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Clusters and localization of electrons in quasicrystals

G. Trambly de Laissardie`re and D. Mayou
Laboratoire d’Etude des Proprie´tés Electroniques des Solides, CNRS, Boıˆte Postale 166, F-38042 Grenoble Cedex 9, France

~Received 20 August 1996!

We analyze the relationship between the tendency to electron localization, which is observed in many
quasicrystals and approximants, and the local atomic order. Starting from the structural models, we consider
atomic clusters that are embedded in a metallic medium, and we study their scattering properties within the
multiple-scattering formalism. We show that these local environments can lead to virtual bound states for
electrons, i.e., resonances of the wave function in clusters of different length scale. That is consistent with the
tendency to localization shown by transport measurements or band-structure calculations. In agreement with
the Hume-Rothery picture of quasicrystals, this tendency to localization has a small effect on the total energy.
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Quasicrystals of high structural quality reveal unus
properties, and in particular they are close to a me
insulator transition.1–3 For instance, one of the main featur
is the low conductivity s4K5100–200 ~V cm!21 for
AlPdMn and AlCuFe, ands4K,1 ~V cm!21 for AlPdRe,
whereas the densities of states at the Fermi level are
metallic, between one-third and one-tenth of the free elec
value. This tendency to localization is a major question c
cerning the quantum-mechanical properties of quasiperio
potentials. In particular, the role of the long-range quasip
odic order is not understood. In this respect, it is interest
to study the approximant phases, which reproduce the o
of quasicrystals locally, but are periodic on greater len
scales.

Experiments indicate that approximant phases, l
a-AlMnSi,3 a-AlCuFeSi,4 R-AlCuFe, etc.,3 have transport
properties similar to those of quasicrystals. This suggests
the local atomic order on the length scale of the unit cell, i
10–30 Å, determines their transport properties. On the th
retical side, band-structure calculations for approxima
also reveal specific properties.5–9The dispersion relations ar
flat, corresponding to small velocities. Fine peaks in den
of states are associated with the flat bands. Moreover,
neling spectroscopy studies reveal that the density of st
of AlCuFe ~Refs. 10 and 11! and AlPdRe~Ref. 11! quasi-
crystals and thea-AlMnSi ~Ref. 11! approximant present a
narrow pseudogap at the Fermi level of about 50 meV, wh
is the same order of magnitude as the fine structure of
calculated density of states. Very recently, calculations o
model of a decagonal approximant have shown that eig
states do not have a uniform weight in the unit cell and te
to be multifractal.12 These experimental and theoretical r
sults suggest that the local atomic order, on a length sca
10–30 Å, is responsible for the remarkable transport prop
ties of approximants and quasicrystals of high structu
quality.

As for local atomic order, one of the characteristics
quasicrystals and approximants is the occurrence of ato
clusters such as the Bergman type and the MacKay type13,14

This can be a starting point for an analysis of quasicrys
properties. For example, Janot and de Boissieu14 propose that
icosahedral clusters, arranged in a hierarchical way,
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stable entities that are nearly isolated and stabilized by m
numbers of electrons at each length scale. The role of c
ters has also been emphasized by other authors~see, for ex-
ample, Que´merais,15 Mayou et al.,16 and Jeong and
Steinhardt17!.

A difficulty with the model of Janot and de Boissieu
that clusters are assumed nearly isolated, whereas at
models for quasicrystals are rather homogeneous,13 and cal-
culated densities of states have a metallic character.3,5–8

Therefore, in this paper, we still assume that the atomic or
is characterized by the occurrence of icosahedral clusters
we consider that these clusters are embedded in a me
medium, typically an aluminum matrix. Our aim is to che
whether the scattering of electrons by clusters, on a scal
10–30 Å, can localize some electrons.

In a standard description of intermetallic alloys, one sta
from a muffin-tin potential, which varies in spheres center
on the atoms and is constant in the space between
spheres. As far as band structure is concerned, an ato
entirely characterized by its scattering properties for incid
plane waves. Mathematically, the central quantity is theT
matrix. In the same way, the effect of a group of atoms
band structure will be characterized by itsT matrix, that is,
by its scattering properties of plane waves.18 Starting from
the T matrix of various groups of atoms, we analyze t
scattering properties of clusters through a calculation of
variationDn(E) of density of states due to the cluster. W
also calculate the structural energy of a cluster, which allo
us to test the validity of the Hume-Rothery picture of qua
crystals and approximants, as far as total energy
concerned.19

In this paper the scattering properties of one MacKay-ty
cluster and one group of MacKay-type clusters embedde
an aluminum matrix are presented. We consider
MacKay-type cluster of the actual structure of the crystall
approximanta-AlMnSi. The interest of this phase is that it
structure is well known,20,21 and transport measuremen
show that it has a very high resistivity~r'4200mV cm at
T54.2 K!, comparable to that of high structural quality qu
sicrystals AlCuFe and AlPdMn.3 The MacKay-type cluster
of a-AlMnSi consists of one internal icosahedron of alum
num, one external icosahedron of manganese, and one e
2890 © 1997 The American Physical Society
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55 2891CLUSTERS AND LOCALIZATION OF ELECTRONS IN . . .
nal icosidodecahedron of aluminum, both having the sa
radius. There are other aluminum atoms between the c
ters. The positions of the silicon atoms are not known,
they are supposed to occur as substitution on aluminum s
As an example of a group of clusters, we consider
MacKay-type clusters, obtained after an inflation by a fac
G5t2 ~t is the golden mean! of the initial cluster. This
structure appeared in the structural model proposed in
14 for the icosahedral AlPdMn phase. The cluster and
group of clusters studied here are not the only ones exis
in quasicrystals and approximants, but they are realistic c
ters which have the icosahedral symmetry.

In order to calculate theT matrix of clusters, we have to
simplify the model. We consider only the potential due to t
transition-metal atoms, which are strong scatterers, and
neglect the potential of all the aluminum atoms that are c
sidered weak scatterers. Furthermore, following a class
approximation,22,18we retain only the potential due to thed
orbital of the transition atom. This means that within t
framework of the scattering theory, we consider only t
phase shift for thel52 component of the orbital momen
Thus, in our model, the coupling to thed orbitals of the
transition atoms are the only source of scattering for the c
duction electrons. We note, however, that in systems
AlLiCu, the density of states is about one-third that of fr
electrons, and the resistivity is about~r51000 mV cm!.3

This suggests that there may be a strong quasiperiodic
tential, even though the quasicrystal does not con
transition-metal atoms.

The calculation of the variationDn(E) of the density of
states due to the grouping of transition atoms in a jelliu
which simulated the aluminum matrix, is performed usi
the Lloyd formula which is a generalization of the Fried
sum rule:18

Dn~E!52
2

p
TrSM ~E!21

d

dE
M ~E! D . ~1!

The matrix elements ofM (E) are calculated to form theT
matrix. The only parameters in the calculation are the geo
etry of the cluster and the phase shiftd l(E) ( l52) due to the
potential of each transition atom. We calculated the ph
shift by using the formula tand2(E)52[(Gd/2)/
(E2Ed)] f (E), whereEd and Gd are the energy of thed
orbital and the width of the resonance, respectively. For
energy nearEd , f (E) is taken equal to 1, which leads to th
classical approximation ford2(E) around the resonance.18

For E→0, f (E)→E5/2, so thatd2(E) has the right asymp
totic behavior atE50.18 For intermediate energy, we choos
a smooth interpolation between these two limits, and
have checked that this choice does not have a signifi
effect on the result.23 Severalab initio calculations of the
density of states in intermetallic alloys Al-Mn~Refs. 5 and
24! show that realistic parameters to simulate the potentia
Mn in Al are Ed510.88 eV andGd53 eV.

Figure 1~a! shows the variationDn0(E) of density of
states for one transition atom~Mn!. It corresponds to the
classical virtual bound state of Friedel-Anderson.22 Figure
1~b! shows the result for one icosahedral cluster of transit
atoms~Mn! having the same diameter as in thea-AlMnSi
phase~D59.2 Å!.20 This result differs from the addition o
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12 identical contributions of an Mn atom. There is a fi
peak atE511.3 eV and also two shoulders atE510.0 and
11.6 eV. Note that whenGd is increased, these shoulde
appeared clearly as fine peaks. These structures show
there are resonances due to the scattering by the cluster.
ure 1~c! givesDn(E) for 12 clusters, obtained after an infla
tion by a factorG5t2 ~t is the golden mean! of the initial
cluster@the diameter of this cluster of clusters is about (DG
1D)'35 Å#.14 All 12 clusters have the same orientation
the initial cluster. The density of states exhibits addition
structures, which must correspond to new resonances.
expect that the resonances of Figs. 1~b! and 1~c! correspond
to states that are localized on the group of atoms: cluste
cluster of clusters. These states are not eigenstates, but
a finite lifetime, of the order oft5\/G, whereG is the width
of the resonance~G is of the order of a few tens of meV
which is comparable to the width of fine peaks inab initio
calculations5–7!. In the case of one transition-metal atom, th
resonance corresponds to the Friedel-Anderson virtual bo
state. The localized state is thed orbital, and its width is
much larger than for a group of atoms:Gd53 eV in this
calculation.

In the case of one Mn@Fig. 1~a!#, the resonance is due t
thed orbitals. But the new resonances due to the cluster
the cluster of clusters@Figs. 1~b! and 1~c!# do not result from
an overlapping between thed orbitals. Indeed, the lowes
Mn-Mn distance is 4.84 Å, which does not correspond
first neighbors in actual alloys. As a consequence, these
resonances are only due to the multiple-scattering effe
i.e., to the overlapping between thed orbitals of transition
atoms and thesp orbitals of the metallic matrix. The ten
dency to localization can be analyzed as follows. Let us
call first that scattering by transition atoms is important
energiesE such thatEd2Gd/2,E,Ed1Gd/2. In this en-
ergy range, the transition atoms can be considered, in a
approximation, as hard spheres with a radius of the orde
the size of thed orbital, ~i.e., about 0.5 Å!.23,24 Thus, by an
effect similar to that of the Faraday cage, states can be c
fined in the cluster, provided that their wavelengthl satisfies

FIG. 1. Variation of the density of states [Dn(E)]: ~a! for one
Mn in jellium, ~b! for one Mn icosahedron with diameter~D59.2
Å! in a jellium @this is the actual Mn icosahedron ofa-AlMnSi
~Ref. 20!#, ~c! for 12 Mn icosahedra~G5t2, see text! in a jellium.
Gd53 eV,Ed5EF510.88 eV.
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l. l , wherel is the distance between the hard spheres. S
states tend to be confined in a region of extensionD ~diam-
eter of the cluster!, where the potential is zero, we expe
that their energy should vary roughly like 1/D2. Indeed, Fig.
2~a! shows that when the radius increases, the energy o
states decreases. For instance, an increase~decrease! of 1%
of D leads to a decrease~increase! of ;0.7% of the reso-
nance energies. The 1/D2 law gives the right order of mag
nitude for the energy variation. This law is not obeyed p
cisely, probably because the effective scattering byd orbitals
depends on energy, and also because the confinement i
perfect inside the cluster. We note also from Fig. 2~a! that
resonances disappear quickly whenD increases. This justi-
fies our basic assumption that clusters cannot be treate
isolated entities in a vacuum. Figure 2~b! shows the shift of
the peaks due to the localization by the cluster of cluster
the inflation factorG ~the diameterD of each Mn icosahe-
dron is constant,D59.2 Å!.

Other cluster geometries have been studied elsewhe25

In particular, it has been shown that the localization by
Mn icosahedron decreases very rapidly when Mn atoms
removed from the icosahedron. Moreover, we have also
culatedDn(E) due to other kinds of Mn clusters embedd
in a matrix of aluminum: tetrahedron, cubic, and dodeca
dron. In all cases, some confinement effects are present
the strongest confinement, i.e., the narrowest peaks, are
served in the case of the icosahedron and the dodecahe
which have the icosahedral symmetry.

FIG. 2. Effect of the cluster size on the variation of the dens
of states:~a! for one Mn icosahedron in a jellium vs the diameter
the icosahedron (D). ~b! For 12 Mn icosahedra in a jellium vs th
inflation factor G ~each Mn icosahedron has a fixed diame
D59.2 Å!. Gd53 eV,Ed5EF510.88 eV.
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The main result of this work is the evidence for virtu
bound states of groups of atoms at different length sca
For a quasicrystal, we expect that the interaction betw
these states is rather complex, but we propose the follow
renormalization-group argument. A virtual-bound state a
given energyE, which corresponds to a resonance, implie
strong scattering of electrons at this energyE. Thus a collec-
tion of virtual bound states at a given length scale can lea
the formation of virtual bound states at greater length sc
This effect is consistent with our results, since the scatter
by the Friedel-Anderson virtual bound state at the atom
length scale leads to virtual bound states of a cluster or gr
of clusters. In the case of quasicrystals, this may lead t
hierarchical structure of the virtual bound states, in agr
ment with the idea of critical states. For a periodic structu
the coupling of virtual bound states should lead to the f
mation of bands.

Finally, we consider the role of the tendency to localiz
tion on the structural energy. We make the classi
assumption26 that the structural energy is given by the vari
tion DEB of the band energy and thatEd is independent of
the geometry of the cluster. The structural energy of a
icosahedron in jellium from isolated Mn atoms in jellium
given by the formula

DEB5E
0

EF
~E2Ef !@Dn~E!2Dn0~E!#dE. ~2!

Dn(E) andDn0(E) are the variation of density of states du
to one icosahedron of Mn and 12 isolated Mn, respective
The Fermi level (EF) is fixed by the metallic matrix, and we
use the value calculated in thea-AlMnSi phase:EF510.88
eV.5 To check the validity of this structural energy calcul
tion, we compare the energy of one pair of Mn calculat
from our model with the one calculated from theab initio
calculation in Al-Mn alloys by Zou and Carlsson26 ~see inset
of Fig. 3!. This comparison shows a very good agreem
between the two calculations.

FIG. 3. Structural energy (DEB) of a Mn icosahedron in a jel-
lium vs the diameter of the icosahedron (D). Full line, exact calcu-
lation. Dashed line, sum of the Mn-Mn pair interactions.Gd53 eV,
Ed5EF510.88 eV.@Inset: energy of one Mn-Mn pair interactio
vs the Mn-Mn distance~dMn-Mn!. Full line, present model with
Gd53 eV, Ed510.88 eV. Dashed line, calculated fromab initio
calculation in Al-Mn alloys by Zou and Carlsson~Ref. 26!#.
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In Fig. 3 we representDEB of one Mn icosahedron vs th
diameter of the Mn icosahedron (D). This value is compared
to the sum-of-pairs interactions between Mn atoms of
cluster. It appears that the main contribution to the structu
energy of the cluster is the sum-of-pair interactions, as
pected for an intermetallic alloy.

In summary, we have studied the role of scattering
electrons by clusters or a group of clusters in quasicrys
and approximants. A remarkable fact is that, even in a m
tallic medium, these clusters can lead to the formation
virtual bound states, at the length scale of a cluster or o
group of clusters. These states are associated with fine p
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in the density of states, as found inab initio calculations. We
suggest that these virtual bound states are central to the
tronic structure of quasicrystals and approximants. Wit
the present model, the structural energy is not very sens
to this tendency to localization. The main contribution to t
structural energy is the sum-of-pair interactions. This fav
a Hume-Rothery picture of quasicrystals, as far as total
ergy is concerned.
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