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Nonuniform displacements of copper atoms in interstitial copper-carbon solid solutions
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Study of the nonuniform displacements of copper atoms in dilute interstitial Cu-C solid solutions is provided
in the framework of the microscopic phenomenological theory of interstitial solid solutions. For the interstitial
dilute copper-carbon solid solution in the copper-rich region we calculate quasielastic Kanzaki forces and
nonuniform static displacements of copper atoms. Our calculations show the long-range character of the
deformational interaction in dilute Cu-C alloys@S0163-1829~97!10505-7#
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The problem of stability of copper-carbon solid solutio
is significant for the developement of modern metal ma
composites with the aim of adding improved mechani
properties to the excellent electrical and thermal conducti
properties of copper~see, e.g., Refs. 1 and 2!. Of particular
interest is the possibility of developing improved hig
temperature strength. Addition of particulate graphite to c
per matrices permits considerable improvements in tribolo
cal properties. Thus Cu-carbon composites see reg
application in sliding electrical contacts applications.

A strong deformational interaction in interstitial coppe
carbon solid solutions leads to considerable nonunifo
static displacements of the solvent atoms. Knowledge of
ues of these displacements allows us to predict the ten
cies to the concentrational polymorphic transformation in
alloys with interstices. Displacements show how the latt
‘‘prepares’’ itself for the phase transition when the conce
tration of alloying atoms is changed.3 Fourier transforma-
tions of the nonuniform static displacements define also
fraction effects in ordered interstitial phases. Effects of
atomic relaxation appear to be important in a study o
phase equilibrium even in substitutional alloys~see, e.g.,
Ref. 4!. For example, the relaxation influences on the relat
stability of different ordered metal compounds~see, for ex-
ample, Ref. 5!, changes the phase transition temperature
alloys ~see e.g., Refs. 3 and 6!, etc. At the same time it is
difficult to predict the influence of the type of the interstiti
impurity on the values of displacements of atoms in differ
matrices. Displacements depend not only on relative ‘‘g
metric’’ sizes of the atoms of the impurity and those of t
host matrix, but also on the electron charge redistribution
550163-1829/97/55~6!/3461~4!/$10.00
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the vicinity of the impurity. Thus, both a geometrical fact
and a charge transfer have to be accounted for in the fra
work of the same formalism.

For the interstitial dilute copper-carbon solid solution
the copper-rich region we calculate quasielastic Kanz
forces and nonuniform static displacements of copper ato
These displacements are considered for the first and se
coordination shells of the intersite carbon atom.

In our study we used the microscopic phenomenolog
theory of the interstitial solid solutions, which was develop
by Khachaturyan.7 It is based on the calculations of the e
ergy caused by the elastic distortions of the lattice with
terstitial atoms. This energy,DF, is given in the form

DF5
1

2(
RW ,RW 8

Ai j ~RW 2RW 8!ui~RW !uj~RW 8!

2 (
RW ,RW 8, p51

p5n

FW̄ p~RW 2RW 8!uW ~RW !Cp~RW 8!. ~1!

DF is the change of the energy, referenced to the state, w
all displacementsuW (RW ) of the solvent atoms are equal t
zero.uW (RW ) is referenced to the positions of the lattice sites
pure solvent, that is, the Bravais lattice. Numberp numerates
n interstice positions in the unit cell of the solvent. The p
sition of each interstitial site may be given by the s

$RW ,p%, whereRW is the radius vector of the solvent atom
determining the primitive cell.Ai j (RW 2RW 8) are the force con-
stants, andCp(RW ) is the spinlike variable:
Cp~RW !5H 1 if an atom is in the interstitial positionp of the primitive cellRW ,

0 otherwise.
3461 © 1997 The American Physical Society
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3462 55DAVID FUKS AND SIMON DORFMAN
FW̄ p(RW 2RW 8) are the constants characterizing the interact
force between the solvent atom in the positionRW and the
interstitial solute atom in the position (p,RW 8). The sum in
Eq. ~1! is performed over all the lattice sites of the solve
lattice. The insertion of the interstitial atom into the solve
lattice is accompanied by two effects:~a! uniform lattice di-
latation, and~b! nonuniform deformation of the lattice, tha
is, localized in the vicinity of interstitial atoms. Thus, th
total displacement is represented in the form

ui~RW !5Ei j Rj1e i~RW ! ~2!

and

Cp~RW !5^cp&1Dcp~RW !, ~3!

Ei j is the uniform macroscopic strain, ande i(RW ) is the dis-
placement referenced to the ‘‘averaged’’ lattice.^cp& is the

TABLE I. Components of the dynamic matrixAi j .

Axx 4~2b1a!24bcosSkxa2DFcosSkya2D1cosSkza2DG
24acosSkya2DcosSkza2D

Ayy 4~2b1a!24bcosSkya2DFcosSkxa2D1cosSkza2DG
24acosSkxa2DcosSkza2D

Azz 4~2b1a!24bcosSkza2DFcosSkxa2D1cosSkya2DG
24acosSkxa2DcosSkya2D

Axy 2gsinSkxa2DsinSkya2D
Axz 2gsinSkxa2DsinSkza2D
Ayz 2gsinSkya2DsinSkza2D
n

t
t

atomic fraction of interstitial atoms in the positionsp. Mak-
ing use of the Fourier transformations

Ai j ~kW !5(
RW

Ai j ~RW !e2 ikW•RW ,

eW~kW !5(
RW

eW~RW !e2 ikW•RW , ~4!

F̄W p~kW !5(
RW

F̄W p~RW !e2 ikW•RW ,

cp~kW !5(
RW

Dcp~RW !e2 ikW•RW , ~5!

and the equilibrium condition with respect to displaceme
one obtains

e i~kW !5Gi j ~kW ! (
p51

n

F̄p
j ~kW !cp~kW !, ~6!

whereGi j (kW ) is defined by

Gi j ~kW !Ajl ~kW !5d i l .

If ui j
0 (p) is the tensor of the coefficients of the concent

tional distortion of the lattice when interstitial atoms are o
cupying the sublatticep, then

Ei j5ui j
0 ~p!^cp&,

and Eq.~1! may be represented in the form

DF52
Nv
2

l i j lm(
p,q

ui j
0 ~p!^cp&ulm

0 ~q!^cq&

1
1

2N(
kW
Ai j ~kW !e i* ~kW !e j~kW !

2
1

N(
kW
F̄p
i ~kW !e i* ~kW !cp~kW !, ~7!

wherev is the volume of the primitive cell,N is the number
of cells, andl i j lm is the Voigt shear modulus tensor.
n the
TABLE II. Values of dynamic matrix components for the copper host matrix in the special points i

Brillouin zone.kW are given in 2p/a units, and the components of the dynamic matrixAi j in N/m2.

kW Axx Axy Axz Ayz Ayy Azz

~78 ,
3
8 ,

1
8! 37.3284 2.48883 1.03091 2.48883 23.8773 29.4489

~78 ,
1
8 ,

1
8! 42.9 1.03091 1.03091 1.03091 23.8773 23.8773

~58 ,
5
8 ,

1
8! 25.9338 6.00856 2.48883 2.48883 25.9338 31.5054

~58 ,
3
8 ,

3
8! 26.5342 6.00856 6.00856 6.00856 23.2704 23.2704

~58 ,
3
8 ,

1
8! 28.8421 6.00856 2.48883 2.48883 20.9626 23.2704

~58 ,
1
8 ,

1
8! 30.8985 2.48883 2.48883 1.03091 17.4474 17.4474

~38 ,
3
8 ,

3
8! 19.5039 6.00856 6.00856 6.00856 19.5039 19.5039

~38 ,
3
8 ,

1
8! 16.8406 6.00856 2.48883 2.48883 16.8406 14.5327

~38 ,
1
8 ,

1
8! 13.9259 2.48883 2.48883 1.03091 8.35425 8.35425

~18 ,
1
8 ,

1
8! 1.92439 1.03091 1.03091 1.03091 1.92439 1.92439
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55 3463NONUNIFORM DISPLACEMENTS OF COPPER ATOMS IN . . .
The matrix of the force constants on the first coordinat
shell has the following symmetry~see, for example, Ref. 8!:

H b g 0

g b 0

0 0 a
J . ~8!

The force constantsa, b, andg may be calculated from the
experimetally measured elastic constantsC11, C12, and
C44, according to the following relations:8

a51/2~C11/22C44!,

b521/4C11,

g521/4~C12/22C44!. ~9!

All these equations~9! are written in the lattice paramete
units. Using the elastic constants from Ref. 12 we obtai
the matrix of the force constants~8!:

H 3.0 3.52 0

3.52 3.0 0

0 0 20.215
J . ~10!

Performing the Fourier transformation~4! for Ai j (RW ) we ob-
tain the dynamic matrix in the reciprocal space. Matrix e
mentsAi j are presented in Table I. The Fourier transform
the vector of Kanzaki forces is expressed in terms of per

TABLE III. Values of Fourier transform components of Kan

zaki forces in the special points of the Brillouin zone.kW are given in
2p/a units.

kW Fx Fy Fz

~78 ,
3
8 ,

1
8! 12.862 31.0516 12.862

~78 ,
1
8 ,

1
8! 12.862 12.862 12.862

~58 ,
5
8 ,

1
8! 31.0516 31.0516 12.862

~58 ,
3
8 ,

3
8! 31.0516 31.0516 31.0516

~58 ,
3
8 ,

1
8! 31.0516 31.0516 12.862

~58 ,
1
8 ,

1
8! 31.0516 12.862 12.862

~38 ,
3
8 ,

3
8! 31.0516 31.0516 31.0516

~38 ,
3
8 ,

1
8! 31.0516 31.0516 12.862

~38 ,
1
8 ,

1
8! 31.0516 12.862 12.862

~18 ,
1
8 ,

1
8! 12.862 12.862 12.862

TABLE IV. Phonon frequencies of copper in Brillouin zon

points.kW points are in 2p/a.

kW points Frequencies (1012 s21)

Theory Experiment~taken from Ref. 9!
~001! 7.672 7.40

5.525 4.88
~12 ,

1
2 ,

1
2! 6.880 7.56

4.526 3.55
~12 ,

1
2 ,0! 6.195 6.51

5.425 5.33
4.526 3.40
n

d

-
f
ct

lattice elastic constants for a pure matrix and of the va
û, which is the coefficient of the uniform concentration
dilatation of the lattice,7

FW ~kW !52 i
a2

2
~C1112C12!ûS sinkxa2 ,sin

kya

2
,sin

kza

2 D ,
~11!

whereû5a21(da/dc). a is the lattice parameter in an alloy
c is the atomic fraction of the interstitial atoms in the allo

In our calculations, the results of which are in Tables
III, and IV, we use the model of the dilute Cu-C interstiti
solid solution with carbon atoms which statistically occu
the octahedral interstitial positions in the fcc lattice of t
host copper matrix. In this case there is only one sublattic
such positions. Thusp51 and the atomic fractionc of car-
bon in Cu-C solid solution may be calculated from the re
tion

c5
(pcp

11(pcp
5

c1
11c1

. ~12!

The averaged value of the atomic volume may be obtai
from the Zen’s law. In our calculations we assum
c150.02 at. % and obtainedû50.271. The atomic volumes
of copper and carbon were taken from Ref. 10, where th
volumes were extrapolated from the experimental data
zero temperature. The elements of the dynamic matrix~Table
II ! and the Fourier transform of the vector of Kanzaki forc
~Table III! were calculated in the special points of the Br
louin zone.11

The quality of the dynamical matrix calculations may
checked after carrying out diagonalization of this matrix a
a comparison of the obtained phonon frequencies in so
Brillouin zone points with the experimental data~see Table
IV !. The average error in phonon frequency calculations

FIG. 1. Schematics of nonuniform displacements of copper
oms in interstitial copper-carbon solid solutions. Open circles
copper atoms. The solid circle is a carbon atom. Vectors show
direction of the displacements.
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3464 55DAVID FUKS AND SIMON DORFMAN
about 13.5%. This error encourages us to use the calcu
values of the matrix elementsAi j ~Table II! and the Fourier
transform of the vector of Kanzaki forces~Table III! in the
calculations of the nonuniform displacements of copper
oms in dilute Cu-C solid solutions.

The interstitial carbon atom was situated in the po
~0,0,0!, while copper atoms were located in points of typ
0.5a(1,0,0) and 0.5a(1,1,1); see Fig. 1. These points corr
spond to the first and second nearest-neighbors~NN! atoms,
respectively. The results of our calculations in accorda
with Eq. ~6! show that copper atoms of the first coordinati
shell move to the carbon atom and of the second NN m
from the carbon~Fig. 1!. The oscillating character of thes
displacements is the sequence of the oscillatory term wh
represents the Fourier transforms of the vector of Kanz
forces@see Eq.~11!#. We are talking here about the motio
relative to the positions in the uniformly distorted lattic
The values of the displacements on the first and second
ordination shells aree150.98 a.u. ande250.27 a.u. The
directions of this displacements are shown in Fig. 1.

It is of interest to compare this result with the values
displacements in the dilute Al-C interstitial solid solution13

In Al-C e150.29 a.u. ande250.04 a.u., whileû50.19.14

The relative displacements in the Cu-C alloy for the first a
m
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the second NN’s are 14.4% and 4% from the lattice para
eter. The same values for Al-C are much smaller and
equal to 3.7% and 0.55%, respectively. Such a behavior
responds well with the balance between elastic and Coulo
forces in the compared solid solutions. The volume of
octahedral intersite in copper is much smaller than in alu
num. Thus the elastic response of the copper host on
penetration of a carbon atom is larger than the correspon
response of an aluminum matrix (ûCu-C.ûAl-C). At the same
time the values of the effective charge of the Al ion is larg
than the Cu ion. This factor leads to the increase of
Coulomb repulsion between the carbon interstitial and
host atom in the Al-C solid solution and the modulus of t
displacement vectore in the Cu-C solid solution increases
The vector of displacements of the second NNe2 in com-
parison with thee1 is 3 times smaller in Cu-C and 5 time
smaller in Al-C. This result shows the long-range charac
of the deformational interaction in dilute Cu-C alloys
comparison with Al-C ones.
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