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Propagation of light waves in Thue-Morse dielectric multilayers
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We investigate the propagation of light waves in an aperiodic multilayer which is composed of dielectric
slabs arranged following the Thue-Morse sequence. Both refractive index modulation and optical thickness
modulation are considered. The recursion relations of the transfer matrix elements are derived to calculate the
transmission. By introducing a localization index we explore the localization properties of light in the aperiodic
system. Around a particular center frequency~the midgap frequency of a periodic quarter-wavelength
multilayer!, the transmission is more sensitive to the optical thickness modulation.@S0163-1829~97!01505-1#
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In recent years, the propagation of electronic and class
waves in aperiodic systems has received consider
interest.1–8 Two particular interesting systems are the F
bonacci sequence and Thue-Morse~TM! sequence, which
are generated simply by two symbols,A andB, following the
inflation rules:A→AB, B→A for the Fibonacci sequence
and A→AB, B→BA for the TM sequence. According t
these inflation rules, the successive Fibonacci chains
A,AB,ABA,ABAAB, . . . , and thesuccessive TM chains ar
AB,ABBA,ABBABAAB, . . . . ThesymbolsA andB may
be thought of as on-site energies, nearest-neighbor hop
integrals, heights or widths of potential barriers, dielect
constants, and so on, depending on the considered phy
problem.

It was recognized that the Fibonacci lattice is a quasip
odic system in view of the fact that its Fourier spectru
contains self-similar Bragg peaks.9 The TM lattice, however,
is not quasiperiodic but deterministically aperiodic for t
singular continuous Fourier spectrum.10,11 This means that
the structure of the TM lattice is more ‘‘disordered’’ than th
quasiperiodic one. In other words, the TM lattice has a
gree of order intermediate between quasiperiodic and di
dered systems. Contrary to the results of the structure fa
the electronic behaviors of the TM chain show that it is mo
similar to a periodic system.12 This apparent contradiction
brings about a number of detailed investigations of the T
lattices.

Some important physical properties, such as electro
spectra, spin excitations, light transmission, diamagn
properties of TM superconducting wire networks a
Josephson-junction arrays, were studied by Kola´ř et al.
through the trace-map approach.7 In order to compare the
localization properties of the TM chain and Fibonacci cha
Huang et al. calculated the mean resistance of the o
dimensional wire with position modulation and scatteri
strength modulation.13 The results show that for the positio
modulation, the TM chain is more localized than the F
bonacci chain. Lin and Tao proved analytically the existen
of extended states in the TM chains and generalized
chains.14 The numerical evidence of existing extended sta
in TM chains was provided by Ryu, Oh, and Lee who co
sidered both the tight-binding model and Kronig-Penn
model.8
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It is known that localization is essentially a wave ph
nomenon. Using classical waves to study localization
distinct advantages: there are no other involved interactio
such as electron-electron, electron-phonon, spin-orbit eff
which make the problem more complex. Recently, Kohm
et al. have investigated the localization of light waves in F
bonacci dielectric multilayers.1 They demonstrated that th
transmission coefficient has a scaling property. In this pa
we concern ourselves with the behaviors of light waves
TM dielectric multilayers. Particularly, we investigate th
effects of optical thickness modulation on the transmissi
which has not been considered in the works of Kola´ř and
Kohmoto. The optical thickness modulation means ph
shift modulation because the phase shift is proportiona
the optical thickness. In analogy with electronic problem
the optical thickness modulation may be considered as p
tion modulation, while the refractive index modulation ma
be thought of as scattering strength modulation since
reflection of the light on interfaces depends on the contras
the refractive indexes. We will see that the phase shift mo
lation strongly influences the wave propagation in the ap
odic systems.

We consider the normal propagation of light waves in
multilayer which is composed of dielectric slabsA and B
stacked alternately following the TM sequence. The refr
tive indexes of the slabs arenA andnB , and their thicknesses
aredA anddB , respectively. In order to describe the electr
magnetic field, we introduce a two-component wave funct

x5S E

icBD , ~1!

wherec is the velocity of light in vacuum. At two differen
positionsz1Dz andz, the wave function satisfies

x~z1Dz!5Mm~Dz!x~z!, ~2!

where

Mm~Dz!5S cos
v

c
nmDz 2nm

21sin
v

c
nmDz

nmsin
v

c
nmDz cos

v

c
nmDz

D ,
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m5A,B. ~3!

Let z0 and zN denote the coordinates of the beginning a
the end of thenth order TM multilayer, we can connec
x(zN) andx(z0) through

x~zN!5Gnx~z0!, ~4!

whereGn is a transfer matrix given by the following recu
sion relation

Gn5G̃n21Gn21 ~5!

with

G15MB~dB!MA~dA!, ~6!

where G̃n21 is the complement ofGn21 obtained by inter-
changingA andB in Gn21.

For simplicity, we assume that the regionsz,z0 and
z.zN are vacuum. The transmission then can be expres
as

T5
4

xn
21yn

2 , ~7!

where xn5Gn,111Gn,22 is the trace of Gn , and
yn5Gn,212Gn,12 is related to the off-diagonal elements.

According to Eq.~3!,M A(dA) andM B(dB) are unimodu-
lar, and the diagonal elements are identical. Using these
ditions we have

G̃n5sGn
21s ~8!

for n5odd, and

Gn,115Gn,225G̃n,115G̃n,225112Gn21,12Gn21,21, ~9!

Gn,1252Gn21,12Gn21,22, ~10!

Gn,2152Gn21,21Gn21,11, ~11!

G̃n,1252Gn21,12Gn21,11, ~12!

G̃n,2152Gn21,21Gn21,22 ~13!

for n5even, where

s5S 1 0

0 21D ~14!

is a Pauli matrix. From the above equations we can de
the recursion relation of the matrix elements:

Gn,115Gn22,11xn22~xn2122!11, ~15!

Gn,225Gn22,22xn22~xn2122!11, ~16!

Gn,125Gn22,12xn22xn21

1@11~21!n#~Gn21,122Gn22,12xn22!, ~17!

Gn,215Gn22,21xn22xn21

1@11~21!n#~Gn21,212Gn22,21xn22!. ~18!
ed

n-

e

Obviously, Eq.~15! plus Eq.~16! yields the well-known
trace map15

xn5xn22
2 ~xn2122!12, ~19!

and Eq.~18! minus Eq.~17! leads to

yn5yn22xn22xn211@11~21!n#~yn212yn22xn22!.
~20!

Using Eqs.~19! and ~20! with the following initial condi-
tions,

x152cosacosb2S nAnB 1
nB
nA

D sinasinb, ~21!

x252cos2acos2b2S nAnB 1
nB
nA

D sin2asin2b, ~22!

y15~nA1nA
21!sinacosb2~nB1nB

21!cosasinb, ~23!

y25~nA1nA
21!sin2acos2b

1
1

2
sin2bF ~nA1nA

21!S nAnB 1
nB
nA

D
2~nA2nA

21!S nAnB 2
nB
nA

D cos2a G , ~24!

wherea5(v/c)nAdA andb5(v/c)nBdB , we can calculate
recurrently the transmission for any generation.

Suppose the dielectric materialsA andB are silicon diox-
ide and titanium dioxide respectively. The refractive index
are nA51.45 andnB52.30 around the center waveleng
l05700 nm. These parameters are the same as in Ref. 1
simplicity, we introduce the reduced optical thicknessesa
andb such thatnAdA5al0 andnBdB5bl0, and write the
phase shifts in the forms ofa52paV and b52pbV,
whereV5v/v05l0 /l is the reduced frequency.

From Eqs.~15!–~18! we see that whenxl2250, the fur-
ther recursion of the off-diagonal matrix elements is cut o
namely, Gn,125Gn,2150 for n> l , and the matrixGn be-
comes an identical matrix. This means the system beco
completely transparent. In Fig. 1 we plot the frequenc
which give rise to the identical matrix fora5b50.25
~quarter-wavelength!. All of the completely transparen
states are determined byxn2250 except for V51. A
straightforward calculation shows that the matrixGn(n>2)
is an identical matrix whena5b50.25 andV51. The spec-
trum shown in Fig. 1 exhibits a self-similar pattern, a
aroundV51 is a wide quasicontinuous band. It is know
that the frequencyV51 is the midgap frequency of a per
odic quarter-wavelength multilayer. The transmission pro
erties around this frequency are detailedly investigated
Ref. 1 for the Fibonacci dielectric multilayers. At this fre
quency, the quasiperiodicity is most effective, and the tra
fer matrixes have a six-cycle which causes the scaling pr
erty of the transmission for the Fibonacci multilayers.1 We
will also focus our attention on the frequency region arou
V51.

For the completely transparent electromagnetic state,
wave function, namely, the electric field distribution, is sim
lar to the structure of the TM sequence. In Fig. 2, we sh
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55 3545PROPAGATION OF LIGHT WAVES IN THUE-MORSE . . .
FIG. 1. The reduced frequencyV giving rise to identical matrix
vs generationn for a5b50.25 ~quarter-wavelength!. Around
V51 is a quasicontinuous band.

FIG. 2. The latticelike electric field distributions in the TM mul-
tilayers for a completely transparent frequencyV50.75 818 1:~a!
n55 ~32 layers!, ~b! n56 ~64 layers!, and~c! n57 ~128 layers!.
the latticelike electric distributions forV50.758 181 and for
n55~a!, n56~b!, andn57~c!, respectively. These electri
distributions are analogous to the latticelike wave functio
in the electronic problem.8

In a deterministic aperiodic system, the wave function
neither Bloch-type extended state as in periodic systems,
exponentially localized state as in disordered systems.
describe the localization properties of the aperiodic syste
a notion of critical wave function has been introduced.16 The
critical wave functions are rather oscillatory, thus the loc
ization properties cannot be characterized simply by a lo

FIG. 3. Localization indexg vs the number of layersN for the
latticelike electric field distributions at a completely transparent f
quencyV50.758 181.

FIG. 4. The reduced frequencyV giving rise to identical matrix
vs generationn for a50.2 andb50.3. In contrast to Fig. 1, a wide
gap is opened aroundV51.
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ization length. To measure the degree of localization we
troduce a localization index defined as

g5
( i51
N I i

2

~( i51
N I i !

2 , ~25!

whereN is the total number of the layers, and

I i5E
zi21

zi
uE~z!u2dz ~26!

is the intensity distributed in thei th layer. There are two
extreme cases: the most extended state of which the ele
field is distributed uniformly in the whole system, and t
most localized state of which the electric field distribution
concentrated in one layer. For the most extended statg
takes the minimum value 1/N becauseI i is the same for each
layer, but for the most localized state,I i5I jd i j ~assuming the
electric field distribution is concentrated inj th layer!, and
g takes the maximum value 1. Generally, 1/N,g,1. The
larger ofg, the more localized of the state. Figure 3 sho
the localization indexg vs the number of layersN for the
latticelike wave function atV50.758 181. Notice that we
have used the log-log scale. It is shown thatg;N2d. As N
increase, the states become more and more extended.

The conditiona5b implies that the phase shift in eac
layer is the same. From a wave point of view, the layersA
andB are equivalent when the phase shifts are the same
this case, the difference ofM A(dA) and M B(dB) is only
reflected in the coefficients of the off-diagonal elements, a
the aperiodic modulation is a refractive index modulatio
namely, a scattering strength modulation. In fact, the w

FIG. 5. The transmission through the sixth-order TM multila
ers: ~a! a50.2, b50.3, ~b! a5b50.25, and~c! a50.3, b50.2.
With a ~andb) deviating from 0.25, the transmission band arou
V51 becomes a gap.
-
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s
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propagation in aperiodic systems should be more sensitiv
the phase shift modulation. Thus, we consider the situat
that aÞb. This means the phase shift and the scatter
strength are both modulated aperiodically.

In our calculations, we varya and b simultaneously to
keep a1b50.5 as a constant~half-wavelength!. When a
Þb, the frequencyV51 dose not give rise to an identica
matrix for any n. On the contrary, a large gap is opene
around this frequency, as shown in Fig. 4, where we ha
plotted the spectrum of the completely transparent frequ
cies for a50.2 andb50.3. The frequencies aroundV51
are altered obviously, but those far fromV51 has only a
slight shift. In Fig. 5, we plot the transmission through th
sixth-order TM multilayer for differenta andb. It is shown
that aroundV51, there is a wide transmission band fo
a5b50.25 @curve (b)#, but the band becomes a gap whe
a50.2, b50.3 @curve ~a!# and whena50.3, b50.2 @curve
(c)#. This means the transmission aroundV51 is very sen-
sitive to the optical thickness modulation.

FIG. 6. The average transmissionS vs the reduced optical thick-
nessa for the sixth-order TM multilayer, we have kepta1b50.5
as a constant.

FIG. 7. The transmission atV51 vs the reduced optical thick-
nessa for the sixth-order TM multilayer~64 layers! and for the
ninth-order Fibonacci multilayer~55 layers!, we have kept
a1b50.5 as a constant. The transmission shows quite differ
behaviors when we varya andb.
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55 3547PROPAGATION OF LIGHT WAVES IN THUE-MORSE . . .
We have to calculate the average transmission which
defined as

S5
1

V f2V i
E

V i

V f
T~V!dV. ~27!

The integral region is fromV i50.85 toV f51.15, which
covers the main transmission region aroundV51. In Fig. 6,
we plotS as a function ofa. Also, we keepa1b50.5 as a
constant. The figure illustrates thatS rapidly decreases with
a ~andb) deviating from 0.25. Whena is about 0.175 and
0.325,S reaches to the minima. Ifa is further decreased
from 0.175 or increased from 0.325, the system tends
become a bulk materials andS increases.

To compare the transmission behaviors of TM multilaye
with Fibonacci multilayers atV51, we plot transmission as
a function ofa for the sixth TM multilayer~64 layers! and
the ninth Fibonacci mutilayer~55 layers! in Fig. 7. Whena is
deviated from 0.25~still assuminga1b50.5), we see two
quite different behaviors: the transmission decreases
notonously and rapidly for the TM system, but it exhibits a
oscillatory feature for the Fibnacci one.
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In summary, we have derived the recursion relation of
transfer matrix elements in order to study the propagation
light waves in TM multilayers. The frequencies, which giv
rise to an identical transfer matrix, have a self-similar stru
ture. At these frequencies the system becomes comple
transparent, and the electric field distributions are lattice-li
namely, similar to the structure of the TM sequence. By
troducing a localization index we have explored the localiz
tion properties of light in the aperiodic system. As the laye
number becomes larger, the electric field distributions of
completely transparent states become more and more
tended. The effect of phase shift modulation on the transm
sion is considered. It is shown that around a center freque
~the midgap frequency of a periodic quarter-waveleng
stuck!, the transmission is very sensitive to the optical thic
ness modulation. At this frequency, the TM and Fibona
multilayers show quite different transmission behavio
when the optical thickness is modulated aperiodiclly.
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