular superconductors. In Sec. |l the transport procies are insulatorgwith hopping rateswy=0), the bonds
cess of the model is mapped on a random walk in a latticdetween two grains are metallic junctioiwith hopping
and the basic quantities are constructed. The EMA is perrateswg), and the bonds between a grain and a vacancy are
formed in Sec. Ill and the percolation threshojdlsand p, regarded tunneling junction@/ith hopping rateso,). For the
are calculated. Section IV provides the temperature behavidwo-dimensional case, a given realization of the lattice is
of hopping rates and the analytical expressions for the filmdepicted in Fig. 1. Two metallic clusters will be joined into
resistance dependence in temperature and concentration afily one cluster if they have at least a pair of nearest neigh-
metallic grains are given. Section V contains the fits to thebor grains, and will be connected by at least one tunneling
experimental data of tin films reported in Ref. 2. The fitspath if each cluster has a grain nearest neighbor to a same
with our approach suggest the relevance of the third dimenvacancy in the lattice. There are several possible configura-
sion in the conduction process of the film. Section VI pro-tions of parallel tunneling paths between two grains accord-
vides a final discussion and some concluding remarks. Thimg to the environment of them, which increase with the
results endorse an explication of quasireentrant supercondudimensionality of the lattice. Thus, the model takes into ac-

1 2
D=5 Zawer, (1.2

T
R=C—, (1.3

Weff
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ac electrical properties of insulator-conductor composites
| | | | | | near the percolation threshold. Evidence for a new scaling
_ l o —— law has been reported.

A three-component model was developed for the conduc-
tivity of dispersed ionic conductofS, but that case corre-

- O O == sponds to interfacial conductivity instead of conduction be-
tween domains as in our case. This and our model have
__ o 0 O —— similar expressions for the bond fractions in the two-

dimensional casgEqg. (2.1)], but they are intrinsically differ-
ent in the three-dimensional case.

lll. EFFECTIVE-MEDIUM APPROXIMATION

The EMA self-consistent equation for the coherent transi-
__ tion rate weg is™

i
|
|
Weff— W
o : : e =0, (3.9
FIG. 1. A realization of the system into the square lattice. The 1+2 O(wef— ) (w)

sites are occupied by metallic grains with probabilityor are va-
cant with probability p. References: @) metallic grain, Q)

vacancy, €) metallic bond, and ) tunneling bond. where the angular brackets indicate the average over the dis-

tribution I1(w) given in Eqg.(2.2. The EMA for stochastic

count in an elementary way the variations in the bondiransport is outlined in full detail in Ref. 13. The reader is

strength due to randomness in the tunneling distance bégferred to this excellent reference for further details. In the

tween metallic grains, which is present in the experimemaize_r?—frequency limit and for hypercubic lattices we get
samples. O~ "= —2dwe. In the long-time or zero-frequency limit the

The fractionsP,, P, and P of insulating, metallic con- hopping problem becomes equivalent to the random-resistor

ducting, and tunneling bonds depend on the concentratioRyStém and the effective-medium theory for that model was
p in the following way: already given by Kirkpatricf in classical bond and site per-

colation problems.

Po(p)=(1-p)?, The self-consistent condition, E¢B.1), reduces to a qua-
dratic equation fokwe:
Ps(p)=p?, (2.1
_ 2 _ _Cc=
P.(p)=2p(1—p). [(d=1)wen]“+B(d— 1) wes— C=0, (3.2

Po(p) +Ps(p) + Pi(p)=1. These relations are completely
general and hold in two and three dimensions, included fo
nonhypercubic lattices. Therefore, we are dealing with a

}Nhere

three-component system where the lattice bonds have hop- B=w{[1-dP(p)]+[1—-dPp)]7}, (3.33
ping rates w randomly distributed with the probability
density?*

C=w’[d—1—dPy(p)]r, (3.3b

H(w)=Po(p) (@) +Py(p) (w—ws) +Pi(p) d(w—wy).
(2.2  andr=w/w;. The relevant root of Eq3.2),

From the different types of bonds we will obtain in Sec. Il

two critical concentrationp andp, . p will be related to the 1

conducting(tunneling and metallicbonds and defines the weﬁ=m(—8+ VB?+40C), (3.4

percolation threshold where a insulator-conductor transition

occurs. p. will be related to the metallic bonds only and .

defines the lowest concentration where an infinite cluster ofs positive forC>0. Thus, the threshol@, i.e., the lowest

metallic bonds developgconnectedness percolationFor ~ concentration of metallic grain where conduction becomes

p>p. the model will show metallic conductor- possible, is a solution af—1—dPy(p)=0 (B>0 forpina

superconductor behavior. neighborhood ofp). This situation corresponds to percola-
In the past another related model for tunneling percolatioriion of a conducting path that is made of metallic and tun-

was proposed by Gefeet al?? and recently reanalyzed in neling bonds in series. The strong insulating behavior of the

Ref. 23. That model was found to be compatible with thefilm for p=p will be given by the thermally activated con-

experiments on a discontinuous thin gold film near the perductivity, characteristic of the tunneling junctions. We obtain

colation metal-insulator transition. Recently, tunnelingp=1—+y1—1/d, and thusp~0.293 ford=2 andp~0.184

across dangling bonds or between metal grains in randorfor d=3.

two-components mixtures has been considered in the dc and For C=0 we getwqs~(d—1) 1C/B, and then if the
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percolation threshold is approached from aboye=p),
wesr APproaches zero with a critical exponent

W (P—P)*. (3.9
In our model, we findu=1 independently ofl.>’ The EMA
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due to the fact that the transport process is in the tenuous
percolating backbone, while fgy# p. transport is in a ho-
mogeneous disordered metallic support.

IV. TEMPERATURE-DEPENDENT RESISTANCE

To compare our tunneling percolation model with experi-

values for the critical exponents in the scaling laws are onlynenta) results of granular superconductors we have to intro-

rough estimation&®
In the limit 7>1 (highly conducting metallic bonds
B~w[1-dP¢(p)]r and

2C
g

wefﬁi[—lJrsgr(B) } (3.6

2(d—1)

if B#0, but wey~\/C/(d—1) if B=0. Therefore, the con-

duce a temperature dependence in the hopping tatesd
ws. We assume the simplest hypothesis, taking

u
BE (T<T,),
wS(T)_{Ks{tanf[a(T—Tc)]}‘l (T>T,). (4.1

dition B=0 separates two different conducting regimes:The dimensional constanig andK give the strength of the

wefi* wy for B>0 andwg> wg for B<0. Hence, the thresh-
old p., i.e., the lowest concentratiop where an infinite
metallic cluster develops, is a solution of~HP¢(p)=0.
The superconducting behavior of the film fprp. results
from a divergence in the hopping transitiay. We obtain
p.=V1/d, and thusp,~0.707 ford=2 andp,~0.577 for

bonds. In this manner, the tunneling junctions are thermally
activated with activation temperatute (see Ref. 29and the
metallic bonds become superconductors fo=T.. The
temperatureT. is the critical threshold of the conductor-
superconductor transition and will be the local transition
temperature fop below the percolation threshola.. This

d=3. The difference between both percolation thresholds isimple model enables us to consider only granular films with

almost independent af: p.— p~0.4. In our model, the me-
tallic fraction of bonds resulting fop=p. is given by

constant local transition temperature, like Sn fifhihe pa-
rametera controls the temperature saturation range. Within

P«(p.)=1/d.*® This value can be compared with the critical this range the bulk metallic conduction reaches the high-

fractions for uncorrelated bond percolatith:P=1/2 in
d=2 (exact resujtandP=0.2488 ind= 3 (series expansion
resul). Thus, in the limit7>1 we can write

([ d—1-dPy(p)

temperature behavior. From E@8.7) and(4.1), the function
we(T) results in being continuous ik, for p<p. and di-
verges forT<T, if p=p,.

Equations(1.3), (3.3), (3.4), and(4.1) give the analytical
expression for the temperature dependence of the film resis-
tanceR(T). In Eq. (3.4) the hopping ratev; can be factored

o, (P=p<po), . .

(d—1)[1—dPg(p)] out; thereforewqy turns out to be a function of through
7. Introducing the notatiolK =K, /K; and R,=C/K;, we
Jd—1—dPqy(p) obtain from Egs(1.3) and(3.7) the following behavior for
Wef™ § Tl)om\/wtws (P=Pc), @7  T<T.,
d—1)[1-dP4(p)] u
1—dPg(p) ( s CAR.
| s(P st (pe<p=1). RT | —g—1-apyp) T oA 7 (P<pe),
\ (d=1) Ro
0 (poC)r
. . : . 4.2
This expression will allow us obtain the general behavior of
R(T) with thickness. The particular behavior et atp;is  and forT=T, (i.e., in the limit7>1),
|
[ (d=1)[1-dPy(p)] U
- <
R(T) ! d-1 T [{U)Klt a(T T)]F/Z (o-p) s
~ exp = ani a(T— =P, .
Ro Jd—1—dPy(p) ¢ ¢
T K Hantfa(T-Ta)] (p>Ppo)
an - :
[ [1-dPy(p)] e i
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FIG. 2. The evolution oR(T) curves for a tin film. Solid lines are fits of Eq4..3), (3.4), (4.1), and(4.2) to the experimental dai@pen
circles with common fitting parameterd=3, T,.=4 K, U=12 K, anda=0.2 K~ 1. The small bold letters correspond to set B of Fig. 1 in
Ref. 2.K has no dimensions and the unitsRyf arekQ/JK. The values ofp used arga) 0.35,(b) 0.4, (c) p., and(d) 0.7.

For p<p., under the conditiorB>~4C we will find a  conductor-superconductor transition at the critical concentra-
“quasireentrant” superconductivity behavior R(T), where  tion p, than forp>p..
the resistant shows a nonzero minimunilrat
For p=p., as the critical temperature is approached from
above T=T,), the resistance approaches zero with a critical V- PISCUSSION OF EXPERIMENTAL RESULTS

exponents, In this section we accomplish the fit to experimental data
of resistance versus temperature corresponding to a Sn film
R(T)=(T—T,)". (4.9  setreported by Orr, Jaeger, and Goldman in part B of Fig. 1
in Ref. 2. The experimental data document the systematic
We finds=1/2 if p=p. ands=1 if p>p., both indepen- evolution of 11 stages, from insulating to metallic behavior,
dently ofd. Thus, we find a different scaling behavior in the as the sheet resistance of the film is decreased by increasing
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its thickness from 19.4 A to 21.2 A. Typical thickness incre- 0.8
ments were 0.1 A. Our choice of tin experimental data is '
based on the small dependence of the local transition tem- k
perature T, as a function of the normal-state resistance 0.7 ® -
[R(14.0 K)]. However, some of the thicker Sn films also ®
exhibit transition-temperature oscillations with thickn&s. 06 L h i
Moreover, on high-resistance Sn film&(T) increases ' o
sharply with decreasing temperature apparently without
limit, whereas on G4Ref. 4 and Pb(Ref. 5 films R(T) a 05 -
appears to flatten out at the lowest temperature even when
there is a minimum. This fact suggests that the picture of g
tunneling junctions thermally activated must be modified in 0.4 d
some manner for these films. c ®

Four film growth stages are shown in Fig. 2. The small 0.3 a®
bold letters correspond to set B of Ref. 2. Digitalized experi-
mental data are given as open circles and the solid lines
represent fits to the experimental data using our approach 0.2
from Egs.(1.3), (3.4), (4.1), and(4.2). We have use the fixed 19 20 21 22
valuesT,=4 K, U=12 K, anda=0.2K~*. The critical tem- Thickness (A)
peratureT is the average local transition temperature of the
films. In our model we simplify the physical situation by  FG. 3. The metallic grain fractiop as a function of the film
considering the parameter constant as a function a. We  thickness. The small bold letters correspond to set B of Fig. 1 in
evaluated U from the superconducting regime as Ref. 2. We have assumed constant thickness increments of 0.18 A
U~2A/kg, whereA is the energy gap in the Sn supercon- between consecutive films in the cited set B.
ductor. For the estimate we have taken a saturation interval
from T, in the globally superconducting stages equal toThe latter may be greater than the real film density; then the
5 K. The parameterp, K, andR, are the remaining fitting real thickness may be greater than the nominal thickness.
constants. From our percolation model we associate the fir§thus, the real film may present a disorder structure that is
experimental curve that presents globally superconductivityiot confined to the film plane. We are dealing witf2a-1)-
with a film at the critical thresholg, [see Fig. Z)]. As one  dimensional system. The extra dimension reduces both per-
can see from Fig. 2, we find good agreement between expergolation thresholdg and p. but preserving the difference
mental data and the calculated curves in all stages of filnp.— p~0.4; then the relative difference becomes more sig-
growth despite our oversimplified assumptions given in Egsnificant. This fact has a pronounced effect over the qua-
(4.1). The agreement is excellent in the quasireentrant supesireentrant superconductivity.
conducting stage and nepg. The fitted value oK in Fig. For a true two- or three-dimensional system we can as-
2(a) is rather artificial because fgr<p, the film resistance sume the probabilityp to be proportional to the nominal
is driven by the tunneling junction and the only relevantthickness, but for a regR+1)-dimensional film the relation
strength constant iK;, as we can see from Eq&.2) and betweenp and the nominal thickness may be rather nonlin-
(4.3). From the simple assumptions given by E¢6.1) K ear. In Fig. 3 the fitted values @f versus nominal thickness
must be constant. We can assume the approximated valwé films (assuming constant increments of 0.18 A between
K =0.002% The parameteR, is a function ofp because of consecutive films in set B of Ref) 2re plotted. Two differ-
the thickness dependence of the geometrical form factors arght linear regions are present with a breakdown rgar

the carrier density. This breakdown may suggest that the percolating backbone
The most striking feature of these fits to the experimentaht p. is not in the basal plane.
data is that all these were done with=3. Ford=2 our Finally we want to make some remarks about nonlinearity

model looks like for thel=3 casgqualitatively), but we can in current-voltage I(-V) characteristics. At low temperature
neither fit well the local minimum in quasireentrant super-(T<T.) the experimentall-V characteristics show a
conductivity [see Fig. 2b)] nor fit all the film set with the ‘“quasi-particle-like” behavior for very thirthigh-resistance
same parameters and «. It is in apparent contradiction samples with an upturn in current. Thicker samples have
with the fact that the whole electrical evolution for all the “Josephson-like” behavior with an upturn in voltage. If the
films, experimentally studied, takes place over nominalcurrent-voltage characteristic of each componémetallic
thickness intervals correspondirtg less than one atomic bond contains a small nonlinear contribution, the nonlinear-
layer.! However, it is important to keep in mind that the total ity is amplified because of the tenuous structure of the infi-
average nominal thickness at which this evolution takesiite percolating cluster gi=p. and the sample as a whole
place is about 20 A or 30 Agear to four atomic layersFor ~ shows similar nonlinearity” This is the case for the
typical metals in a free-electron approximation, bulk super-‘Josephson-like”l-V characteristics. Nonlinear behavior for
conductivity is expected in isolated grains with characteristipp<p. usually arouses the picture of some sort of tunneling
size greater than 30 A. The stated thicknesses of films arphenomenor® This behavior is associated with “quasi-
nominalin that they are determined from summing the masarticle-like” 1-V characteristics. At low temperature the
increments of material deposited on the thickness monitothermal activation mechanism of the tunneling junctions is
during each deposition and using the standard bulk densityrozen and only in the presence of a sufficiently strong local
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field may the junction become conducting. At higher voltage In our model we have omitted the Josephson coupling
the “quasi-particle-like” characteristic would be Ohmic. between superconducting grains. We have considered only
In our model we have not included Josephson couplingunneling of single particles between metallic grains. An im-
between metallic grains. In consequence, we cannot descrilpmrtant question that might be asked is at which point in the
the I-V characteristics in the first stages of globalfilm evolution do Josephson junctions span in the sample and
superconductivity’> Moreover we cannot accomplish the de- drive the superconductivityBy working out our phenom-
scription for the “quasi-particle-like” characteristics within enological model we have obtained a strong indication about
the framework of linear response theory upon which Eqthe percolation mechanism that governs the quasireentrant
(1.1 is based. From Eq1.3) we only obtain the linear re- superconducting regime, i.e., thermally activated hopping
lation | = (1/CT) weV. However, we can predict the thresh- tunneling. The Josephson junctions must percolate in our
old voltageV. for tunneling conduction at low temperature. framework for p=p. and give the signature of the first
If E is the tunnel energy barrier, we haVg=E/e and this stages of global superconductivity. The present work seems
can be evaluated if we assunfe=kgU. Using the fitted to strengthen the importance for the geometrical interpreta-
valueU =12 K results inV.~1 mV. This value is according tion of quasireentrance based on the interplay between me-
to that suggested by the experimental res(8ee Fig. 2 in tallic and tunneling bonds, instead of a quantum collective
Ref. 2. effect supported by a Josephson network.

VI. CONCLUSION
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