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Propagation of light waves in Thue-Morse dielectric multilayers
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We investigate the propagation of light waves in an aperiodic multilayer which is composed of dielectric
slabs arranged following the Thue-Morse sequence. Both refractive index modulation and optical thickness
modulation are considered. The recursion relations of the transfer matrix elements are derived to calculate the
transmission. By introducing a localization index we explore the localization properties of light in the aperiodic
system. Around a particular center frequengiie midgap frequency of a periodic quarter-wavelength
multilayen, the transmission is more sensitive to the optical thickness modul@86163-182607)01505-1

In recent years, the propagation of electronic and classical It is known that localization is essentially a wave phe-
waves in aperiodic systems has received considerableomenon. Using classical waves to study localization has
interest:® Two particular interesting systems are the Fi-distinct advantages: there are no other involved interactions,
bonacci sequence and Thue-Mor§&M) sequence, which such as electron-electron, electron-phonon, spin-orbit effect,
are generated 5imp|y by two symbo{gandB, fo||owing the which make the problem more complex. Recently, Kohmoto
inflation rules:A—AB, B—A for the Fibonacci sequence, €t al.have investigated the localization of light waves in Fi-
and A—AB, B—BA for the TM sequence. According to bonacci dielectric multilayers They demonstrated that the
these inflation rules, the successive Fibonacci chains aféansmission coefficient has a scaling property. In this paper,
A,AB,ABAABAARB ..., and thesuccessive TM chains are We concern ourselves with the behaviors of light waves in
AB,ABBAABBABAAB . ... ThesymbolsA and B may TM dielectric multilayers. Particularly, we investigate the
be thought of as on-site energies, nearest-neighbor hoppir@fects of OptiCE\' thickness modulation on the tra[\vsmission,
integrals, heights or widths of potential barriers, dielectrichich has not been considered in the works of Kaad
constants, and so on, depending on the considered physiddPhmoto. The optical thickness modulation means phase
problem. shift modulation because the phase shift is proportional to

It was recognized that the Fibonacci lattice is a quasiperithe optical thickness. In analogy with electronic problems,
odic system in view of the fact that its Fourier spectrumthe optical thickness modulation may be considered as posi-
contains self-similar Bragg peak&he TM lattice, however, tion modulation, while the refractive index modulation may
is not quasiperiodic but deterministically aperiodic for thebe thought of as scattering strength modulation since the
singular continuous Fourier spectrdfit* This means that reflection of the light on interfaces depends on the contrast of
the structure of the TM lattice is more “disordered” than the the refractive indexes. We will see that the phase shift modu-
quasiperiodic one. In other words, the TM lattice has a delation strongly influences the wave propagation in the aperi-
gree of order intermediate between quasiperiodic and diso@dic systems.
dered systems. Contrary to the results of the structure factor, We consider the normal propagation of light waves in a
the electronic behaviors of the TM chain show that it is moremultilayer which is composed of dielectric slaBsand B
similar to a periodic systertf. This apparent contradiction stacked alternately following the TM sequence. The refrac-
brings about a number of detailed investigations of the TMtive indexes of the slabs arg andng, and their thicknesses
lattices. ared, anddg, respectively. In order to describe the electro-

Some important physical properties, such as electronighagnetic field, we introduce a two-component wave function
spectra, spin excitations, light transmission, diamagnetic
properties of TM superconducting wire networks and _ E 1
Josephson-junction arrays, were studied by Ko al. X~ \icB)’ @)
through the trace-map approa7clm order to compare the ] ] ) ) )
localization properties of the TM chain and Fibonacci chainWherec is the velocity of light in vacuum. At two different
Huang et al. calculated the mean resistance of the onelositionsz+Az andz, the wave function satisfies
dimensional wire with position modulation and scatterin
strength modulatiof® Thg results show that for the positiong X(2+A2)=M,(A2)x(2), 2
modulation, the TM chain is more localized than the Fi-where
bonacci chain. Lin and Tao proved analytically the existence
of extended states in the TM chains and generalized TM ® .0
chainst* The numerical evidence of existing extended states cos-n,Az - —n, S'”E”;LAZ
in TM chains was provided by Ryu, Oh, and Lee who con- M, (Az)=
rsrg(ejreelg both the tight-binding model and Kronig-Penney nMsingnﬂAz cos%onMAz
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w=A,B. (3 Obviously, Eq.(15) plus Eq.(16) yields the well-known
_ o trace map’
Let zy and zy denote the coordinates of the beginning and
the end of thenth order TM multilayer, we can connect Xn=Xo_o(Xn_1—2)+2, (19
d th h
x(2) and x(zo) throug and Eq.(18) minus Eq.(17) leads to
zn) =T x(z), 4
X( N) nX( 0) ( ) yn:yn—ZXn—ZXn—1+[1+(_l)n](yn—l_yn—2xn—2)-
wherel’,, is a transfer matrix given by the following recur- (20
sion relation Using Egs.(19) and (20) with the following initial condi-
= tions,
Fh=Thoalnog 5
; Na N
with X,=2C0SxCOB— n—A+n—B sinasing, (21)
B A
I';=Mg(dg)Ma(da), (6)
~ Na N
wherel',,_; is the complement of',,_; obtained by inter- X,=2C0S2¢C0S28— n—A+ n—B) sin2asin2B, (22
B A

changingA andB in T, _;.
For simplicity, we assume that the regiomsiz, and

_ ~1y i _ -1 -
7>z, are vacuum. The transmission then can be expressed Y1=(Nat+Na7)SiNacoss— (ng+ng )cosasing, (23)

as yo=(na+n, H)sin2acos28
4
- 1 Na N

T X2+y2 @ + 5sin2p| (na+ nat) n—/;+ EE:)
where x,=I'p;+1',2, is the trace of I';, and n. n
Yn=I"n21—Tn12is related to the off-diagonal elements. —(Np— n;l (_A — _B> cos2u /|, (24)

According to Eq(3), M (d,) andM g(dg) are unimodu- Mg Na

lar, and the diagonal elements are identical. Using these CORyherea = (w/c)nad, and B=(w/c)ngdg, We can calculate
ditions we have recurrently the transmission for any generation.

~ _ Suppose the dielectric materigdlsandB are silicon diox-

=0l o ) ide and titanium dioxide respectively. The refractive indexes
for n=odd, and are no=1.45 andng=2.30 around the center wavelength

No= 700 nm. These parameters are the same as in Ref. 1. For
=T or=T =T 0=1+2T. o (9 simplicity, we introduce the reduced optical thicknesaes
nitoh ez indl o in22 n-1adn-1z1 O andb such thathady=a\y and ngdg=Db\,, and write the

— phase shifts in the forms ofk=2wal) and B=27bQ),
Pnaz=2ln-1ad n-122 (10 where Q)= w/wy=\g/\ is the reduced frequency.
Tpoi=2T 0 1o o111, (11 From Egs.(15—(18) we see that wher,_,=0, the fur-
' ' ' ther recursion of the off-diagonal matrix elements is cut off,
’fn =20 11 111, (12) namely, I', 1,=1",,,,=0 for n=1, and the matrixI',, be-

comes an identical matrix. This means the system becomes
(13 completely transparent. In Fig. 1 we plot the frequencies

Tn21=2T 012 'n-122 which give rise to the identical matrix foa=b=0.25

for n=even, where (quarter-wavelengjh All of the completely transparent
states are determined by, ,=0 except forQ=1. A
1 0 straightforward calculation shows that the matfix(n=2)
“lo -1 (14 is an identical matrix whea=b=0.25 and2=1. The spec-

trum shown in Fig. 1 exhibits a self-similar pattern, and
is a Pauli matrix. From the above equations we can deriveround)=1 is a wide quasicontinuous band. It is known
the recursion relation of the matrix elements: that the frequency) =1 is the midgap frequency of a peri-

odic quarter-wavelength multilayer. The transmission prop-

Fp=Tn21%n-2(Xp-1=2) +1, (15 erties around this frequency are detailedly investigated in
Ref. 1 for the Fibonacci dielectric multilayers. At this fre-
Fh22=Th2220-2(Xa-1=2)+1, (16) guency, the quasiperiodicity is most effective, and the trans-
fer matrixes have a six-cycle which causes the scaling prop-
I'h12=Th212%0-2%n-1 erty of the transmission for the Fibonacci multilayéré/e
14 (= D" (Ty112-Tho21%0-2), (17 \(N)i!allso focus our attention on the frequency region around

For the completely transparent electromagnetic state, the
wave function, namely, the electric field distribution, is simi-
1+ (—D)"(Cpho120 ThonoXn-2). (18 lar to the structure of the TM sequence. In Fig. 2, we show

o= 22%n—2%n—1
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FIG. 1. The reduced frequen€y giving rise to identical matrix
vs generationn for a=b=0.25 (quarter-wavelengbh Around

Q=1 is a quasicontinuous band.
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FIG. 2. The latticelike electric field distributions in the TM mul-
tilayers for a completely transparent frequerey- 0.75 818 1:(a)
n=5 (32 layers, (b) n=6 (64 layers, and(c) n=7 (128 layers.
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FIG. 3. Localization indexy vs the number of layerhl for the
latticelike electric field distributions at a completely transparent fre-
quencyQ=0.758 181.

the latticelike electric distributions fd2 =0.758 181 and for
n=5(a), n=6(b), andn="7(c), respectively. These electric
distributions are analogous to the latticelike wave functions
in the electronic problerf.

In a deterministic aperiodic system, the wave function is
neither Bloch-type extended state as in periodic systems, nor
exponentially localized state as in disordered systems. To
describe the localization properties of the aperiodic systems,
a notion of critical wave function has been introdu¢a@he
critical wave functions are rather oscillatory, thus the local-
ization properties cannot be characterized simply by a local-
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FIG. 4. The reduced frequenéy giving rise to identical matrix

vs generatiom for a=0.2 andb=0.3. In contrast to Fig. 1, a wide
gap is opened around =1.
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FIG. 6. The average transmissi8tvs the reduced optical thick-
nessa for the sixth-order TM multilayer, we have kept-b=0.5
as a constant.

L . 4 . L : propagation in aperiodic systems should be more sensitive to
0.6 0.8 1.0 12 L4 the phase shift modulation. Thus, we consider the situation
that a#b. This means the phase shift and the scattering
Q strength are both modulated aperiodically.
In our calculations, we vara and b simultaneously to
FIG. 5. The transmission through the sixth-order TM multilay- keepa+b=0.5 as a constanthalf-wavelength When a
ers: (@) a=0.2,b=0.3, (b) a=b=0.25, and(c) a=0.3,b=0.2.  xp, the frequencyd=1 dose not give rise to an identical
With a (andb) deviating from 0.25, the transmission band around matrix for anyn. On the contrary, a large gap is opened
(=1 becomes a gap. around this frequency, as shown in Fig. 4, where we have
plotted the spectrum of the completely transparent frequen-
cies fora=0.2 andb=0.3. The frequencies arourfd=1
are altered obviously, but those far frofh=1 has only a

ization length. To measure the degree of localization we in
troduce a localization index defined as

sN |2 slight shift. In Fig. 5, we plot the transmission through the
Y= (25)  sixth-order TM multilayer for differena andb. It is shown
(Zi=41h) that around()=1, there is a wide transmission band for
whereN is the total number of the layers, and a=b=0.25[curve (b)], but the band becomes a gap when
a=0.2,b=0.3[curve ()] and whena=0.3, b=0.2 [curve
Zi ) (c)]. This means the transmission around-1 is very sen-
li= L l|E(Z)| dz (26)  sitive to the optical thickness modulation.
is the intensity distributed in théth layer. There are two . . . . . . '
extreme cases: the most extended state of which the electric 1o} a+h=05 = .
field is distributed uniformly in the whole system, and the ;e _ Ea
most localized state of which the electric field distribution is osl ‘ ]
concentrated in one layer. For the most extended state, i
takes the minimum value l/becausé; is the same for each 0.6 _
layer, but for the most localized statg=1; 6j;(assuming the T .
electric field distribution is concentrated jth layeyp, and 04l |
vy takes the maximum value 1. GenerallyN¥ y<<1. The - R
larger of y, the more localized of the state. Figure 3 shows 0| Fibonacci —=3 |
the localization indexy vs the number of layersl for the Thue-Morse «  * ~
latticelike wave function a2=0.758 181. Notice that we ool N\ ]
have used the log-log scale. It is shown thatN~°. As N , . \ , . ) .

increase, the states become more and more extended. 010 015 020 025 030 035 040

The conditiona=b implies that the phase shift in each
layer is the same. From a wave point of view, the lay&rs
andB are equivalent when the phase shifts are the same. In F|G. 7. The transmission & =1 vs the reduced optical thick-
this case, the difference d#l ,(da) and M g(dg) is only  nessa for the sixth-order TM multilayer64 layers and for the
reflected in the coefficients of the off-diagonal elements, anghinth-order Fibonacci multilayer(55 layers, we have kept
the aperiodic modulation is a refractive index modulation,a+b=0.5 as a constant. The transmission shows quite different
namely, a scattering strength modulation. In fact, the wavéehaviors when we varg andb.



55 PROPAGATION OF LIGHT WAVES IN THUE-MORE . .. 3547

We have to calculate the average transmission which is In summary, we have derived the recursion relation of the
defined as transfer matrix elements in order to study the propagation of
light waves in TM multilayers. The frequencies, which give
1 Q rise to an identical transfer matrix, have a self-similar struc-
S= Qf_QifQi T(€)dQ. 2D ture. At these frequencies the system becomes completely
transparent, and the electric field distributions are lattice-like,
The integral region is from};=0.85 to 3;=1.15, which  namely, similar to the structure of the TM sequence. By in-
covers the main transmission region arodhe 1. In Fig. 6,  troducing a localization index we have explored the localiza-
we plotS as a function ofa. Also, we keepa+b=0.5 as a tion properties of light in the aperiodic system. As the layers’
constant. The figure illustrates th@trapidly decreases with number becomes larger, the electric field distributions of the
a (andb) deviating from 0.25. When is about 0.175 and completely transparent states become more and more ex-
0.325, S reaches to the minima. k4 is further decreased tended. The effect of phase shift modulation on the transmis-
from 0.175 or increased from 0.325, the system tends t§iON is considered. It is shown that around a center frequency
become a bulk materials ar@lincreases. (the midgap frequency of a periodic quarter-wavelength
To compare the transmission behaviors of TM multilayersStUch. the transmission is very sensitive to the optical thick-
with Fibonacci multilayers a€l=1, we plot transmission as ness modulation. At t.h's fr_equency, the ™ _and F'bon?‘cc'
a function ofa for the sixth TM multilayer(64 layers and mﬁlt”aﬁers S.hO}Nh.qt'te dl_fferenctj Itranjmlss[or:r tljlehawors
the ninth Fibonacci mutilaydb5 layers in Fig. 7. Whera is when the optical thickness Is modulated aperiodiclly.
deviated from 0.25still assuminga+b=0.5), we see two  The author would like to thank Professor Ruibao Tao and
quite different behaviors: the transmission decreases mddr. Zhifang Lin for their helpful discussions. Part of this
notonously and rapidly for the TM system, but it exhibits anwork was supported by the Youth Science Foundation of
oscillatory feature for the Fibnacci one. Jiangxi, China.
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